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CHAPTER 1 
Functions and Their Graphs 


Section 1.1 Rectangular Coordinates 


1. Cartesian 2 2 
23. d = f(x — x. + ( - X) 
3. The x-axis is the horizontal real number line. _ J 3 лүр в) 
Matches (с). = ( ш (+ ) + (—6 ш ) 
[i2 2 
4. The y-axis is the vertical real number line. = 6) + (-12) 
Matches (f). = /25 + 144 
5. The origin is the point of intersection of the vertical and = 13 units 
horizontal axes. 
2 2 
Matches (a). 25. а = T x) + (у» = y) 


6. The quadrants are four regions of the coordinate plane. 
Matches (d). 


(67 + C5* 
7. An x-coordinate is the directed distance from the 
4/36 + 25 


y-axis. Matches (e). = 4/36 + 25 


8. A y-coordinate is the directed distance from the x-axis. = V61 units 
Matches (b). 


9. A: (2, 6), B: (-6, –2), C: (4, –4), D: (-3, 2) 27. d = 


y 
"od КЕ 


8 
6 _ зү , (27 
(-6, 2) 5 @ (2,4) Е 5 3 
сао) 2 
-8 -6 -4 -2 204 6 8 = Ын 49 
(3,-1) "^4 9 
-4 
(1.5, -3.5) 
-6+ 277 
(-1, -8) @+ = 36 
2 : 
13. (-3, 4) = — units 


15. x » 0 and y « 0 in Quadrant IV. 29. (a) (1,0), (13, 5) 


17. x 2-4 i t II. 
TeX and y > 0 in Quadran Distance = Jas 7 n 2 (5 7 0) 


19. x+y = 0, х # 0, у # 0 means x = -y or y = -x. = 4/122 + 52 = 4/69 = 13 
This occurs in Quadrant П ог IV. (13, 5), (13, 0) 
21. 1 Distance = |5 - 0|=|5| = 5 


(1, 0), (13, 0) 


Distance |1 13| |-12| 12 


Number of stores 


(b) 52 + 122 = 25 + 144 = 169 = 122 


2012 2013 2014 2015 2016 2017 2018 
Year 
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33. dı 


(b) 
(c) 


37. (a) 


(b) 


(c) 


39. (a) 


(b d = 4/(5 +1) + (4-2 = 4/36 +4 = 2/10 


(c) 
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- JG +2) -(2-4y = J25 + 4 = 4/29 
- Ja +2) «(23 – 4y = 4/9 + 49 = 4/58 

À 

41 

@ (6,5) 
4+ 1 
—«1 4 — +> x 
2 4 1 8 10 
i è (6.-3) 
-4 


d = (5 - 3)! + (6-6? = V64 = 8 


GLA it. 


(6, 1) 


$f +++ > x 
-2 2 4 6 8 10 


а-4|(9-1/ + (7-1) 


Е: 7+1 


2*3 |:64 


= 64 + 36 = 10 


(= +5 2+4 


}=@3) 


Section 1.1 Rectangular Coordinates 


41. (a) y 


(-16.8, 12.3) 151 
7 ^w. 10+ 
5+ "re 
(5.6, 4.9) 
- + + + Ї 4—5 x 
-20 -15 -10 -5 5 


-54 


() d = 4-168 - 5.6) + (12.3 - 49)" 


= 4501.76 + 54.76 = 4556.52 


-16.8 + 5.6 12.3 + 4.9 
(c) 
2 2 


. ]- (-5.6, 8.6) 


43. d = 3[(42 -= 18) + (50 - 12) 
= 24 + 38? 
4/2020 


= 24/505 
= 45 
The pass is about 45 yards. 


45. midpoint = E 5 M. 2i 5 л) 


_ [me + 2018 485.9 + 44) 


? 


2 2 
= (2017, 500.15) 


In 2017, the sales were about $500.15 billion. 


47. (-2+2, -4 5) = (0, 1) 
(2+2, -3 + 5) = (4,2) 
(1+2, -1 + 5) = (L4) 


49. 


51. True. Because х < бапа y > 0, 2x < O and 
—3y « 0, which is located in Quadrant III. 


53. True. Two sides of the triangle have lengths 4/149 
and the third side has a length of 4/18. 


55. The y-coordinate of a point on the x-axis is 0. The 
x-coordinates of a point on the y-axis is 0. 


4 Chapter 1 Functions and Their Graphs 


57. Because x, = 2+ 7 and y, = 217% 5 22 we have: 
2x, = x + 52) 2уһ = у + Уә 
2x, - х= 2уһ = уу = 3 
5о, (х, y2) = (2x,, - Хү, 2 yg, ны n). 


59. Use the Midpoint Formula to prove the diagonals of the 
parallelogram bisect each other. 


b+act+0)_fat+be 
| ж? а) | x 
at+b+0ct+0)_f(at+be 
| 2 529 | (= 3) 


61. (а) 


First Set 


4(4,8)-4(2-2у (3-6) = Jo = з 


d(4,C) = /(2- 6) (3-3) =Vi6 = 4 


Because 32 + 4? = 52. A, B, and C are the 
vertices of a right triangle. 


Second Set 
d(A, B) = 4[(8 - 5} + B - 2f = Vi0 
а(В, С) = J(5 - 2) + (2-1) = Vi0 
d(4,C) = (8 - 2) (3-1) = ao 


A, B, and C are the vertices of an isosceles triangle 
or are collinear: 410 + /10 = 24/10 5 4/40. 


Section 1.2 Graphs of Equations 


1. solution or solution point 
3. intercepts 
5. origin 


7. Two other approaches to solve problems mathematically 
are algebraic and graphical. 


2 ? 


9. (a) (2,0:(2) -32) 4220 
4-642220 
0-0 
Yes, the point is on the graph. 
(b) (2,8: (2) -3(2) +2 = 8 


9 


4+6+2 = 8 
12 +8 


No, the point is not on the graph. 


63. 


65. 


67. 


69. 


71. 


11. 


b y 
6) /— 1 
s+ 
6 е 
4+ 
е е 
2+ 
+ + коз д 
-2 2 4 6 8 
-24 


First set: Not collinear 
Second set: Collinear. 

(c) A set of three points is collinear when the sum of 
two distances among the points is exactly equal to 
the third distance. 

4x — 6 

(a) 4(-1) 6 = -4 - 6 = -10 


(b) 40)-6-0-6--6 


(a) When x = -3, 2x° = 2(-3) = 2(-27) = —54. 


(b) When x = 0, 2x? = 2(0) = 0. 


a ae (xy =-x?7 +x = 0 
(a) P=R-C 
= 135x - (93x + 35,000) 
= 42x — 35,000 


(b) P = 42(5000) — 35,000 = $175,000 


(a) (1, 5):5 


5=4-1 
5 #3 


4-11-2| 


No, the point is not on the graph. 


(b) (6, 0):0= 4 - |6 - 2| 


0= 4-4 
0-0 


Yes, the point is on the graph. 
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Section 1.2 Graphs of Equations 5 


13. y = -2x +5 23. у= x 4 
: F ї М 2 E Let y = 0. 
я P Р 3 1 0 0-41/х-4 
0=х+4 
2 5 
(њу) | C47) 1005) | 3) | 0.9 | (5.0) -4= х 
n x-intercept: (-4, 0) 
Let x = 0. 
y=vV0+4 
у = \/4 
П 4 4 T + + I X У = 2 
323-4 1 4500 
21 1 
y-intercept: (0, 2) 
15. y = х? - 3x 
25. у= |3x - 7| 
х -1 0 | 2 3 Let y = 0. 
y 4 0 -2 -2 0 0-13х-7| 
(х,у) | (754) | (0,0) | (,—2) | (2. -2) | (3,0) 023x-7 
; 7 = 3x 
7 _ 
37x 


x-intercept: (2. 0) 


Let x = 0. 

on у =[3(0) - 7| 
у=|-7| 
у= 7 


17. x-intercept: (-2, 0) 


-int t: (0,7 
y-intercept: (0, 2) y-intercep ( ) 


20 2 
19. x-intercept: (3, 0) 27. у = 25 – 4x 
y-intercept: (0, 9) рео 
0 = 2х – 4x? 
21. у = 5x - 6 0 = 2x°(x -2 
Let y = 0. x=0 or x=2 
анх x-intercepts: (0, 0), (2, 0) 
6 = 5x 
6 -= y, Let x = 0. 
5 
3 2 
x-intercept: (5, 0) у = 2(0) - 400) 
у= 0-0 
Let x = 0. eo 
= 5(0) – 6 
P (0) y-intercept: (0, 0) 
y=0-6 
у ==—6 


y-intercept: (0, —6) 
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6 Chapter 1 Functions and Their Graphs 


29. х'-у=0 


(х) = у= 0 = x — у = 0 = y-axis symmetry 


x? - (-y) = 0 > x? + у = 0 > М№ х-ахіѕ symmetry 


(ех) -(-y) = 0 > х? + y = 0 = No origin symmetry 


34. у= х} 


3 


у = (х) => у = —x! — No y-axis symmetry 


-y = х} y = — = No x-axis symmetry 
y = ( x) y = -x y = xX? > Origin symmetry 
x 
33. y = —— 
P x +1 
-Х —X Я 
у = 5 — у= 5 — No y-axis symmetry 
(-x) +1 x +1 
x =X А 
yas — у= 5 => No x-axis symmetry 
х +1 x +1 
-Х -Х х E 
y= k > -y= > у= 5 — Origin symmetry 
(-x) +1 x +1 x +1 


35. x? +10 = 0 
(-x)y? + 10 = 0 2 -xy? + 10 = 0 => No y-axis symmetry 
х(-уу + 10 = 0 = ху? +10 = 0 > x-axis symmetry 
(-x)(-y)” +10 = 0 > -xy? + 10 = 0 > No origin symmetry 
41. y=-3x +1 y 
x-intercept: (4. 0) 


y-intercept: (0, 1) 


No symmetry 


43. y = x! - 2x 
x-intercepts: (0, 0), (2, 0) 
y-intercept: (0, 0) 


No symmetry 
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Section 1.2 Graphs of Equations 
45 у= х? +3 51. х= y? -1 
x-intercept: (+ -3, 0) x-intercept: (—1, 0) 
y-intercept: (0, 3) y-intercepts: (0, —1), (0, 1) 
No symmetry x-axis symmetry 
х|-2|-1|0[1|2 х|-119 (3 
у|-512 314111 yio | +1 | +2 


.y-25-1l 
47. y =-/х—3 ТА 2" 
x-intercept: (3, 0) 


y-intercept: none 
No symmetry 


1 
o 
Hi | 
o 


x|3,4]|7]12 zu 
Intercepts: (10, 0), (0, 5) 


у10111213 


у 55. у = xà - 4х + 3 
А 


j 
o 


1—4 
Y 
1, 
o 
HH 
© 


LE ae a oe a Intercepts: (3, 0), (1, 0 


шт 


‚ (0, 3) 


N 
E 


х 
| 


1 
3 
E 
| 
jæi 
Ї | 
© 


49. y =|x - 6| 4: 
x-intercept: (6, 0) 


y-intercept: (0, 6) 


No symmetry 


D 
o 


Intercept: (0, 0) 


59. y = x +1 


1 
o 

4 | 
© 


D 
o 


Intercepts: (—1, 0), (0, 1) 
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Chapter 1 Functions and Their Graphs 


61. y =|x + 3| 71, x? + y? = 25 


10 


Center: (0, 0), Radius: 5 


-10 


Intercepts: (-3, 0), (0, 3) 


63. Center: (0, 0), Radius: 3 
2 


(х= 0) + (у – 0) = 32 

х жу = 9 4 А 

73. (x - ) + (у +3) = 9 

65. Center: (-4, 5); Radius: 2 Center: (1, —3), Radius: 3 
(x = ny + (у= ky. = р? 


2 2 2 n 
[r- C9] «I» - 57 22 | | | 
(х + 4) + (у – 5) = 4 На | 
67. Center: (3, 8); Solution point: (—9, 13) 
r= (x - Ay + (y - k? 2 
4 


= Са) «бу 7 (1-4) +(y-4) -3 


= 144 + 25 Center: e +), Radius: 3 
= 169 y 
A 
= 13 4l 
(x -hF + (у= А) =r 


(x — 3)° + (у – 8)? = 13? 
(х = 3)? + (у - 8) = 169 


69. Endpoints of a diameter: (3, 2), (-9,-8) 


pee? 3y + (-8 -2y 77. y = 1,200,000 — 80,0007, 0 < £ < 10 
5 
1 
= 2 (42) + (40) 1,200,000 
1 3 1,000,000 
= —4/144 + 100 5 800,000 
2 E 600,000 
atq = Loy 6i = 4/61 2 оо 
2 2 200,000 
Lp (55 C9 2*C9). (-6 —6 UNE EIS a 
( 5 ) 2 2 2 Үеаг 
мэ, 


(x - Ay + (у - kÝ = г? 
[x - C3f + -EF = (Very 


(x +3) + (у +3) = 61 
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Section 1.3 Linear Equations in Two Variables 9 


79. (a) (c) 8000 
у 
x 
(b) 2x + 2y = 108 E: ш 
2у = 100 — 2x (d) When x = у = 86 yards, the area is a maximum 


у = 20-х of 7511; square yards. 


(e) A regulation NFL playing field is 120 yards long and 
53+ yards wide. The actual area is 6400 square yards. 


81. False. Theline y — xis symmetric with respect to the origin. 


83. The test is for symmetry with respect to the x-axis. The statement should read: The graph ofx — 3y? is symmetric with 


respect to the x-axis because 


85. y = ax? + bx? 89. 6(x — 1) + 4 = 6(x) - 61) = 6x - 6 + 4 = 6x-2 
2 3 
(a) y = a(-x) + b(-x) 91. The least common denominator is 3(4) = 12. 
= ах? — bx) 


To be symmetric with respect to the y-axis; a can be 93. The least common denominator is x — 4. 


any non-zero real number, b must be zero. 


74/2 - 36 – 54/2 -9 
7(6)\/2. — 5(3)V2 
(42 – 15)/2 

27/2 


95. 74/72 — 54/18 


Sample answer: a = 1,Ь = 0 


(b) -y = a(-x)’ + b(-x) 


-y = ax? — b 


y = -ax? + bx? = 
To be symmetric with respect to the origin; a must 97. 73/2 . 7112 = 73/2412 = 77 = 823.543 
be zero, b can be any non-zero real number. 
Sample answer: а = 0, b = 1 99. (9x - 4) + (2x? -x +15) = 22 + 8x +11 


87. 3(7x + 1) = 3(7x) + 3(1) = 21x + 3 
(7x + 1) (7x) + 30) А 101. (2x + 9)(x — 7) = 2x? + 9x - 14x - 63 


2x? — 5х — 63 


Section 1.3 Linear Equations in Two Variables 


1. linear 
3. point-slope = 
5. rate or rate of change 


7. They are perpendicular to each other. 


9. (а) m= A Because the slope is positive, the line rises. 
Matches L,. 

: : Tm А 13. T int the line: 

(b) m is undefined. The line is vertical. Matches L;. By TWO points on the lide: (0,0) 888 (398) 


(c) m = —2.The line falls. Matches L. Slope = 379. 8.3 
х = X 4 2 
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10 Chapter 1 Functions and Their Graphs 


15. y = 5x + 3 23. 7x – 6y = 30 
Slope: m = —6y = —Ix + 30 
y-intercept: (0, 3) у = 1х – 5 

| Slope: т = т 


y-intercept: (0, -5) 


19. у-5-0 
у=5 


Slope: m = 0 
y-intercept: (0, 5) 


1(0, 5) 


21. 5x -2 = 0 8-5 3 


x= 2, vertical line 1 


Slope: undefined si 


y-intercept: none i А кел 
-4 -2 2 4 6 8 10 


y 


-6+ (5.-7) (8,—7) 
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Section 1.3 Linear Equations in Two Variables 11 


31. m = ааа 43. Point: (0, 2; т = 3 
-6- (-6) 0 
уж2-3х-0) 
m is undefined. — 
1 y 
6+ 
(-6, 4) 44 
2+ : H »— X 
t t » x 
E (-6,-1) ~? 
16-31 —1.5 
33. m = = = 0.15 Reinet 3 бїт =—2 
52-48 -10 45. Point: (-3, 6); m 
1 y — 6 = -2(x + 3) 
и у = -2x 
i y 
4 (4.8, 3.1) 
Е: Кү жЕ + + : + 1 - pes 
Ё : »- X 


35. Point: (5, 7), Slope: m = 0 


Because m = 0, y does not change. Three other points 


are (—1, 7), (0, 7), and (4, 7). 47. Point: (4, 0); m = —4 
у-0--(х-4 
37. Point: (5, 4), Slope: m = 2 à 
y-2-ix*i 
Because Mm = 2 = 2, У increases by 2 for every one y 
A 
unit increase in х. Three additional points are (-4, 6), 4+ 


(3, 8), and (—2, 10). 


39. Point: (4, 5), Slope: m = E 


Because m = m y decreases by 1 unit for every three : 
units increase in x. Three additional points are 
—2, 7), (0, —:22), and (1, 6). E 
( ) ( :) ( ) 49. Point: (2, -3; m = 2 n 
2 2 
41. Point: (—4, 3), Slope is undefined. 1 "| 
у= (3) --*-2) |] 
Because m is undefined, x does not change. Three points 
are (—4, 0), (4, 5), and (-4. 2). у+3 = си 
2 
1 
= ——x-2 
2 2 
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12 Chapter 1 Functions and Their Graphs 


51. Point: (4. 3); т = 0 


у- = 0(6— 4) 
у-&= 0 
у= $ 
À 
5+ 
4+ 
3 (4.3 


E E—-— e x 61. (L 0.6), (>, —0.6) 
21 12 3 4 5 
Е: -0.6 — 0.6 
0.6 = 1 
y сү 
53. Point: (75.1, 1.8); m=5 y = 04(х — 1) +06 
y -1.8 = 5(x - (5.1) y = 04x + 02 
у = 5% + 27.3 7 


65. L:y = -ix-3 


57. (—7,2),(—7,5) 


т =—$ 
5=2 3 
m = nra In:y = —3x-1 
== (-7) 0 
| | т = 3 
т is undefined. 
У The slopes are equal, so the lines are parallel. 
st 
+ 67. Liy = 5x - 3 
6 
(-7,5) т = 1 
al 2 
(7,2) 41 15:уз -ix +1 
= =й 
tit н te х my = 5 
-8 |-6 -4 -2 | | 
-24 The lines are neither parallel nor perpendicular. 
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PEE 9+1 22 
5-0 
L: (0, 3), (4, 1) 
1-3 1 
m, n n 
4—0 2 
The slopes are negative reciprocals, so the lines are 
perpendicular. 


71. L:(-6, —3), (2, -3) 


-3 - (3) _ 02 
ОЕТ ЕДШ 5 
La: (3,3), (6-3) 
NITE 
: 6-3 3 


L, and L, are both horizontal lines, so they are parallel. 


73. 4x - 2y = 3 
y=2x-3 

Slope: m = 2 

(а) (2,1),m = 2 


y —1 = 2(х - 2) 


y=2x-3 

® (1. m = -4 
pole - 2) 
y=-}x+2 


75. Зх + 4у = 7 


Section 1.3 Linear Equations in Two Variables 


Т1. у+5=0 
у=—5 
Slope: m = 0 
(а) (-2,4),т = 0 
у=4 
(b) (-2, 4), m is undefined. 
x=-2 
79. х-у=4 
y=x-4 
Slope: m = 1 


(a) (2.5, 6.8), m = 1 
y — 68 = I(x — 2.5) 
у= х + 4.3 
(b) (2.5,6.8), m = -1 


уз-х-93 
81. PA 
3 5 
OE + z) = 1(15) 
5х + Зу – 15 = 0 
x y 
8 --- = 
-1/6  -2/3 
3 
бх + —y = -l1 
2 


12x+3y+2=0 


8з. Spt ete eo 


с c 
хжузс 
1+2=c 

3=c 
х+у= 3 
х+у-3 = 0 


13 


87. (а) т = 135. The sales аге increasing 135 units рег 


уеаг. 


(b) m = 0. There is no change in sales during the year. 


(c) m = —40. The sales are decreasing 40 units per year. 
= 6 
89. y= т00Х 
= ó = 
y = qo) (200) = 12 feet 
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14 Chapter 1 = Functions and Their Graphs 


91. Using the points (0, 32) апа (100, 212), where the first 99. Find the slope of the line segments between the points A 


: : . and B, and B and C. 
coordinate represents a temperature in degrees Celsius 


and the second coordinate represents a temperature in n 
degrees Fahrenheit, you have Т В(3, 7) 
m = 22-32 180 9 

100-0 100 5 


Since the point (0, 32) is the F- intercept, = 32, the 


И 5 160 
equation 15 F = 1.8С + 32 or C = гүй = EX рете ТШ эйт (ЫР ЧЕ: Че es 
7-5 2 1 
93. Using the points (0, 830) and (5, 0), where the first mag = 3- (C1) B n - 2 
coordinate represents the year ¢ and the second 3-7 4 
coordinate represents the value V, you have mgc = тол = E 2-2 
0 – 830 Е 
di 5-0 di сът бое i э; Since the slopes are negative reciprocals, the line 
segments are perpendicular and therefore intersect to 
95. (a) Total Cost = cost for cost purchase form a right angle. So, the triangle is a right triangle. 
fuel and + for + cost 
maintainance operator 101. (a) The slope is 0 - (-1) 2 E not 2. 
C = 9.51 + 11.5t + 42,000 2-0 2 
C = 21r + 42,000 (b) The y-intercept is (0, —3), not (0, 4). 
(b) Revenue = Rate per hour - Hours 
R = 45 103. The line y = 4x rises most quickly. 
© P=R-C у=2х] у= 0.5х 
4 
Р = 45t — (21t + 42,000) 
Р = 24t — 42,000 2 A 
(d) Let P = 0, and solve for t. 
0 = 24t — 42,000 en 
42,000 — 24t E pem 
1750 = t The line у = —4x falls most quickly. 
The equipment must be used 1750 hours to yield a Tc 


profit of 0 dollars. 


97. False. The slope with the greatest magnitude corresponds 
to the steepest line. 


y-2-0.5x 


уз-2х 


The greater the magnitude of the slope (the absolute 
value of the slope), the faster the line rises or falls. 


105. у= -x 
Whenx = -2: у = (-2/ - (2) 2 442-6 
Whenx = 0: y 0-020 
Whenx = 3: у = 37-3 =9-3=6 
When x = 6: у = 6 — 6 = 36 – 6 = 30 
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Section 1.3 Linear Equations in Two Variables 


107. к = 16 


(-CX) (748) 15 3 


(a) Whenx = -2: f = 


10 10 10 2 
(7-6) 7 
b) Wh = 0: = = 
(b) enx f T T 
7-3 E: E 
(c) намаг ) 0 27) | 20 — 2 
10 10 10 


(-6) (7-216) -209 


(4) Whenx = 6: f = 


10 10 10 
109. 2x? — 5x7 – 2x +5 = 0 113. 34/x — 54/18 = 0 
x(2x — 5) - (2x - 5) = 0 З = 5(3)V7 
(x? – 1)(2x - 5) = 0 Ёс) 
х... х = 25(2) = 50 
11. x° +405 -5=0 115. х= 2+1 
(x? + 5\(x? - 1) = 0 x)22-4x 
x = -2/5,1 хХ2-х-2- 


117. х4|х-9| 2 7 
Ix-9|27-x 


Ifx —9 > 0,thenx -9 = 7-x 2x = 16 x = 8, which is extraneous. 


If x — 9 < 0, then-(x — 9) = 7 — x, which is extraneous. 


No real solution. 


pg es pese 


_ 2x +1 


x 


15 
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Chapter 1 Functions and Their Graphs 


4- x? -34(x-I)(x? +x +4) 


х-1 


4 - x -3 (à x +4 - x! - x 4) 


х-1 


| 4-x'-34-43x-4 


x-1 
x = х +3x-3 
x-1 
—OX(x —1) + x - 1) 
S x-1 
(x - )( + 3) 
~ х-1 


= х?+3‚х #1 
Alternate solution: 
4-x-3 
x-1 


(1 — x)(1 x) 


х-1 


+X 4¢x4+45 


=x +3, х #1 


Section 1.4 Functions 


- 


11. 


13. 


15. 


17. 


. Independent; dependent 


. A relation is any set of ordered pairs. A function is a 


relation in which no two ordered pairs have the same 
first component and different second components. 


. The domain of a piece-wise function must be explicitly 


described, so that it can determine which equation is 
used to evaluate the function. 


. Yes, the relationship is a function. Each domain value is 


matched with exactly one range value. 


. No, it does not represent a function. The input values of 


10 and 7 are each matched with two output values. 


(a) Each element of A is matched with exactly one 
element of B, so it does represent a function. 


(b) Each element of A is matched with exactly one 
element of B, so it does represent a function. 


(c) The element 2 in A is not matched with an element 
of B, so the relation does not represent a function. 


х2 4 


уУ-4-эту-ї 4 — х? 


No, y is not a function of x. 
y = v16 - x’ 

Yes, y is a function of x. 
y=4- |x| 


Yes, y is a function of x. 


+x +x+4 


-1-х+х'+х+4,х #1 


19. 


21. 


23. 


25. 


у = -75 


or у=—75+0х 


Yes, у їз а function of x. 


g(t) = 40 -3t + 5 


(а) g(2) = 4(2) – 3(2) +5 216-6 5215 


= 
© 
ми 
03 
— 
~ 
+ 
N 
— 
ll 


= 46) 


3(-l) +5 = 4+3 +5 = 12 


A(t + 2) – 3(¢ + 2) + 5 


= (P + 40+ 4) - 31-645 


f(y) =3- Jy 
(а) f(4)=3-V4 =1 

(b) (0.25) = 3 - V/0.25 = 2.5 

(с) f(4x) = 3 - V4x? = 3 - 2|x| 


At? + 13t + 15 


x – 9 
1 1 
0) = = 
УН ea s 
1. : 
(b) q3)= = is undefined. 
3-9 
1 1 
(c) g(y + 3) = = 
vee (у + 3) -9 у +6у 
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Section 1.4 Functions 17 


x. f(x) = 37. E 1 
x 
2 3x -4=0 
(a) 0) = =1 4 
gee 
3 
(b) f(-2) шинж, 
E 39. f(x) = x? - 81 
_|х-1|_ -L ifx <1 араб 
Е a L bien А io 
XE 
5 2x 41, х<0 х= t9 
P 2x x2, x 20 РА : o 
. x -x= 
(a) (61) = A-l +1 = 1 x(x? - 1) = 0 
(b) /(0) = 2(0) +2 = 2 x(x + I(x —1) = 0 
(с) f(2) = 2(2)+2 = 6 х= 0, х =-lorx =1 
31. f(x) = -х2 +5 43. f(x) = g(x) 
f(-2) = -(-2) +5 =1 х2-х-2 
f(-l) «(4 -5-4 х-х-2-0 
FOS жэза (x — 2)(x + 1) = 0 
fl) = -Q* 45-4 каше. 
f) = 0) +5 =1 
45. f(x) = g(x) 


33. f(x) = aoe +4, x <0 x(e Е 4) c 
(x - дү х»0 x(x*2(x-2)20 
f(-2) --4(-2) +4 -5 x202x-20 
х+2= 05 х= –2 
-1) = 1) +4 = 41 = 2 
ҮЛ) z!) 2 x-2=0>x=2 
f(0) --40)-4-4 
fü) = (1-2 =1 кезе ч 
FQ) =(2 2? i Because f(x) is a polynomial, the domain is all real 
Е B numbers x. 
-21-11011(2 
E 49. g(y) = Jy +6 


Domain: y + 6 > 0 
y 2-6 


35. 15 - 3х = 0 
The domain is all real numbers y such that y > —6. 


3x 215 
x=5 1 3 
51. g(x) = —— 
a ) x x+2 
The domain is all real numbers x except x = 0, x = —2. 
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18 Chapter 1 Functions and Their Graphs 


8-1 1 1 
= 59. A = —bh = —x 
53. f(s) eri 2 2 y 
Domain: s-1 > 0 = = 2 1 апі ѕ #4 Because (0, у), (2, 1), and (x, 0) all lie on the same 
The domain consists of all real numbers s, such that line, the slopes between any pair are equal. 
s2lands # 4. 1- у 0-1 1 
2-0 х-2 4 (О, у) 
55. (а) 1 
Height, x | Volume, V 1-у - -1 
1 484 2 сэн: 
Es +1 
2 800 тн : 
3 972 = 
P х-2 
4 1024 i Я 
х х 
So, A = —x = : 
5 980 2 Р = | 2(x — 2) 
6 864 The domain of A includes x-values such that 
The volume is maximum when x = 4 and xf (x = 2)| > 0. By solving this inequality, the 
V = 1024 cubic centimeters. domain is x > 2. 
(b) 


^ 


1.760 + 58.3, 12 <¢t < 16 
61. p(t) = 


0.90t + 71.5, 16€ 1t < 18 
For 2012 through 2015, use the first equation. 
2012: p(12) = 1.76(12) + 58.3 = 79.42% 
2013: p(13) = 1.76(13) + 58.3 = 81.18% 
Height - 2014: p(14) = 1.76(14) + 58.3 = 82.94% 
2015: p(15) = 1.76(15) + 58.3 = 84.70% 


Volume 


V is a function of x. 
(с) V = x(24 - 2x) For 2016 through 2019, use the second equation. 
2016: p(16) = 0.90(16) + 71.5 = 85.90% 
2017: p(17) = 0.90(17) + 71.5 = 86.80% 
зүү? +35 +6 2018: p(18) = 0.90(18) + 71.5 = 87.70% 


Domain: 0 < x < 12 


57. y 


»(25) 


If the child holds a glove at a height of 5 feet, then the 
ball will be over the child's head because it will be at a 
height of 18.5 feet. 


ll 


(25) + 3(25) + 6 = 18.5 feet 


ll 


NL 
10 63. (a) 


H€— —— 3000 ft ———»1 


(b (3000) + A? = а? 


h = jd? — (3000) 


Domain: 4 > 3000 (because both d = 0 and 
d? — (3000)? > 0) 
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65. (a) Cost = variable costs + fixed costs 
C = 12.30x + 98,000 
(b) Revenue = price per unit х number of units 
R = 17.98х 
(с) Profit = Revenue — Cost 
Р = 17.98х – (12.30х + 98,000) 
Р = 5.68х — 98,000 


| 


ll 


67. (а) R = n(rate) = n[ 8.00 — 0.05(n — 80)],n > 80 


Section 1.4 Functions 19 


2 coy 
R = 12.00п — 0.0572 01222 = 0" S80 
20 20 
reg 90 | 100 | 110 | 120 | 130 | 140 | 150 
R(n) | $675 | $700 | $715 | $720 | $715 | $700 | $675 


The revenue is maximum when 120 people take the trip. 


f(x) = x! -2x +4 


69. 
f(2+h) = (2+ А)? -2(2 4 h) +4 
-4441-12-4-21-4 
= р +2h+4 
f(2) = (2) – 202) +4 = 4 
f(2 +h) – f(2) = № + 2h 
PAI) eon) ЖЕЛЕ e esie 
71. f(x) =x + 3x 


x +h) +3(x +h) 
= х? + 3x7h + 3xh? + h? + Зх + 3h 


sS 

— 
m 
+ 
= 

= 
11 


/(х +) — fx) _ (х? + Зх2 + 3xh? + h? + 3x + 3h) – (x? + 3x) 


h h 
h(3x? + 3xh + h? + 3) 
Е h 
= 3х2 +3xh +h? +3,h #0 


1 
73. g(x) = = 


75. f(x) = 4/5х 
f(x PIC) 38558201: 
x-5 x-5” 


77. False. The equation y? = x? + 4 isa relation between 


x and y. However, y = +V x? + 4 does not represent a 


function. 


79. False. The range is |-1, ©). 
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81. 


83. 


85. 


87. 


89. 


Chapter 1 Functions and Their Graphs 


By plotting the points, we have a parabola, so 
g(x) = cx’. Because (-4, —32) is on the graph, you have 


-32 = c(-4)’ => с = -2.So, g(x) = -2x?. 
Because the function is undefined at 0, we have 
r(x) = с/х. Because (—4, —8) is on the graph, you have 


-8 = c/-4 => с = 32. So, r(x) = 32/x. 


The domain of f(x) = Vx – 1 includes x = 1, x 21 


1 
and the domain of g(x) = does not include 
ae a 
x = 1 because you cannot divide by 0. The domain of 


()-— 
S Ee 


the same domain. 


is x » 1. So, the functions do not have 


No; x is the independent variable, fis the name of the 
function. 


x – 302 -х+3 = 0 
x(x - 3) – (х -3) = 0 
(x – 3)(x? - 1) = 0 

x = 3, +1 


91. 


93. 


95. 


97. 


99. 


101. 


103. 


Section 1.5 Analyzing Graphs of Functions 


1. 


3. 


5. 


Zeros 
average rate of change; secant 


No. If a vertical line intersects the graph more than once, 
then it does not represent y as a function of x. 


. Domain: (-2, 2| Range: [—1, 8] 


(а) f) 2-1 
(b) f(0) =0 
© f=. 
(4) f(2) =8 


11. 


13. 


0 = -2x? — 7x +15 


x-intercepts: (—2, 0), (1, 0) 
y-intercept: (0, —2) 


40 


-200 


x-intercepts: (0, 0), (3, 0), (6, 0) 


y = x? – 3.61х + 2.86 
Using a graphing utility, the x-intercepts are (1.17, 0) and 
(2.44, 0). 


(37 +4) – (2 +4) 13-5 s 
3-1 2 2 


=4 


(а) f(2) =0 
€) Л) =1 
() f) =2 
(d f) -3 


A vertical line intersects the graph at most once, so y is a 
function of x. 


A vertical line intersects the graph more than once, so 
y is not a function of x. 


f(x) = 2x? – 7x – 30 
2x? - 7x -30 = 0 
(2x + 5(x -6) = 0 
2x 41520 or x-6=0 
x=-3 x= 
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17. f(x) = ean — 2x 
tx? -2х-0 
B)(x? - 2х) = 0(3) 
х = 6x =0 
x(x? - 6) = 0 


19. f(x) sense 


х? — 4x? – 9х + 36 = 0 
х2(х — 4) – 9(x - 4) = 0 
(x – 4)(x? – 9) = 0 


21. f(x) = J2x -1 
V2x - 1 = 
у 2х = 1 
2x 2 
х=} 
23. f(x) = Vx? -1 
x-120 
х =1 
x = 1,-1 
x+3 
25. x) = —— 
f(z) 2x? - 6 
x T3 0 
2х2-06 
x+3=0 
x=-3 
27. (a) 6 
-2 10 
-10 
Zeros: x = 0,6 
(b) f(x) = x! - бх 
х2-6х-0 
x(x — 6) = 0 
x=0>x=0 
х-6= 05 х = 


Section 1.5 Analyzing Graphs of Functions 21 


29. 


31. 


33. 


35. 


37. 


39. 


(a) 5 


(b) f(x) = 2x +11 


2x +11 20 


-2 
Zero: x = 0.3333 
3x -1 
x—6 


(b f(x) 


The function is decreasing on (—оо, о). 


х2-1 


f(x) = 
The function is decreasing on (—о, —1) and increasing on 
(1, ©). 

f(x) =|x + I|+|x - 1| 

The function is increasing on (1, оо). 

The function is constant on (—1, 1). 

The function is decreasing on (—ee, —1). 


2x *l x<-l 


x — 2, ux 


ra=] 


The function is decreasing on (—1, 0) and increasing on 


(—ce, —1) and (0, о). 
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41. f(x) -3 


4 
LL 
0 


Constant on (—оо, со 


— 


x -21-110(112 


fay |з (3:13:12313 


43. g(x) = ix -3 


Decreasing on (—«e, 0). 


Increasing on (0, оо). 


-2 -1 0 1 2 


з 


45. f(x) = J1- x 


-1 


Decreasing on (—о°, 1) 


47. f(x) = x? 


o 
[^ 
o 


Increasing on (0, оо) 


зэ 

© 
= 
N 
чө 
A 


Уу 
N 
бо 


(x) 1011 52 | 8 
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51. 


53. 


-4 


Relative minimum: (-1.5,-2.25) 


h(x) = x — 6x? +15 


20 


-20 


Relative minimum: (4, –17) 


Relative maximum: (0, 15) 


h(x) = (х - Dx 


-1 


Relative minimum: (0.33, —0.38) 


61. 


63. 


65. 


67. 


£3) = 700) _ 
3-0 3 


The average rate of change from x, = Оох, = 3 is —2. 


f(x) = х - 3x? – х 


ОЕ _-6-(—3) _-3 
2 - (21) 3 3 


The average rate of change from x, = —1 to 


X; = 218—1. 


у = 0.072912 — 0.5261 + 24.34,13 € t € 18 


418 


y(18) – y(13) _ 38.49 — 29.82 
18-13 5 
The amount of U.S. federal government spent on 


applied research increased by about $1.73 billion 
each year from 2013 to 2018. 


= 1.73 


(b) 


So = 6v, = 64 
(а) s = —16t? + 64 + 6 
(b) 100 
0 5 
0 
3) — s(0 = 
3-0 3 


(d) The slope of the secant line is positive. 
(е) s(0) = 6,m = 16 
Secant line: y — 6 = 16(t — 0) 
y = 16r +6 


Section 1.5 Analyzing Graphs of Functions 23 


69. v; = 120, sọ = 0 


(a) s = —16t? + 120t 
(b) 270 


0 8 
0 


(c) The average rate of change оті = 3 tot = 5: 
5(5) – s(3) 200-216 16 
52-43 2 
second 


(d) The slope of the secant line through (3, 5(3)) апа 


8 feet per 


(5, s(5)) is negative. 
(e) The equation of the secant line: m = —8 


Using (5, s(5)) = (5, 200) we have 


y — 200 = -8( - 5) 
y = —8t + 240. 
(f) 27 
0 8 


71. f(x) = x® -2x +3 


f(x) 

The function is even. y-axis symmetry. 
73. h(x) =xVx+5 

h(-x) = (-x)V-x + 5 


РИХ саар 
# h(x) 
+ -h(x) 


The function is neither odd nor even. No symmetry. 


75. f(s) = 4892 
4(—5)”? 
f(s) 
-/0) 


The function is neither odd nor even. No symmetry. 


+ 


+ 
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TT. 


79. 


81. 


Chapter 1 Functions and Their Graphs 


The graph of f(x) = —9 is symmetric to the y-axis, 


which implies f(x) is even. 


f(x) = -9 

= f(x) 
The function is even. 
f(x) = -1x- 5 


The graph displays no symmetry, which implies / (x) is 


neither odd nor even. 


ло) = 06) 5) 
= -|-x - 5| 
* f(x) 
* —f(x) 


The function is neither even nor odd. 


f(x) = Sx 


The graph displays origin symmetry, which implies 


f (x) is odd. 
fc») = iC) 
= 2/-4x 
= -</4x 
= -/(2) 
The function is odd. 


83. 


85. 


87. 


89. 


91. 


93. 


h = top — bottom 


= 3 - (4x - x!) 
23-4x4 x 
L = right — left 
=2-23/2y 
(a) 70 
Ул 
0 24 


0 
(b) The model is an excellent fit. 
(c) The temperature was increasing from 6 A.M. 
until noon(x — 0 tox — 6). Then it decreases 
until 2 A.M. (x = 6 tox = 20). Then the temperature 


increases until 6 A.M. (х = 20 tox = 24). 


(d) The maximum temperature according to the model is 
about 63.93°F. According to the data, it is 64°F. The 
minimum temperature according to the model is 
about 33.98°F. According to the data, it is 34°F. 

(e) Answers may vary. Temperatures will depend upon 
the weather patterns, which usually change from day 
to day. 


False. The function f(x) = V x? + 1 has a domain of all 


real numbers. 


The error is that -2x? — 5 = Qx 5). The correct 


process is as follows. 


f(x) 2220 -5 
fix) = 2-3 -5 
= -2x3 – 5 
= -(2x3 + 5) 


f(-x) + —f(x) апа f(-x) + f(x), so the function 


f(x) = 2x° — 5 is neither odd nor even. 
5 

(5-7) 

(а) Iffis even, another point is (3, -7) 


(b) If fis odd, another point is (3, 7). 
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95. (4) у 


97. 


101. 


103. 


105. 


ll 
E 


Il 
з 


(d y=x* 


-4 


All the graphs pass through the origin. The graphs of the odd powers of x are symmetric with respect to the origin and the 


Section 1.5 Analyzing Graphs of Functions 


b) y=x 
4 
6 -6 
-4 
(е) у=? 
4 
6 -6 


-4 


(с) у=? 
4 
-6 6 
-4 
(f) y = x 
4 
-6 6 


-4 


25 


graphs of the even powers are symmetric with respect to the y-axis. As the powers increase, the graphs become flatter in the 


interval -1 < x < 1. 


(1, 3), (4, 0) 


3-0 


Slope: m = —— = -1 


1-4 
y —0 = -I(x - 4) 
у=-х+4 


f(x) = 5x -3 


(а) f(-3) = 5(-3) 


3--15-3 18 


99. (5, 0), (5,1) 


-1 -l : 
Slope: : = — => mis undefined. 
5 = 5 0 
x=5 
À 
жинс BÉ най, 
1 2 3 4 6 


(b) f(3) = 5(3)-3 = 15-3 = 12 
(с) f(x +3) = 5(x + 3) - 3 = 5x +15 - 3 = 5x +12 
2x +3, x <1 
(i х»1 
(а) f(0) = 2(0) +3=3 
(6) f() -20) +3 =5 
© f(2)=2+4=2 
Verbal Model: (Sum) = (first number) + (second number) 
Labels: Sum = S, first number = n, second number = n + 1 
Equation: S=n+(n+1)=2n+1 
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Section 1.6 A Library of Parent Functions 


1. Greatest integer function 15. /( 2.5x — 4.25 


+ 
Бал 
ll 


3. Reciprocal function 
5. Square root function 


7. Absolute value function 


П 

o 
H | 

o 


П 
o 


9. Linear function 
17. 


aq 
— 
E 
eae 
| 
=x 
N 
+ 
чө 


M. (а) /0) = 4, (0) = 6 


з = 
os 
nN — 
ra ame: 
Ala xx 
I 
| 
N 
1 
Ф 
E 
o 


у-6--2х-0) нь 
у = -246 19. f(x) =x -1 
f(x) = -2x + 6 


(b) y 


П 
o 

ын | 
o 


1 
ь 


= 

e 
Il 
1 
+ 
P 


21. 


13. (a) 


2 


1 
N 
in | 


23. f(x) = —— 


0 


П 
o 
"He 


1 
o 


25. g 


A 
x 
мл 
! 
кын 
| 
сл 


© 


(b) : 
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Section 1.6 А Library of Parent Functions 27 


27. f(x) = [x] 


(а) f(2.1) = 2 
(b (2.9) = 2 
(с) f(-3.1) = -4 
@ sG) =з 


29. k(x) = [2x + 1] 


(с) кал) = D.) +1] = [32] = 3 аж ee м. 


| 

(b) &(—2.1) = [2(—2.1) + 1] = [-3.1] = -4 4-x, х«-2 
( 
( 


« «(2 = pa) +4 -1 = 2 : 
31. g(x) = [x] at 
3 
ео 3T + + + » x 
eo. 4-3 f-1,] 1234 
е— -24 
t + -—o- >x: -34 
-4-3-2-1,| eo 5 4 : 
-24 e—o = »[1 1 
2T ou 41. s(x) = 2(1х = | | 
T С (а) : 
33. g(x) -15|-1 о 
y -9 9 
A 
6+ 
4 e -4 
4 .О 
А "od (b) Domain: (—e, еэ): Range: (0, 2) 
+ eo 
+t + + 9-9- I x 
55 43. (а) W(30) = 14(30) = 420 
e-o 1 
e-0-44 W (40) = 14(40) = 560 
eo 
eo s} W (45) = 21(45 - 40) + 560 = 665 
W (50) = 21(50 - 40) + 560 = 770 
( 


(b) W(h) = (14h, 0«h < 36 
21(h — 36) + 504, h > 36 


(с) W(h) = (16), 0<h < 40 
24(h — 40) + 640, h > 40 
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45. For the first two hours, the slope is 1. For the next six hours, the slope is 2. For the final hour, the slope is = 


1, 0 << А 
f(t) = 422-2, 2<ts Бен! 
# рі 

14-10, 8«1«9 i 

>. $ 

To find f(t) = 2t — 2, use m = 2 and (2, 2). 3 Ч 
у-2-2(1-2)-эу-21-2 4 


To find f(t) = it t 10, use m — 3 and (8, 14). Hours 


y-14=5¢-8)> у = 37 +10 


Total accumulation = 14.5 inches 


47. False. A piecewise-defined function is a function that 
is defined by two or more equations over a specified 
domain. That domain may or may not include x- and 
y-intercepts. 


49. According to the graph, the domains should be x < 3 
and x » 3. 


51. (a) Yes. The amount that you pay in sales tax will 
increase as the price of the item purchased increases. 


(b) No. The length of time that you study the night 
before an exam does not necessarily determine your x-intercepts: (2, 0), (2, 0) 
score on the exam. 


y-intercept: (0, 2/2 -2) 
53. f(x) = x? - 2x - 8 = (x - 4)(x + 2) 
| „ Мо? Уух a 
| | =x x 
| (=) 
E 2/3 


x 


Answers will vary. 


59, (x-3) —3(x-3) + 22 x! -6x 4 9- 3x 942 


x? – 9x + 20 


(x — 5)(х - 4) 


x-intercepts: (4, 0), (2, 0) 


y-intercept: (0, —8) 
Answers will vary. 


Section 1.7 Transformations of Functions 


1. —f (x); f(-x) 


3. The three types of rigid transformations are horizontal shifts, vertical shifts, and reflections. 
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Section 1.7 Transformations of Functions 
5. (a) f(x) 2|x|* c Vertical shifts 
c = —2: f(x) =|x|- 2 2 units down 
c= -L f(x) = |x|- 1 1 unit down 
с= 1: f(x) 2|x|* 1 1 unit up 
с= 2: f(x) = |р +2 2 units up 
(b) f(x) =|x-e| Horizontal shifts 1 PED 
c =-2: f(x) = |x - (-2)| =|x + 2| 2 units left 
e=-l: f(x) = |х - (-D] = |x 41 1 unit left 
с-1 10)-Е-0|)-1-1 1 unit right 
6 m2 f(x) =|» - Q) = |x - 2| 2 units right ? 
-4+ 
7. (a) f(x) = [x] + с Vertical shifts X a5 5 
64 
с--4 f(x) = |x] - 4 4 units down “эн наан 
с= -: f(x) =[x]-1 1 unit down © оро ео acá 
o eo eo өс 
с = 2: f(x) = [x] +2 2 units up EI 1-5 
| ео eo eo 
с-5 /(5)-| +5 5 units up “© Te 
ео eo 
(b f(x) = [x + c] Horizontal shifts y 
64 с=5 c=2 
c = -4: f(x) = [x - (-4)] = [x + 4] 4 units left 9-0 eo c--1 
0 өс eo 
с= -L /(х) = Ix - (-1)} = [x + 1] 1 unit left „сз yer 
o eo eo eo 
с = 2) f(x) = [х - (2)] = [x - 2] 2 units right ee ee ae 
eo eò eo 
c = 5: f(x) = E - (5)] = [x - 5] 5 units right шы ma 
ео e 
9. (а) у = f(-x) () у= f(x) + 4 (с) у= 2f(x) 
Reflection in ће y-axis Vertical shift 4 units Vertical stretch (each y-value 
upward is multiplied by 2) 
А А А 
10+ 10 4- 10 
| -46 "T (66) 
6 
44 
(-2, 2) 97€ (0, 2) 
x + + + + + + +з x » Х 
-10-8 -6 -4 -2 2.4 6 
-4T 
-6- -6+ 


29 
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(9 у= -f(x - 4) (е) y= f(x)-3 (f) у= -f(x) - 1 
Reflection in the x-axis and Vertical shift 3 units Reflection in the x-axis and a 
a horizontal shift 4 units to downward vertical shift 1 unit downward 
the right 
À А А 
104 10+ 10+ 
8+ 8+ 
6 6+ 
(2, 2) 
4 4+ 
1 52 (-2, 0824 (0. 1) 
+ » X + + + + + >x 
-4 -2 2 4 6 12 -8 -6 -af ,| 3 6 8 
440-2) (10, 72) C4-3)-4t — (6-3) 
-6+ -6+ 
(g) y = f(2x) 
Horizontal shrink 
(each x-value is divided by 2) 
11. Parent function: f(x) = х? 19. Parent function: f (x) = Sx 
(a) Vertical shift 1 unit downward Reflection in the x-axis and a vertical shift 1 unit upward 


g(x) = x -1 у= —\/х +1 
(b) Reflection in the x-axis, horizontal shift 1 unit to the 
left, and a vertical shift 1 unit upward 21. g(x) = x? +6 


a(x) = -(x+1) +1 (a) Parent function: f(x) = x? 


13. Parent function: f(x) = |х| (b) A vertical shift 6 units upward 
(a) Reflection in the x-axis and a horizontal shift 3 units (с) А 
to the left "I 
g(x) = -| x+ 3| [ 
(b) Horizontal shift 2 units to the right and a vertical at 


shift 4 units downward 
g(x) =|x - 2|- 4 I 


15. Parent function: f(x) = x? 
Horizontal shift 2 units to the right 


у=(х-2) 


17. Parent function: f(x) = x? 
Reflection in the x-axis 


ух 
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23. g(x) - -(x - 2) 
(a) Parent function: f(x) = x? 


(b) Horizontal shift of 2 units to the right and a 
reflection in the x-axis 


(c) А 


(4) g(x) = - f(x - 2) 


25. g(x) --3-(х41) 
(a) Parent function: f(x) = x? 


(b) Reflection in the x-axis, a vertical shift 3 units 
downward and a horizontal shift 1 unit left 


(c) y 


Ep 


(d) g(x) = - f(x +1) - 3 


27. g(x) = -2x2 +1 
(a) Parent function: f(x) = x? 


(b) A vertical stretch, reflection in the x-axis and a 
vertical shift 1 unit upward 


(c) 


+> 


N 


Section 1.7 Transformations of Functions 


29. g(x) =|x-1|+2 


(a) Parent function: f(x) = |x| 


(b) A horizontal shift 1 unit right and a vertical shift 
2 units upward 


(d) g(x) = f(x - 1) +2 
31. g(x) = |2x| 


(a) Parent function: f(x) = |x| 


(b) A horizontal shrink 
(c) y 


33. g(x) = 3| x - 1| +2 
(a) Parent function: f(x) = |х| 


(b) A horizontal shift of 1 unit to the right, a vertical 
stretch, and a vertical shift 2 units upward 
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35. g(x) = 2x 
(a) Parent function: f(x) = Vx 
(b) A vertical stretch (each y value is multiplied by 2) 


37. g(x) = Vx -9 
(a) Parent function: f(x) = Vx 


(b) horizontal shift 9 units to the right 


(d) g(x) = f(x - 9) 


39. g(x) = /7 - x - 2org(x) = ./-(x - 7) - 2 
(a) Parent function: f(x) — Vx 


(b) Reflection in the y-axis, horizontal shift 7 units to 
the right, and a vertical shift 2 units downward 


@ 3 


41. g(x) = 2x] - 1 
(a) Parent function: f(x) = [x] 


(b) A vertical shift of 1 unit downward and a vertical 
stretch (each y value is multiplied by 2) 


(c) 


(4) g(x) = 2f(x) - 1 


43. g(x) 23- [x] 
(a) Parent function: f(x) = [x] 


(b) Reflection in the x-axis and a vertical shift 3 units 
upward 


(c) у 


47. f(x) = x? moved 13 units to the right 
g(x) = (x - 13) 
49. g(x) = -|x|+ 12 


51. f(x) = A/x moved 6 units to the left and reflected in 
both the x- and y-axes 


s(x) = - Je 6 


53. f(x) = x? 


(a) Reflection in the x-axis and a vertical stretch (each 
y-value is multiplied by 3) 


(b) Vertical shift 3 units upward and a vertical stretch 
(each y-value is multiplied by 4) 


g(x) = 4x +3 
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55. f(x) = |х| 67. (a) 4 
(a) Reflection in the x-axis and a vertical shrink 


(each y-value is multiplied by 1) 


0 100 
"РЫН : 
(b) Vertical stretch (each y-value is multiplied by 3) and (b) Н(х) = 0.00004636x° 
a vertical shift 3 units downward ” хор 
(=) = o.00004636 2.) 
g(x) = 3|x|- 3 1.6 1.6 
3 
57. Parent function: f(x) = х" = 0.00004636| — 
4.096 


Vertical stretch (each y-value is multiplied by 2) 
glx) = 2x7 


= 0.0000113184x? = 0.00001132х” 


The graph of Н =) is a horizontal stretch of the 


59. Parent function: f(x) = x? 
f(x) graph of H(x). 
Reflection in the x-axis, vertical shrink 


69. False. y = f(—x) is a reflection in the y-axis. 
(cach y-value is multiplied by 1) у= fi» » 


71. True. Because |х| = |-x 


, the graphs of f(x) = |x| 6 
and f(x) -|-х| 6 are identical. 


61. Parent function: f(x) = Vx 
73. y = f(x € 2) -1 
Reflection in the y-axis, vertical shrink 
Horizontal shift 2 units to the left and a vertical shift 


1 unit downward 

g(x) = LJ-x (0,1) > (0 - 2,1 - 1) = (-2,0) 
(12) 152291750311) 
(2,3) > (2 - 2,3 - 1) = (0,2) 


(each y-value is multiplied by 1) 


63. Parent function: f(x) = x 


Reflection in the x-axis, horizontal shift 2 units to the 
right and a vertical shift 2 units upward 75. Since the graph of g(x) is a horizontal shift one unit to 


g(x) = -(x - 2y 272 the right of f(x) = x°, the equation should be 


x) -(х-1) and x) = (x Ч 
65. Parent function: f(x) = Jx 8| ) ( ) and пої &( ) ( + 1) 


Reflection in the x-axis and a vertical shift 3 units 
downward 


g(x) = —Jx — 3 


77. No. g(x) = —x* - 2. Yes. h(x) = -(x – 3)" 


79. (х +1) + (x? + 2x-1) = x? + 4x 


81. (3х2 4x-1-(1-x) 232 +x-1-l+x 


= 3x7 +2x-2 


83. x(x -3) = х? - 3x? 
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85. -2х(01х + 17) = (-2x)(0.1x) + (-2x)(17) 
= -02x? — 34x 


3x + 5 3х + 5 
87. (3x + 5) + (622 + 10x) = 22-10 - 2x + 5) 
1 -5 
= х + — 
Эх 3 


Section 1.8 Combinations of Functions: Composite Functions 


1. addition; subtraction; multiplication; division 


3. Since (fg)(x) = р” + 1) and f(x) = x? +1, 
g(x) = 2x, and (fg)(x) = (gf)(x) = Qx)f(x). 


x x 0 |1|2 |3 
f 2:1311 [2 

1 
8 -110|13 |0 
f+g |1 (313412 


7. Дх) = х + 2, ()-х-2 
(a) (f£ + g)(x) = f(x) + g(x) 
= (x + 2) + (x — 2) 
= 2x 
(6) (f - в)(х) = f(x) - &(x) 


-4 
(с) (fex) = f(x): a(x 
= (x + 2)(x - 2) 
= x?-4 
f _ f(x) _ x +2 
о (£o - 28 - 2 


Domain: all real numbers x except x = 2 


9. f(x) 5 х?, g(x) = 4х—5 


= х? (4х — 5) 
=x +4x-5 
©) (F= gx) = F(x) - g(x) 
= x? — (4x — 5) 
=x? – 4х +5 
(с) (Ж )(х) = F(x) - s) 
= х2(4х - 5) 
= 4x – 5x 
f L(x 
o (£o - Z8 
~ 4x5 


п. f(x) 2 x + 6, g(x) = V1-x 
(a) (f + g)(x) = f(x) + g(x) =x +6+ 41-х 
(b) (f - g)(x) = f(x) - g(x) =x +6-VJl-x 


Domain: x < 1 
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15. 


17. 


27. 


29. 


Section 1.8 Combinations of Functions: Composite Functions 35 


f(x) = 2 а(х) = х 19. (f2)(6) = /(0)8(6) 
и х xtxt +? + e 1 3 
Gu vec 4x m = (9)(34) 
NONE. - 306 
л ME 21. (77815) = /(5) / 403 
© (Eo oy = ((5) +3) / (8) -2 
8 
Ў CANC PES ЗЭР ЛАА. 1 ау 
@ 11 "ru es x-l x 23 
КЕРК 280 
x? (x + 1) 


Domain: all real numbers x except x = 0 and 
x= -l 
(f + g)(2) = fQ) - 8(2) 
= (2 +3) – (2? – 2) 
=7 


(f = в)(3) = f(3t) - 8(3)) 


For0 < x < 2, f(x) contributes most to the magnitude. 


2 
E ((3¢) T 3) Е (89 = 2) For x > 6, g(x) contributes most to the magnitude. 


= 31 +3 – (92 -2 
я |" ) 25. f(x) = 3x + 2, g(x) = -vx +5 


(f + g)x =3x-Vx+5+42 


= -9 + 31 + 5 


f+8 


For0 < x < 2, f(x) contributes most to the magnitude. 


For x > 6, f(x) contributes most to the magnitude. 


f(x) = x + 8, а(х) 2x-3 
(a) (f ° g)(x) f(g(3) = f(x 3) = (x -3) +8 = х +5 
€) (g » /)(х) = g(f(x)) = g(x + 8) = (x +8) -3 = x45 
(с) (g o g)(x) = a(g(x)) = g(x -3) = (x -3)-3 = x- 6 
fix) = ЕИ = +1 
(а) (Fe gx) = (а(х) ©) (go f)(x) -8(/(5) A) 
= f(x +1) = e(Vx - 1) = g( +1) 
=A Хараа = (т) +1 = (+1) +1 
= {х =x = (х-1)+1= х = 29 + 3х6 + 302 + 2 
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36 Chapter 1 Functions and Their Graphs 
31. f(x) = Ух+4 Domain: x 2 —4 33. 
g(x) =x Domain: all real numbers x 


(а) (eg) = (800) = 72) = Và + 4 


Domain: all real numbers x 


(b) (s ° S)(x) = s(/() 
2 
= g(Vx + 4) = (Vx +4) =x+4 
Domain: x 2 —4 
35. f(x) = 1 Domain: all real numbers x except x = 0 
x 
g(x) =x +3 Domain: all real numbers x 
4” ёр Sof үг 

(а) (f es) = f(s) = f(x +3) = — 

Domain: all real numbers x except x = —3 


(b) (g » f)(x) 


1 1 
a(f(x)) = 41| Eod 

x x 
Domain: all real numbers x except x = 0 


37. Р(х) 


25 g(x) =x-4 


(b) 1 


Domain: all real numbers x 

Domain: all real numbers x 

(а) (f © gx) = f(g(x)) 
Domain: all real numbers x 

(0) (s ° F(x) -4(/0)) = glx) =|х|+ 6 


Domain: all real numbers х 


f(x + 6) =|x + 6| 


41. (a) (f © g)Q) 
(b) (g » f)(2) 


f( 


09 
— 
ы 
мэ, 
= 


43. h(x) = (2х2 + i) 
One possibility: Let f(x) = x? and g(x) = 2x +1, 
then (f о g)(x) = h(x). 


51. 


3 
х2-4 


45. h(x) 


One possibility: Let f(x) 
then (f © g)(x) = A(x). 


2/x and g(x) = x? — 4, 


47. 


49. 


1 
x+2 


h(x) 
One possibility: Let f(x) = 1/x and g(x) = x + 2, 
then (f о g)(x) = h(x). 


-x +3 
h = 
(09 4— x? 
aai x+3 2 
One possibility: Let f(x) = and g(x) = —x 
4+x 


then (f о g)(x) = h(x). 


One possibility: Let f(x) 


Ух and g(x) = 2 А 
x + 


1 1 
then (f о g)(x) = Aa 7 3 - NONE 
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53. (a) T(x) = R(x) + B(x) = ix 4 i£ 


(b) 


R 


10 20 30 40 50 60 
Speed (in miles per hour) 


(c) B(x) As x increases, B(x) increases at a faster rate. 


b(t) — d(t 
55. (a) c(t) = 20:40) х 100 = percent change 


(b) c(20) represents the percent change in the 
population due to births and deaths in the year 2020. 


57. (а) r(x) = 
Œ) 4()) = л? 
( (Ae r)(x) = A(r(x)) = dž) т 6) 


(A » r)(x) represents the area of ће circular base of 


the tank on the square foundation with side length x. 
59. False.(f o g)(x) = бх + Land(g o f)(x) = 6x + 6 
61. (a) Answer not unique. Sample answer: 

f(x) = x +3, g(x) = х + 2 

(F o eo) = Fle) = (х 

(в °Л)(х) = s(/(9) = (x + 3) +2 = 445 


2)-3-х45 


(b) Answer not unique. Sample answer: f (x) 2A 


63. Let f(x) and g(x) be two odd functions and define 


65. 


67. 


69. 


h(x) = f(x)g(x). Then 
h(-x) = 


(=) (ә) 
because / апа g аге odd 


1 
= 
л 

+ 
= 


So, h(x) is even. 

Let f(x) and g(x) be two even functions and define 
h(x) = f(x)g(x). Then 

h(-x) = f(-x)g(-x) 
709804) 
h(x). 


So, h(x) is even. 


because f and g are even 


Let f(x) be an odd function, g(x) be an even function, 
and define A(x) = f(x)g(x). Then 


h(-x) = f(-x)a(-x) 


| ll 
b n] 
2 м 
ы 
li at, 
n 
ы 09 
S IV 
= 
S 
= 
& 
© 
= 
Dn 
5 
Ss 
то 
o 
a 
a 
£ 
5 
a 
09 
A 
un 
€ 
2 
S 
S 


= -h(x). 
So, h is odd and the product of an odd function and an 
even function is odd. 


y^ Sus 


y? =(-x)-5 = y? = -x – 5 > No y-axis 
symmetry 


-ур-х-5 y SxS 


~ 


x-axis symmetry 


(у) = (-x)-5 > y) = -x —5 = No origin 


узх +1 
уз (х)? +1 > у =x? +1 = y-axis symmetry 
-y = xX +1 > y =-x? — 1 = № x-axis symmetry 


(=x) +1 у= № +1 > 


БЭ 
ll 


y = -x? — 1 => No origin symmetry 
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71. 


Chapter 1 Functions and Their Graphs 


у = 5x 
f(x) = 5x 
f(x) = 5(—х) = -5x = -f(x) 


Odd function 


y 


Section 1.9 Inverse Functions 


1. 


3. 


5. 


inverse 
range; domain 


To show that two function fand g are inverse functions, 
you must show that f(g(x)) = xand 8(/(5) зох. 


. Ifa function is one-to-one, no two x-values in the 
domain can correspond to the same y-value in the range. 


Therefore, a horizontal line can intersect the graph at 
most once. 


75. 2х + 3у = 5 
Зу = 5 – 2х 
2087 
цал 
77. х= Ay *1 
х2 = у+1 
у= х2 -1,х2 0 
79. А = a(r +2) – ar? 
= al(r + 2) - | 
=alr + 4r+4-77| 
= a(4r + 4) 
= 4n(r + 1) 
9. f(x) = 6x 
1 
а _ 1 
На аг, 


11. 


Ss 
— 
к 
— 
ь 
Sy 
= 
Il 
~ 
тету 
о |м 
нй 
Il 
a 
T BENED." 
Ox 
| — 
ll 
E 


F(f(3) = f (ex) = —— = x 

f(x) = 3x +1 

f(x) = 2 a 

ТО! (=) = 47 JE 12x 
Ff) = Pass 8*9 1 
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15. f(x) 2x2 - 4x 20 
f(x) = Ух +4 
Д) = (Ух +4) = (Мх+4) —4=(х+4)-4=х 
PUG) = (2-4) = (Ea ara = VE = + 


_4x+9-9 4х 


17. (F o g)(x) = /(8(5) = /(4х + 9) " "M 
х-9 х-9 
8970) = eO) = (E53) = (823) +9 = 2-9 49-5 
( ax) 25. f(x) = 7x + L gh) = 52 
19. f(g(x)) = f(V4x) ян 7 
28 @ лар) = (24) (Ez) e 
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29. f(x) = ух + 5, g(x) = 


х2-5х20 


(b) 


ll 
== 
ы 

N 
| 
22 
wa 
+ 
22 
1 
ы 


ele ibas SH 
fa) lets) = | wat) eae r+) -r-i  -6 _ 
х-1 Ее х-1 (5х +1) + 5(х – 1) -6 
Ш НЭЭН XS S(x- 1) + (x + 5) _ бх — 
| БН! x+5 (х= 1) - (x + 5) -6 i 
x+ 


(b) 


» X 


33. No, {(-2, –1), (1, 0), (2, 1), (1, 2), (-2, 3), (—6, 4)} does 


not represent a function. —2 and 1 are paired with two 
different values. 


n x 3 5 1719111113 
(х) |-110111213 |4 
37. Yes, because no horizontal line crosses the graph of fat 


more than one point, fas an inverse. 


39. No, because some horizontal lines cross the graph of f 


twice, f does not have an inverse. 


43. 


g does not pass the Horizontal Line Test, so g does not 
have an inverse. 


f(x) = х\/9 – х? 


6 


-6 


f does not pass the Horizontal Line Test, so f does not 
have an inverse. 
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yp Se 2 

x=y -2 

у= 4х + 2 

(х) = Ух +2 
(b) ) 


(c) The graph of f~ is the reflection of the graph of fin 
the line y = x. 


(d) The domains and ranges of fand f"! are all real 
numbers. 


V4 = х? 


47. (а) f(x) -44-3,0«х«2 
y= 
x=/4-y? 


х? = 4- у? 
у= 4-0? 
f(x) = М4 - 2,0 < х2 


(c) The graph of f^ is the same as the graph of f: 


(d) The domains and ranges of fand f~ are all real 
numbers x such that 0 € x < 2. 


Section 1.9 Inverse Functions 41 


4 | 
49. (a) f(x) э (b) 1 
4 
4 3 
улс 24 
Р 2 
4 5 + »- Xx 
ишиг -3--2-1 123 4 
ху =4 pi 
4 
у ==— 
x 
= 4 
rq) =4 
x 


(c) The graph of f^! is the same as the graph of f. 


(d) The domains and ranges of fand f^! are all real 


numbers except for 0. 


х-1 
51. (а) f(x) = 
х-2 
ша! 
4 х-2 f£ 
ge 2+1 a 
у-2 4 6 


Ху-2)-у-1 
ху-2х-у-1 


xy-y=2x+1 
у(х = 1) = 2х +1 


_ 2x +1 

dim х-1 

P 2x +1 
f(x) = 

х-1 


(с) The graph of f^! is the reflection of graph of fin the 
line y = x. 

(d) The domain of fand the range of f^! is all real 
numbers except 2. 
The range of fand the domain of f^! is all real 


numbers except 1. 


53. (a) f(x) = 5х -1 (b) У 
А 
у= /х-1 6+ gi 
х= 3/y-1 
х= у-1 x 
у= +1 7 
4 
f(x) =? +1 


(c) The graph of f~ is the reflection of the graph of fin 
the line y = x. 


(d) The domains and ranges of fand f™ are all real 


numbers. 
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55. f(x) = x4 в. л) = SH 
4 4x + 5 
=y 
2 _ 6x +4 
к= У = ах + 5 
peels „6+4 
This does not represent y as a function of x. f does not 4y +5 
have an inverse. х(4у + 5) = 6y +4 
| x«l 4ху + 5x = бу +4 
57. g(x) = 6 4xy – бу = -5x + 4 
хэ y(4x — 6) = -5x + 4 
6 _-5x+4 
ips der 4 4x — 6 
6 _ 5х—4 
бх=у+1 С 6—4х 
у =6x-1 


Эг : : This is a function of x, so f has an inverse. 
This is a function of x, so g has an inverse. 


5x —4 
=i 28 
g'(x) = 6х -1 f ирэн. 
59. p(x) = -4 65. f(x) = (х + 3), x > -3 > y 20 
yes y=(x+3),x>-3,y 20 
B ==4 1 izontal li 
ше юэ all х the graph is a horizontal line psy зу, тээ" 
and fails the Horizontal Line Test. p does not have ап 
inverse. Vx =y+3,y2>-3,x20 
3 у= Ух -3,x 2 0,у >-3 
5 = 4/ >= у> 2 : : 
a f(x) г 27 20 This is a function of x, so fhas an inverse. 
=| = 
у = Vin ¥3,x 2 -3,y 20 f(z) = Vx -3,x20 
3 +3, x <0 
х= f/2y+3,y 2-—,x 20 67. Pee и > 
2 л ) 6-х, x20 
дуаа Був y 
2 1 
х2-3 3 91 
= ,xX20,ypy2-— 
И 2 Ч 2 
This is a function of x, so fhas an inverse. 
2 -3 х 
f(x) = 9 ‚х 20 


This graph fails the Horizontal Line Test, so f does not 
have an inverse. 
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69. (a) y = 10 + 0.75x 79. (7 Š g)(x) = (g(x) = f(x) = 1,3 23 
x = 10 + 0.75y _— ың 
x — 10 = 0.75у | 
= 3 
х-10 _ x= зу -3 
0.75 TU x+3= ły 
= 10 22:43 
Ко | 8(х + 3) = у 
°F) = су»; 
. 3/8(x + 3) = у 
x = hourly wage, y = number of units produced 
-1 
2425 — 10 Usa) poe ds 
yu a 
0.75 


. 81. False. f(x) = x? is even and does not have an inverse. 
So, 19 units are produced. 


In Exercises 71 and 73, f(x) = x + 4, f(x) = x — 4, 5 а АЕА 
a(x) = 2x - 5, g(x) = 077. 11121011 
х 112 |6 |7 
т. (e'« £x) = eg (£^ 
(= f )(х) & (/ (9) f(x) 11131416 
= g'(x- 4) 
(х= 4) +5 А 
2 8 
_х+1 
= 2 51 
73. (f © g(x) = /(в(х)) 2- 
= f(2x - 5) 
= (25-5) +4 жээ 
= 2x -1 (b) 
E" M x|-4-2|0[|3 
(F e в) (а) = = 
ЕЕЕ 


Note: Comparing Exercises 71 апа 73, 
12 ЕГЧ _ (g^ o f(x). юэ graph does not pass the Horizontal Line Test, so 
f (x) does not exist. 


In Exercises 75-79, f(x) = ix - 3, f'(x) = 8(x + 3), 85. Let(f о g)(x) = y.Thenx = (f o 8) (y). Also, 
a(x) = x°, а (х) = Vx. (f © a(x) =» = flee) = 
PET a(x) = Уу) 
ш. | И E хэв (f) 
= 4 ) x= (g^ 5 12857 
= Ул + 3) ios Because f and g are both one-to-one functions, 
т. (151719 = rr) dicia 
= f^ (84 + 3]) 
= 8[8(4 + 3) +3] 
= 8[8(7) + 3] 
= 8(59) = 472 
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87. T 13) | 25 
91. ›=-[х- =| + 1 
25 зү 
-2 7 = — — |x aa 
4 2 
-2 
There is an inverse function f(x) = Ax — 1 because = 3 + Ї AE (s 2) 
the domain of fis equal to the range of f" and the range = (x - 4)(9 - x) 


of fis equal to the domain of /77. 2 a9) 


89. y = -(х = 5) +1 93. The function is increasing on (2, eo) and decreasing on 
= -(x? - 10x + 25) +1 (7. 2). 
ES 2 
= -(х -10х4 24) 95. The function is increasing on (—ee, —1) and (1, e») and 


Il 


-(x - 6)(x - 4) decreasing on (-1, 1). 

Alternate solution: 

у-1-(х- sy | i 
" [ E sp bee 51 Relative minimum at (0, —3) 

(6 - х)(х - 4) 

-(x — 6)(x — 4) 


97. Relative maximum at (2, 0) 


Section 1.10 Mathematical Modeling and Variation 


1. sum of squared differences 11. 
3. correlation coefficient 


5. You can say that z varies jointly as x and y, or z is jointly 
proportional to x and y. 


7. (a) Model: у = 1.231 + 151.8, 15159 


y 


і + + і >x 
1 2 3 4 5 


166 


2 16 Using the points (2, 2) and (4, 1), y = -ix 43. 
© 162 

ЁБ 160 

5 E 158 7, 13. | 

В 156 ә 

B 5: 

2 154 


152 


123456789 
Year (1 < 2011) 


(b) The model is a good fit for the data. 


т The line appears to pass through (2, 3) and (4, 2) so its 
equation is y = зай + 4. 


Using the point (0, 3) and (4, 4), у = Ix +3. 
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. (a) and (b) 25. Е = 


y 


Nie 


у= 4х? | 4 | 32 108 | 256 | 500 


AM 


500 + e. 
ФФ б | 25 
Year (88 €» 1988) 300 
LJ 
Use the points (88, 54.93) and (116, 52.70). 200 
= , 
"v" 52.70 — 54.93 2-0080 100 
116 — 88 Lan s 
2 4 6 8 10 
у = 52.70 = —0.080(r — 116) 
y = 52.70 = —0.080t + 9.28 27. к= 2, п =1 
у = —0.080¢ + 61.98 
х 214 6 8 10 
(c) y = —0.083t + 62.30 BRC) 
(d) The models are similar. ан x ; 2 3 4 5 
уз N 
14 = k(2) + ө 
7 =k 5 
y = 7x : : 
у = № Ч d 4 
5 
3З = К(-24) uu нэ 
1 2 4 6 8 10 
-1 = А 
у= 29. k = 10 
x 2 4 6 8 10 
: Ё йн EN io (21421212 
“шы ИШЕ; 8 | 18 | 32 | 10 
2л =k 
y = 27x 1 
k 21 , 
х 214 |6 |8 | 10 : 
1 
y -k | 4 | 16 | 36 | 64 | 100 M . 
7 2 
” r? a, 
1 2 4 6 8 10 
100 4- , 
80 
60 е 
40+ " 
204 е 
2 4 6 8 10 2 
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31. y = k 53. z= ky 
x 64 = k(4)(8) 
pas 2-8 
à 2 
5-1 2 = 2ху 
5 
y= 55. P= ke 
x yl 
This equation checks with the other points given in the 28  k(42) 
table. 3 = 92 
33. у= № 28251728 
-7 = k(10) co 
5 2927. a k 
“79 = Ё 3 
y= - х 18 = 
: . ; | е : 18х 
This equation checks with the other points given in the BS 
table. ? 
35. A = kr? 57. I = kP 
113.75 = k(3250) 
k 
37. y= — 0.035 = k 
х 
І = 0.035Р 
k, 
39. F = £ 59. у = kx 
r 
33 = k(13) 
41. R = K(T -T,) Ba 
13 
43. P = kVI у = Px 


25.4 centimeters. 


u 


45. y is directly proportional to the square of x. ieia = sse 


u 


When x = 20 inches, у = 50.8 centimeters. 


47. A = Tbh 
61. d = КЕ 
The area of a triangle is jointly proportional to its base 
and height. 0.12 = k(220) 
30 
49. y= ke 300 = А 
PE 
54 = k(3) geo 
=k 0.16 = 205 
у = 18х 880 _ p 
3 
i i 1 
51. у= К The required force is 293; newtons. 
x 
3 k 63. d = kF 
25 1.9 = k(25) = k = 0.076 
ЕЕ d = 0.076F 
yz 75 When the distance compressed is 3 inches, we have 
" 3 = 0.076F 
Е = 39.47. 


No child over 39.47 pounds should use the toy. 
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65. (a) 


Water temperature (°C) 


500 1500 2500 3500 


Depth (in meters) 


(b) The data shows an inverse variation model fits. 


(c) 4.85 = B 3.525 = 2 2.468 = É 1888 = —# 1.583 = 8 1422 = бе 
1000 1500 2000 2500 3000 3500 
4850.0 = k 5287.5 = k, 4936.0 = ky 4720.0 = k; 4749.0 = k; 4977.0 = kg 
Mean: д = 4850 + 5287.5 + 3936 + 4720 + 4977 _ 4919.92, Model: С = 4919.92 
4919.92 
@ C= 919.9 
d 
3 _ 4919.92 
d 
d= DES = 1639.97 meters 


The temperature is 3? C at approximately 1640 meters. 


67 d = №? 
№ 
0.02 = k| — 
4 
k = 0.32 
d = 032? 
0.12 2 0.32? 
2 _ 0.12 3 
032 8 
gs cut 0.61 mi/hr 
24/2 4 
AJ To 3? Р А НЬ : : 
69. fo = 2 where fọ = original frequency, Ту = original tension, /) = original length of string, and p = mass density 
ov P 
fo = 100 
(a) The frequency of a string with four times the tension would double the frequency in order to maintain the direct 
proportion. 
k- NT, 
Let Јем = = and Trew = 4T), [m ын 10 
new ^ р 
k УАТ, k- N 
faw = ° = 2- 022. fy = 2-100 = 200Hz 
lh: 4 р ly: bp 
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(b) The frequency of a string with two times the length would half the frequency in order to maintain the inverse proportion. 
k- Thew 


lisy й AL B 


feo ER ЕМ 1. 1 тор = зон: 
2%-/р 2 Ь-./р 2 2 


(c) The frequency of a string with four times the tension would double the frequency, and two times the length would half the 
frequency in order to maintain the inverse proportion. Therefore the frequency would remain the same, 


2 Trew and Trew = 41, Lew = 21, 


1 Liew d Jp 


fo = wh 2 2-6 = 2g =1-100 = 100Hz 
By iafp 2th tafe 2 


Let Sew = and new = 21, Т = To 


Let Тех 


71. True. If y = Ax and x = kz, then 79 5 Р 2x _ S(x + 3) + 2x(x - 1) 
y= ГС! = (А )z. "x-l x43 (x - 1 (х + 3) 
_ 2x? + 3x +15 
73. False. In the equation S = 4702, л is a constant, not a Е (x = 1)(x + 3) 
variable. 
+3 4 4 
75. True. If f(x) = (x — 2) p(x), then 81. = = x #-3 


2x £1 3(x+3) 3(2x +1) 
10) = (2 - 2) 0) = 0. 
83. x? + y =8 > у = 8 — x! isa function of x. 
х-1 2х х-1-2х 


77. = Domain: all real numbers х 
5-4 5-4 5х – 4 
шаа 85. 1 - y? = x is nota function of x. 
5х — 4 
x1 For example, for x = 0, y = +1. 
7 4-5х 


87. y = Vx + 5 isa function of x. 


Domain: all real numbers x such that x > —5 


1. y 5. (a) j 
A A 
(-3,6)@ 6+ 3 l 
? | @(5, 5) ( 26e $ 
44 ` 
| v4 
2+ N 
(-2,0) | 41^ 
+ + Ф + + + + >v 2413 
-6-4-2 | 2 4 6 8 х 
2 
TA T E DS ES 
= =2 2 4 
-4 х 
| к 
(-1,-7)0 | » (4-3) 
-8+ -44 
. 2 2 
3. x > 0 and y = —2 in Quadrant IV. (b 4 = Wie -4) + (6 + 3) 


= 4/36 + 81 = V117 = 34/13 
(c) Midpoint: ee T = 3 = Г 3 


2 2 
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7. y = Зх - 5 11. y 22x +7 


15. 


17. 


x-intercept: Let y = 0. 


0=2x+7 

у|-111-8|-51|-211 s= 
2 

7 

1 (-59) 


y-intercept: Let x = 0. 
PIE 


+x 


2 3 y = 2(0) +7 
7 


13. у-(х-3) -4 


2 2 
ух -3х x-intercepts: 0 = (x – 3) - 4 > (x-3) = 4 
эх-3-12 
5 х= 3 +2 


у | 4 01-21-210 4 >x=S5orx=1 
(5, 0), (1,0) 
1 y-intercept: у = (0 — 3y -4 
y=9-4 
P= 
(0, 5) 
|> 
у =-4х +1 y 


Intercepts: (2, 0), (0,1) 


y = -4(-x) +1 = y = 4x +1 = No y-axis symmetry 


-y = —4x +1 > y = 4х — 1 = No x-axis symmetry "gm 554° 
-y = -4-х) +1 = у = —4x - 1 = No origin symmetry 
у= 6-х? y 


Intercepts: (+V6, 0), (0, 6) 


y=6- (-32) => у = 6 – х? = y-axis symmetry 


-y =6- x > y=-6+x? > Nox-axis symmetry 


-у = 6 – (х) => у= —6 + х? => Мо огівіп symmetry 
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19. 


21. 


23. 


25. 


Chapter 1 Functions and Their Graphs 


у= х +5 

Intercepts: (4/-5. 0), (0, 5) 

уз (-x) +5 = ycc-ix +5 > No y-axis symmetry 
-y=x4+5> у = х? — 5 => Nox-axis symmetry 
-уз (-xy +5 = у = х – 5 > Noorigin symmetry 
PEN се: 

Domain: [-5, ~) 

Intercepts: (—5, 0), (0, 45) 

у = 4/-х + 5 => No y-axis symmetry 

-y = „х +5 > уз -Vx +5 > No x-axis symmetry 


-y = J -x +5 > y =-,/-x +5 > No origin symmetry 


(x +2) + у? - 16 


(x - C2) + (y - 0) 


Center: (-2, 0) 


42 


Radius: 4 
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27. 


29. 


31. 


wo kU о м 
+—+—}-—}-—+ 


Endpoints of a diameter: (0, 0) and (4, -6) 


0-4 0 + (-6) 


Center: Д 
2 2 


Б 


у= 1х +1 


Slope: m = -5 


y-intercept: (0,1) 


тел 
Slope: m = 0 
y-intercept: (0, 1) 


y 
A 


Review Exercises for Chapter 1 51 


33. (5, -2), (-1, 4) 41. Verbal Model: Sale price — (List price) — (Discount) 
"X 4-(-2) 6 _ 1 Labels: Sale price = S 
-l-5 -6 List price = L 
1 Discount = 20% of L = 0.2L 
35. (6, –5), т = i у 1 
3 ЯН Equation: S-L-02L 
y - (5 -i(x-6 21 5 = 0.8L 
= 1 E —+—+ E —ї + +> x 
У+5 = 5х 2 -4 -2 | 246810 43. 16x- уќ = 0 
1 
= 7x -07 zx: 4 
y 3 41 aum у" = 16x 
Eg- уз +24/x 
цай No, y is not a function of x. Some x-values correspond to 
two y-values. 


37. (-6, 4), (4, 9) is 
. y= 203 


= Yes, the equation represents y as a function of x. Each 
x-value, x < 1, corresponds to only one y-value. 


цг ах 47. f(x) =x? +1 
1 
p= АЖ (a) /(2)-0(2)-1-5 
у-4= ie (b) f(-4)9 (4) «1217 
у= 1+7 © se) = (2) +1= 0 +1 
, (d) f(t-1) =(¢ +1) +1 


=f +2t+2 
49. f(x) = J25- х? 
Domain: 25- x? > 
: (5 + x)(5 - x) 20 


Critical numbers: x = +5 

Test intervals: (—ee, —5), (—5, 5), (5, оо) 
Test: Is 25 - х2 2 0? 

5x -4y = 8 Solution set: -5 < x < 5 


39. Point: (3, -2) 


NE 
у= = 2 Domain: all real numbers x such that 


—5 < х < 5,ог [-5, 5| 
(a) Parallel slope: m = + 


у= (-2) = пе T 3) 104 


yarn ай i 
узах-т 
(b) Perpendicular slope: m = -4 
y- (-2) = E -3) | x 
у+2 = -ix +2 
у= -іх+2 51. v(t) = —32¢ + 48 


v(1) = 16 feet per second 
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53. 


55. 


57. 


59. 


61. 


63. 


Chapter 1 Functions and Their Graphs 


f(x) = 2x? +3x-1 


fle + x) - у(х) ee AY ee) = 1] - (27 + 3x - 1) 


h h 


2x? + 4xh + 2h? + Зх + 3h -1—- 2x? – 3x +1 


h 
h(4x + 2h + 3) 
h 
4x+2h+3, h#0 


y = (x -3) 


A vertical line intersects the graph no more than once, so 


y is a function of x. 


f(x) = 3х? - 16x + 21 


3x? -16x + 21 = 0 


(3x - 7)(x - 3) = 0 
3x -7 =0 or x-3=0 
x=2 or x m3 


3 
70) =|х|+|х +1| 
fis increasing on (0, оо). 
fis decreasing on (—•, -1). 


fis constant on (-1, 0). 


5 


ян 
f(x) = =? + 2x41 


Relative maximum: (1, 2) 


(1,2) 


f(x) = -x + 8x – 4 


f(4)- f(0) _ 12 = (-4) 
4-0 4 


=4 


The average rate of change of ffrom x, = 0 tox, = 4 
is 4. 


65. f(x) = x* — 20x? 
f(-x) = Cx) -20(-3) 


The function is even, so the graph has y-axis symmetry. 


2 


= xt – 20x? = f(x) 


67. (а) f(2) = -6 f(-1) = 3 
Points: (2, -6), (-1, 3) 
225r. 0 
-1-2 -3 

у - (-6) = -3(x - 2) 
y+6=-3x+6 


m 


y = —3x 


(b) 
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71. (а) f(x) = х? 77. (а) f(x) = [x] 
(b A(x) = х2 -9 (b) A(x) = -[x] + 6 
Vertical shift 9 units downward Reflection in the x-axis and a vertical shift 6 units 
upward 
(c) у 
А 
4-3 eo» 
eor 
eo 
6@0 
5+ ФО 
44 eo 
3+ ёо 
2+ eo 
1 T eo 
FL | 1-4-4-0-9- »- X 
33-14123456e09 
21 e-o 
-34 . 
(d) A(x) = f(x) - 9 
(d) A(x) = —f(x) + 6 
73. (a) f(x) = Ух 
79. (a) f(x) = |x 
(b) h(x) =-Vx + 4 œ) = Hl 
E : (b) A(x) = S[x - 9] 
Reflection in the x-axis and a vertical shift 4 units 
upward Horizontal shift 9 units to the right and a vertical 
(с) | stretch (each y-value is multiplied by 5) 
A (c) y 
10 A 
25+ eo 
8 20 өс 
7 15 + eo 
10 өс 
4 5 eo 
B 1—1—-99—1—19- x 
2 -2 2.4 6 10 12 14 
-5 eo 
3 4 6 8 0 eT ын 
-154 eo 


(d) A(x) = —f(x) +4 


75. (a) f(x) = x? 


81. f(x 
(b) A(x) = -(x + 2)? +3 


) 
(a) (f + g)(x) = (x? +3) + (2x - 1) = x 22x +2 
(f -= g)(x) = (x? +3) – (2х -1) = x? -2x +4 


(c) 7 (с) (fg)(x) = (x? + 3)(2х – 1) = 2x3 — х? + 6x - 3 


Reflection in the x-axis, a horizontal shift 2 units to 
the left, and a vertical shift 3 units upward (b) 


^ 2x-1 


2 
(d) 32 шэг 2. Domain: x z ч 
8 2 


(d) A(x) = -f(x + 2) +3 
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83. 


Chapter 1 Functions and Their Graphs 


f(x) = ix - 3, g(x) =3x+1 


The domains of f and g are all real numbers. 


(а) (f © gx) = f(a(»)) (€) (ве fx) = g(r) 
= f(3x + 1) = g(tx - 3) 
= 73x +1) -3 = 3(ix - 3) +1 
mese -х-9-1 
=x- 5 =x-8 
Domain: all real numbers Domain: all real numbers 


In Exercise 85 use the following functions. f(x) = x — 100, g(x) = 0.95x 


85. 


89. 


91. 


(f © g)(x) = f(0.95x) = 0.95x — 100 represents the sale price if first the 5% discount is applied and then the $100 rebate. 


f(x) = 3x +8 
y=3x+8 
x=3y+8 
х-8-3у 
_x*=8 
4 3 
y = -(х – 8) 
So, f(x) = (x 8) = 28, 


f(x) = (х - n 93. f(x) = 2(x - 4)” is increasing on (4, о). 
6 Let f(x) = 2(x - 4), x > 4 and y > 0. 


2(x - 4) 
Xy -4),x>O0y > 4 


(7-4) 


-2 


The function is not one-to-one. Some horizontal lines 
intersect the graph more than once. 


(a) f(x) = 24 -3 (b) 1 m 
y= ix -3 Я” n Ї 


+ Нэгэ 
> NIX] м|Їн x ч 
Il 
= 
| 
ay 


7) 6 
x-ly-3 1 £9) = JE +&х > о 
xt3-21ly ` 
2(х+3)= у 


f(x) 22x46 


-10+ 


(c) The graph of f” is the reflection of the graph of f 
in the line y = x. 


(d) The domains and ranges of fand f 7! are the set of 
all real numbers. 
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95. (a) and (b) oA 
P 
Whenp = 4andx = 25,000, 4 = 1250. 


_ (25,000)  , 1 


97. d 


1250 = 0.2 
4 5 
When p = 5.50, 
С = 0.53t + 265,13 < < 19 (0.2)(25,000) 
d = NSS RUN VET ш. = 0 t 1 . 
The model fits the data well. 5.50 eee 


99. True. If f(x) = x? and g(x) = 3/5, then the domain of g is all real numbers, which is equal to the range of f and vice versa. 


Problem Solving for Chapter 1 


1. (а) W, = 0.075 + 2000 
(b) W, = 0.055 + 2300 


(c) 5,000 


(15,000, 3050) 


30,000 
0 


Point of intersection: (15,000, 3050) 
Both jobs pay the same, $3050, if you sell $15,000 per month. 


(d) No. If you think you can sell $20,000 per month, keep your current job with the higher commission rate. 
For sales over $15,000 it pays more than the other job. 


3. (a) Let f(x) and g(x) be two even functions. (b) Let f(x) and g(x) be two odd functions. 
Then define A(x) = f(x) + g(x). Then define A(x) = f(x) + g(x). 
h(-x) = f(-x) + g(-x) h(-x) = f(-x) € а(х) 
= f(x) + g(x) because f and g are even = —f(x) + g(x) because f and g are odd 
= h(x) = h(x) 
So, Ах) is also even. So, A(x) is also odd. (If f(x) # g(x) 


(c) Let f(x) be odd and g(x) be even. Then define A(x) = f(x) + g(x). 
h(-x) = f(-x) + g(-x) 
= —f(x) + g(x) because / is odd and g is even 


+ —h(x) 
So, A(x) is neither odd nor even. 


2n-2 


5. f(x) = ax" + aj, x"? + + ax” + ау 


2 


f(-x) = ay (x). " + “ЭРЧ ийн Tec a(-x) + ау 4X" + Aggy әх"? ++ + ау? + ay = f(x) 


So, f(x) is even. 
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7. (a) April 11: 10 hours 9. (a)-(d) Use f(x) = 4x and g(x) = x + 6. 


Арш 12: 24 hours (а) (f © g)(x) = f(x + 6) = 4(x + 6) = 4x + 24 
April 13: 24 hours 


Е -24 1 
b o | — x = — = 6 
April 14: 32 hours (0) (f°) (x) 4 NM 
"a MEM "E 
Total: ЈЕ hours (c) f (x) = —X 
g(x) = х-6 
(5) Speed = E апсе _ 200 = = = 252 mph Нм " 
ime 2 BRENT NE" _ ” 
ЧЕ e (enses) 
L3 - 
© D= = + 3400 (e) f(x) = X? + Land Е = 2x 
1190 (f ° g(x) = f(2 25 БІ = 8х3 +1 


< й 7 (3) [eal 
Range: 0 € D < 3400 


(d) y ЇГ ! (x) = 
000 1 
A эхо g(x) EM 
= 3000 2 
= 2500 
5 2000 (g^ m 1280) = e (x - 1) = EE 21 
El 1500 
& үн (f) Answers will vary. 
1 : : a = (6-1 -1 
30 60 90 120 130 ` (g) Conjecture: (f 5 8) (x) = G o f yo) 
Hours 
1 xz 
11. H - 
©={ il 
, 
3+ 
1 ф---- 
———0Ó r 
-3 -2 -1 1 2 3 
-1 
23:4 
(a) А(х) – 2 ©) H(x- 2) © -H(x) 
У у у 
3T 34 3+ 
17 1 .--- 14 
+ >x te) fe X ————— >x 
-3 -2 -I 1 2 3 -3 22 =] 1 2 3 -3 -2 -I 1 2 3 
i-—— -14 ay EE 
——4 -2 -2 
-3- -31 -3 
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(à H(-x) (е $H(x) () -Hiy-2 42 
A i A 
3+ 3+ 3T 
24 24 —————o 
—— 1+ 1+ oe 
ф4------- 
33 1 1 ча 23: 29: =] 12 H ” $ — 1 1 3 
-1 -14 -1 
К! zi Ni 


15. 


х fo РЫ 9 [s |) ® |, [ (fae py) 

-4| — 2 -4 | (F (4) = /0) = +4 -3 | (34+ (3) =44155 
3| 4 1 -2 | f(f^C2) = /(0) = -2 -2 | Д-2) + f"(2) = 14051 
-21 1 0 0 | //71(0) = F(-1) = 0 0 | /(0+/(0)=-2+(—1) = -3 
al 0 B 4 | (у (4) = /(3) -4 1 | s0) + 70) = -3 + (-2) = -5 
0:1-42-| a 

ila l a | Cle TE re Ole ir) 

alal 3 | FET) = (40 = 4 -4 | |/7(-4|-12|-2 

3) |] — 2 | /(-2)/:(-2) = (100) = 0 -3 | 1/7(-3| -1Ц-1 

&| сы [us о | ЛО/7(0)-(-21-1) = 2 о | 1/700|-|-151 

1 Л = (-3)(-2) = 6 4 | Alls 
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Practice Test for Chapter 1 
1. Find the equation of the line through (2, 4) and (3, 1). 
2. Find the equation of the line with slope m = 4/3 and y-intercept b = —3. 
3. Find the equation of the line through (4,1) perpendicular to the line 2x + 3y = 0. 


4. If it costs a company $32 to produce 5 units of a product and $44 to produce 9 units, how much does it cost to produce 
20 units? (Assume that the cost function is linear.) 


5. Given f(x) = x? – 2x + l, find f(x - 3). 


f) = f) 


6. Given f(x) = 4x — 11, find 5 
үлс 


7. Find the domain and range of f(x) = 4/36 — x’. 
8. Which equations determine y as a function of x? 
(а) бх -S5y+4=0 


b) х2 + у = 9 


(с) ух +6 
9. Sketch the graph of f(x) = x? — 5. 
10. Sketch the graph of f(x) =|x + 3]. 


2х-41, ifx 20, 


2 


11. Sketch the graph of f(x) = | В ч 
х= х, ifx <0. 


12. Use the graph of f(x) = |х| to graph the following: 
(a) f(x + 2) 
(b) —f(x) + 2 
13. Given f(x) = 3x + 7 and g(x) = 2x? — 5, find the following: 
(а) (= - /)(х) 
(Ы) (Ж)(х) 
14. Given f(x) = x? – 2x + 16 and g(x) = 2x + 3, find f(g(x)). 
15. Given f(x) = x? + 7, find f'(x). 
16. Which of the following functions have inverses? 


(a) f(x) 21 - 6| 
(b f(x) = ax+b,a #0 


(с) f(x) = х? – 19 
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3-х 


17. Given f(x) = ,0 <x < 3, find f(x). 


Exercises 18-20, true or false? 


18. y = 3x + 7 and y = ix — 4 are perpendicular. 


19. (fog) = go f^ 


20. If a function has an inverse, then it must pass both the Vertical Line Test and the Horizontal Line Test. 
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CHAPTER 2 
Polynomial and Rational Functions 


Section 2.1 Quadratic Functions and Models 


1. nonnegative integer; real 6. f(x) = (x + 1 — 2 opens upward and has vertex 


3. Yes, f(x) = (x - 2) + 3 is in the form (71, –2). Matches graph (a). 


2 Р 
f(x) = a(x – h) + Е. The vertex is (2, 3). 7. f(x) = -(x - 4)” opens downward and has vertex 


(4, 0). Matches graph (c). 


5. f(x) = x? – 2 opens upward and has vertex (0, —2). 
Matches graph (b). 


8. f(x) = 4- (x 2). = -(x a + 4 opens 
downward and has vertex (2, 4). Matches graph (d). 


© у= Эх? ( у= 3x" 


y y 


-1+ 3 
Vertical shrink Vertical shrink and a Vertical stretch Vertical stretch and a 
reflection in the x-axis reflection in the x-axis 
2 2 LY 2 
П. (a) y = (x-1) (0) у= (3x) +1 (с) y= (4) =3 (d) y= (x +3) 


y y y y 


a 


-4 >x 4 »- x 1—4: — Х 
-2 4 25 c | 1 2 3 -8 -6 -4 -2 2 4 
-14 -24 
Horizontal shift one unit Horizontal shrink Horizontal stretch and Horizontal shift three 
to the right and a vertical shift a vertical shift three units to the left 
one unit upward units downward 
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. f(x) = x? - 6x 19. f(x) = x? - 8x + 21 
= (x? -6x49)-9 = (x? – 8x + 16) - 16 + 21 
= (x -3) -9 =(x-4 +5 

Vertex: (3, —9) Vertex: (4, 5) 


Axis of symmetry: x = 3 : Axis of symmetry: x — 4 
Find x-intercepts: Find x-intercepts: 
x!-6x-20 x? —8x+21=0 1 
x(x — 6) = 0 - x!-8x--21 of 
y= x -8x +16 =-21+16 | 
x-6=0>x=6 (x – 4) = -5 44 
x-intercepts: (0, 0), (6, 0) 21 


x= 4 + 4/51 EP 2 4 6 8 10 
. A(x) = x? – 8x +16 = (x – 4) 
Not a real number 
Vertex: (4,0) No x-intercepts 
Р 
Axis of symmetry: x = 4 5 
Find x-intercepts: 21. f(x) = x? +x- 1 
2 
(x - 4) 20 eue 3) 
x-4=0 4 
x=4 222 s+) 51 
x-intercept: (4, 0) А = 5 5 
12 16 
3) 
2-x-—|-1 
. f(x)2x-642 2 
= (x? - 6x +9)-942 , 
1 
= (x? - 6x +9) -7 — + - 
-(х-3) -7 
Vertex: (3, –7) 
Axis of symmetry: x = 3 
Find x-intercepts: 
x? —6x +2 = 0 
x? — бх = -2 
x? -6x +9 =-249 1 
2 Axis of symmetry: x = — 
(x - 3) = 7 2 
east J7 Find x-intercepts: 
5 
x-intercepts: (3 + 4/7, 0) af вше rim 0 
М 2-5 1541-5 -(-14-4/-4 
2 2 
Сеа. 
2 2 


No x-intercepts 
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23. f(x) = -x? + 2x +5 
= -(x? – 2x +1) -(-1) +5 
= (x - 1) +6 
Vertex: (1, 6) 


Axis of symmetry: x = 1 


Find x-inte 
=x” + 2x 


x? — 2x 


x-intercepts: (1 - V6, 0), (1 + V6, 0) 


rcepts: 
+5=0 
-5=0 
22284620 
2 
214848 


25. 


1 

EN 
AN 

=x 

| 
| - 
MEM", 
N 

+ 

N 

© 


Vertex: (s 20) 
2 


Axis of symmetry: x = 


Find x-inte 


4x? — 4x 


1 
3 
rcepts: 
+21=0 
, 4t У16 - 336 
2(4) 


Not a real number 


No x-intercepts 


1--1-4-4-4 


+—_+—_+ +++ 
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27. 


29. 


31. 


33. 


35. 


37. 


f(x) = (x? + 2x 3) = (x +1) +4 


— 


Vertex: (-1, 4) 
Axis of symmetry: x = -1 =8 


x-intercepts: (-3, 0), (1, 0) 


I 
= 
ч 


g(x) = x? +8x +11 = (х +4) -5 
Vertex: (-4, -5) 


Axis of symmetry: x = —4 


1 
© 

= | 
ю 


x-intercepts: (-4 + 4/5, 0) 


П 
o 


f(x) = -2x? + 12x - 18 

= -2(x? - 6x + 9 – 9) - 18 

= -2(x? - бх + 9) +18 - 18 

= -2(x? - 6x + 9) А 
Vertex: (3, 0) 
Axis of symmetry: x = 3 E 


x-intercept: (3, 0) 


g(x) = A(x? + 4x -2) = Hx + 2)? -3 


> 


Мепех: (—2,—3) 
Axis of symmetry: x = —2 -8 


x-intercepts: (2 + V6, 0) 


П 
а 
A 


(—2, —1) is the vertex. 


f(x) = a(x + 27 -1 

Because the graph passes through (0, 3), 
= a(0+ 2) -1 

4a – 1 

4а 


= а. 


— AU ш 
Il 


So, y = (x + 2)? - 1. 


(-2, 5) is the vertex. 

f(x) = а(х +2) +5 

Because the graph passes through (0, 9), 
9 = a(0+2) +5 

4 = 4a 

l=a 


So, f(x) = I(x + 2) +5 =(x+2) +5. 
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39. 


41. 


43. 


45. 


47. 


Chapter 2 Polynomial and Rational Functions 


(1, —2) is the vertex. 
f(x) = a(x - Y -2 
Because the graph passes through (-1, 14), 


14 = a(-1- 1f - 2 


14 = 4a - 2 
16 = 4a 
4 = а. 


So, f(x) = 4(x - 1) - 2. 

(5.12) is the vertex. 

f(x) = а(х - sy + 12 

Because the graph passes through (7, 15), 


15 = a(7 – 5) +12 


= 2223 
3 = 4а Фа = 3. 


So, f(x) = 3(x - 5)? + 12. 
(-4, 3) is the vertex. 


f(x) = a(x + iy +3 


Because the graph passes through (-2, 0), 


02x-2x-3 
0 = (x - 3(x + 1) 
x=3o0rx=-l 


x-intercepts: (3, 0), (-1, 0) 


y22x-5x-3 


022x!45x-3 
0 = (2x - 1)(х + 3) 
2х-1=05 х= 
х+3 = 0 = х= -3 


x-intercepts: (1 0), (-3, 0) 


49. 


51. 


53. 


55. 


57. 


f(x) = x? - 4x 
x-intercepts: (0, 0), (4, 0) E 8 
0 = x? – 4x 
0- х(х - 4) 
x=0 or x=4 
The x-intercepts and the solutions of f(x) = 0 аге the 


same. 
f(x) = x? - 8x - 20 
x-intercepts: (—2, 0), (10, 0) 10 


0 = х? – 8х – 20 
0 = (x + 2)(x – 10) 
х+2 = 0 = х = -2 
х-10 = 0 = х = 10 


ll 


The x-intercepts and the solutions of f(x) = 0 are the 


(а) f(x) = [x - C36 - 3) 

= (x + 3)(x – 3) 

= x? — 9 opens upward 
(€) g(x) = dx - C3) o - 3) 

= -(x + 3)(x – 3) 

= —x? + 9 opens downward 


(a) f(x) = (x – (х -1) 


x? — 2x + 1 opens upward 


ll 


(b) g(x) = —x? + 1 орепѕ downward 


Letx = the first number and y = the second number. 
Then the sum is 
х+у = 110 > y=110--x. 
The product is Р(х) = xy = x(110 — x) = 110x - x’. 
P(x) = -x° + 110x 

= (х? - 110x + 3025 — 3025) 

= [х - 55} - 3025] 

= -(x — 55) + 3025 


The maximum value of the product occurs at the vertex 
of P(x) and is 3025. This happens when x = y = 55. 
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59. Let x = the first number and у = the second number. 4, 24 
61. айх iu tds 


Then the sum is 


24 -x 5 -24/9 
2y = 24 - ў The vertex occurs at - — = = 
P RPG 2a 2(-4/9) 
- The maximum height is 
The product is P(x) = xy = {= =) Д 24 
2 у(3) = 5%) + 5 @) +12 = 16 feet. 
P(x) = He + 24x) 
1 63. С = 800 — 10x + 0.25x? = 0.25x? – 10х + 800 
= ——(x? — 24x + 144 - 144) b -10 
2 The vertex occurs atx = —— = — = 20. 
Я i 2a 2(025) 


= lo 12) 144] = 


1 ДЕ 12 +72 


The cost is minimum when x = 20 fixtures. 


The maximum value of the product occurs at the vertex 
of P(x) and is 72. This happens when x = 12 and 


y = (24 – 12)/2 = 6. So, the numbers are 12 and 6. 


65. (a) | 
| 


~<— X —>1<— X —>1 


(b) To find the dimensions that produce a maximum enclosed area, you can find the vertex. 


To do this, either write the quadratic function in standard form or use x = -1» so the coordinates of the vertex are 
a 
b b 
КОЕ) 
А = 8 (50 - x) 
3 
8, 2 
= --(x° — 50x 
М - зон) 
8 


зов — 50x + 625 — 625) 


-Fo - 25)? — 625] 


= 8, — 95)? 4 5000 
3 3 
400 
So the vertex is | 25, 2099. from the standard form, oris x = b = io e 25and A(25) = 9900 
3 24 2(-4) 16 
200 — 4(25 
When x = 25 feetand y = | ( ) M feet. 


3 3 


The dimensions are 2x — 50 feet by 335 feet, and the maximum enclosed area is 2008 = 1666.67 square feet. 
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66 Chapter 2 Polynomial and Rational Functions 


67. True. The equation —12x? — 1 = 0 has no real solution, 75. x - Ax? +1 


so the graph has no x-intercepts. 


69. f(x) = 


x? + bx — 25, minimum value: —50 


The minimum value, —50, is the y-coordinate of the 


vertex. 


Find the x-coordinate: 


(a) Standard form: -4x? + x +1 
(b) Degree: 2 
Leading coefficient: —4 


(c) Trinomial 


b b b 77. -29х7 + is 
x= = = 4 
2a 20) 2 
1 
"X 3 Es 
f(x) = x? + bx — 25 (a) Standard form: —29x° + 15 
2 
1 J -| J zi J 25 (b) Degree: 3 
2 2 2 Leading coefficient: —29 
-50 = b? = b? 2095 (c) Binomial 
4 2 
M Ыр 79. (y- (y -9) = у -9y - y +9 = y? - 10у +9 
4 
100 = Р? 
+10 = b 


= а|х? + P) tc 
a 
2 b b? b? 
=alx x 4 Fc 
a 4a? 4a? 
by p 
=alx+ Fc 
>) 4а 
Ь Ї 4ac — b? 
=alx + 
2a 4a 
b p b 
=a +b +c 
1 >) 23 | 2) 
b? b? 
| Aa 2a 
= b? — 2b? + Дас 2 Дас — b? 
4a 4a 


So, the vertex occurs at 
b Дас – b? eles b f b 
2a 4a 2a 2a), 


73. Зх“ 


(a) Standard form: 3x* 
(b) Degree: 4 
Leading coefficient: 3 


(c) Monomial 
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Section 2.2 Polynomial Functions of Higher Degree 67 


83. y = (x + 2y 
y = 0 > x = -2 > x-intercept: (22, 0) 


x = 0 > у = 4 = yp-intercept: (0, 4) 


85. у Ix -4|-2 


у= 02 |х-4| =25 х= 2,6 x-intercepts: (2, 0), (6, 0) 


x = 0 > у = 2 = у-іпіесері: (0, 2) 


Section 2.2 Polynomial Functions of Higher Degree 


1. continuous 


3. touches; crosses 


5. No. If fis an even-degree fourth-degree polynomial function, its left and right end behavior is either that it rises left 


and right or falls left and right. 


7. Because fis a polynomial, it is a continuous on х, xj] and f(x) <0 and f(x;) »0. Then f(x) = 0 for some value 


ofxin [as xj 


Horizontal shift four units to the right 


(b f(x) =x -4 


Vertical shift four units downward 


(с) f(x) = -° 


Reflection in the x-axis апа a vertical shrink 


(each y-value is multiplied by 1) 


(d f(x) = (x-4J -4 


Horizontal shift four units to the right and vertical 
shift four units downward 
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П. y = x* 
(a) f(x) = (x + 3) (b f(x) =x*-3 (с) f(x) =4- x4 


+ + + 
-4 -3 -2 


PR gu am » Х 3 it 
-44 
Horizontal shift three Vertical shift three units Reflection in the x-axis and then 
units to the left downward a vertical shift four units upward 
4 4 
@ f(x) = 4-1) €) f(x) = (2х) +1 (f) 
+ > x » X 
4 L 23 4 
Horizontal shift one unit to Vertical shift one unit upward Vertical shift two units downward 
the right and a vertical shrink and a horizontal shrink (each and a horizontal stretch (each y-value 
(each y-value is multiplied by 1) y-value is multiplied by 16) is multipied by i) 
13. f(x) = -2x? – 5х is a parabola with x-intercepts 19. f(x) = 12x? + 4x 
(0, 0) and (-3, 0) and opens downward. Matches Degree: 3 
graph (c). Leading coefficient: 12 


| The degree is odd and the leading coefficient is positive. 
14. f(x) = 2x? — 3x + I has intercepts The graph falls to the left and rises to the right. 


(0, 1), (1, 0), (-4 - 1/3, 0) and (-4 + 4V3, 0). 


Matches graph (f). 


21. g(x) = 5 - 2х - 3x? 
Degree: 2 


15. f(x) = —4x* + 3x? has intercepts (0, 0) and Leading coefficient: —3 


The degree is even and the leading coefficient is 


+2/3, 0}. Match h (a). 
| УЗ, ) atches graph (a) negative. The graph falls to the left and falls to the right. 


16. f(x) = -4x + x? — 4 has y-intercept (0, -4), 23. g(x) = 6x - 9x° + х? 
Matches graph (e). Degree: 3 


Leading coefficient: —9 
17. f(x) = x^ + 2x° has intercepts (0, 0) and (-2, 0). 


Matches graph (d). The degree is odd and the leading coefficient is negative. 


The graph rises to the left and falls to the right. 
18. f(x) = I - 2x3 + 2x has intercepts 


(0, 0), (1, 0), (—1, 0), (3, 0), (-3, 0). Matches graph (b). 
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25. f(x) = 9.8х° = 123 


Degree: 6 
Leading coefficient: 9.8 


The degree is even and the leading coefficient is positive. 


The graph rises to the left and rises to the right. 


27. f(s) = Ls? + 552 — 75 4 1) 


Degree: 3 


1 


Leading coefficient: — 5 


The degree is odd and the leading coefficient is negative. 


The graph rises to the left and falls to the right. 


29. f(x) = Зх? - 9x + 1; g(x) = 3x? 


Zeros: +6 


(b) Each zero has a multiplicity of one (odd 
multiplicity). 
(c) Turning points: 1 (the vertex of the parabola) 


(d) А 


-42 


35. 


37. 


39. 


Section 2.2 Polynomial Functions of Higher Degree 69 


A(t) = 2 - 6+9 
(а) 0-2-6-9-(-3) 
Zero: t = 3 
(b) т = 3 has a multiplicity of 2 (even multiplicity). 


(c) Turning points: 1 (the vertex of the parabola) 
(d) 2 


-6 12 
-2 
f(x) = р +353 
(a) 0 = 1х? +ix-2 
= Hx? у 2) 
= Hx + 2)(x - 1) 
Zeros: x = -2,x = 1 


(b) Each zero has a multiplicity of 1 (odd multiplicity). 
(c) Turning points: 1 (the vertex of the parabola) 
(d) ы 


g(x) = 5x(x? - 2x - 1) 
(a) 0 = 5x(x? – 2x- 1) 


0 = x(x? – 2x - 1) 


For x? — 2x -1=0,a =1,b = -2,c = -1. 


2+ 4/8 


2 
-184/2 
Zeros: x = 0,x =1+ 4/2 
(b) Each zero has a multiplicity of 1 (odd multiplicity). 
(c) Turning points: 2 
(d) 3 


-24 
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70 


41. 


43. 


45. 


Chapter 2 Polynomial and Rational Functions 


f(x) = -3x + 12x? – 3x 


(a) 0 = -3x + 12x? 


3x = 3x(x? 4x 4 1) 
Zeros: x = 0, x = 2+ V3 (by Quadratic Formula) 
(b) Each zero has a multiplicity of 1 (odd multiplicity). 


(c) Turning points: 2 
(d) 24 


-8 


g(t) = 6 — 6? + 9t 


(а) 0 = -6P +9 = thtt – 6? + 9) = (P? - 3) 


Л 


Zeros: = 0, = +3 


(b) 1-0 has a multiplicity of 1 (odd multiplicity). 


t = t4/3 each have a multiplicity of 2 (even 
multiplicity). 

(c) Turning points: 4 

(d) e 


-6 

f(x) = 3x* + 9x? + 6 

(a) 0 = 3x4 + 9x? + 6 
0 = 3(x* + 3x? + 2) 


3(x? + 1)(x? + 2) 


0 


No real zeros 
(b) No multiplicity 
(c) Turning points: 1 
(d) 21 


47. 


49. 


51. 


53. 


g(x) =x + 3x? — 4x – 12 


(a) 0 = х + 3x? — 4x - 12 = x°(x + 3) - 4(x + 3) 


(x? - 4x + 3) = (x - 2)(x + 2)(x + 3) 
Zeros: x = £2, x = -3 

(b) Each zero has a multiplicity of 1 (odd multiplicity). 

(c) Turning points: 2 

(d) ы 


-16 


y = 4x! - 20x? + 25x 
(a) 12 


-4 


(b) x-intercepts: (0, 0), (5. 0) 


(c) 0 = 4x? - 20x? + 25x 


0= x(4x? - 20x + 25) 
0 = x(2x – 5) 
x= 0,3 


(4) The solutions are the same as the x-coordinates of 
the x-intercepts. 
y =x — 5x + 4x 


(a) : 


-4 
(b) x-intercepts: (0, 0), (+1, 0), (+2, 0) 
(c) 0 = х? — 5х? + 4x 

0 = x(x? - 1)(x? - 4) 

0 = x( 
х = 0,+1,+2 


(d) The solutions are the same as the x-coordinates of 
the x-intercepts. 


f(x) = (x - 0)(х - 7) 
= x? — 7х 


Note: f(x) = ax(x - 7) has zeros 0 and 7 for all real 


numbers a # 0. 
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55. 


57. 


59. 


67. 


69. 


Section 2.2 Polynomial Functions of Higher Degree TN 


f(x) = (x - O)(x + 2)(x + 4) 61. f(x) = (x - |x - (2 + JS)» - (2 - V5) 
= x(x? + 6x + 8) == ZI i V3[(x -2)4 V5] 
= x? + 6х2 + 8x = ‘ 

Note: f(x) = ах(х + 2)(х + 4) has zeros 0, —2, and z (x i 2) (x i 2) i 5] 

—4 for all real numbersa # 0. = (x 2| x? 4x + 4 5| 

= (x - 2)(x? - 4x - 1) 


f(x) = (x — 4x + 3(x - 3(x - 0) : 
= (x - 4x? - 9x = х - 6х5 + 7х + 2 


= xí — 4x) — 9x2 + 36x Note: f(x) = a(x? — бх? + 7х + 2) has zeros 2, 


Note: f(x) Е a(x* = 4x3 — 9x2 + 36x) has zeros 2+ V5, and 2 — 4/5 for all real numbers a + 0. 


4, —3, 3, and 0 for all real numbersa # 0. 63. f(x) = (x + 3(x +3) = РО ЕЕ 


f(x) = [x - ( + V2) | - ( - 42) Note: f(x) = a(x? + бх + 9), a + 0, has degree 2 and 
= le «dye V2] (x =1) + v2] zerox = —3. 
-(х- їр Е (V2) 65. f(x) = (x — 0)(x + 5)(х - 1) 
=x -2х+1-2 = x(x? + 4x - 5) 
=x -2x-1 = х? + 4x? – 5x 
Note: f(x) = a(x? — 2x — 1) has zeros 1 + 4/2 and Note: f(x) = ax(x? + 4x — 5), а # 0, has degree 3 
1 — 4/2 for all real numbers a + 0. and zeros x = 0, —5, and 1. 


(x - (х – 2) = xf + 730 – 3x? — 55x + 50 


er f(x) = (x - (-5))(x – 1)" (x - 2) = x* + x? - 15x? + 23x - 10 


or f(x) = (x - (-5))(x - (x - 2) = x* - 17x? + 36x - 20 


Note: Any nonzero scalar multiple of these functions would also have degree 4 and zeros x — —5, 1, and 2. 
2 
= He ELM 15) - i -1)- 1 7A. f(x) = х? — 25x = x(x + 5)(x — 5) 
(a) Rises to the left; rises to the right (a) Falls to the left; rises to the right 
(b) No real zeros (no x-intercepts) (b) Zeros: 0, -5,5 
c 
ОГТ, 1410 |i [э [s Ol, 1-21-11011 l2 
ГО) | 4.5 | 3.75 | 3.5 | 3.75 | 45 f(x) | 42 | 24 |0 | -24 | -42 
(d) The graph is a parabola with vertex (1, 2) (d) y 
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Chapter 2. Polynomial and Rational Functions 


. f(x) = -8 4 d = L(x! 16) 79. f(x) = 9x?(x + 2 


= Hx? + 4)(x — 2)(x + 2) (a) Falls to the left, rises to the right 


(a) Rises to the left; rises to the right (b) Zeros: x = 0, -2 


(b) Zeros x = +2: (c) x 3 -21-11011 
(c) = 
x 1-21-1 (10 |1 2 f(x) | -81 |0 |9 10124 
ло) [0 |-21-81-1 (0 (d) 


(d) i 


81. g(t) = -H(t - 2) (c 2) 


(a) Falls to the left; falls to the right 


. f(x) = 3x — 15x? + 18x = 3x(x - 2)(x – 3 
70) X (b) Zeros: 2, -2 


(a) Falls to the left; rises to the right 


(b) Zeros: 0,2, 3 er, -3 nager lo |1: 1213 
ӨТ, 101112125 з | 3.5 аера bom 
f(x) | 0 | 6 | 0 | -1.875 | 0 7.875 
(d) 2 >t 
(0, 0)17 | 
-3-2-1 Нэр эг эн 
83. f(x) = х? — 16x = x(x — 4)(x + 4) 
. f(x) = 5x? – x = x*(5 + x) Е 
(а) Rises to the left; falls to the right 
-6 6 
(b) Zeros: 0, —5 
CEP 5|-4 |-3 |-2 |- lo |1 -% 
f(x) 10 16 | -18 | -12 | -4 |0 26 Zeros: 0 of multiplicity 1; 4 of multiplicity 1; and —4 of 


multiplicity 1 
(d) 
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87. 


89. 


Zeros: —1 of multiplicity 2; 3 of multiplicity 1; 2 of 


multiplicity 1 


f(x) = ж -3x +3 


10 


-10 


The function has three zeros. 


They are in the intervals 
[-1. 0], [1, 2], and[2, 3]. They 


are x ~ —0.879, 1.347, 2.532. 
g(x) = 3x4 + 4A – 3 

10 
-5 5 


-10 
The function has two zeros. 
They are in the intervals 
1-2,-1| and [0,1]. They 


are х = —1.585, 0.779. 


Section 2.2 Polynomial Functions of Higher Degree 


73 


91. (a) Volume =/-w-h 


x y 
53:55 
223541 
zl: | = 
0 3 
1 1 
zj a 
3 3 
4 |19 

x y 

-4 | 509 

-3 | 132 

22-13 

41|-4 

ör 2-3 

1 4 

2 77 

з | 348 


(b) 


(0) 


(4) 


93. К 


height = x 


length = width = 36 — 2x 


So, V(x) = (36 — 2x)(36 - 2х)(х) = x(36 — 2x)’. 


Domain: 0 < x < 18 
The length and width must be positive. 
Box Box Box 
Height Width Volume, V 

1 | 36-2(1) | [36 2()] = 1156 
2 36-20) | 2/36 - 2(2)] = 2048 
з | 36 2(3) | 3[36 - 2(3) = 2700 
4 | 36 -2(4) | 4[36 - 2(4)] = 3136 
5 | 36 -2(5) | 5[36 - 2(5)] = 3380 
6 | 36-2(6) | 436-2(6)| = 3456 
7 | 36-2(7) | 7[36 - 2(7)} = 3388 


The volume is a maximum of 3456 cubic inches 
when the height is 6 inches and the length and width 
are each 24 inches. So the dimensions are 

6 x 24 x 24 inches. 


3600 


0 18 
0 


The maximum point on the graph occurs at х = 6. 


This agrees with the maximum found in part (c). 


= (^e + 600x?) 
100,000 


The point of diminishing returns (where the graph 
changes from curving upward to curving downward) 
occurs when x — 200. The point is (200, 160) which 


corresponds to spending $2,000,000 on advertising to 


obtain a revenue of $160 million. 


95. The graph will always cross the x-axis. 


97. True. A polynomial function only falls to the right when 


the 


leading coefficient is negative. 


99. False. The range of an even function cannot be (—о°, о). 


An even function's graph will fall to the left and right or 


rise to the left and right. 
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74 Chapter 2 Polynomial and Rational Functions 


101. Answers will vary. Sample answers: 
a, < 0 а, > 0 


103. f(x) = xt; f(x) is even. 
(a) g(x) = f(x) + 2 


Vertical shift two units upward 


g(-x) E f(-x) +2 


[ 


N w + 
— 


= f (x) +2 EE ee 
Е g(x) T Ee ыг! 1 2 3 
Even 
(b) g(x) = f(x + 2) (c) g(x) = f(-x) = (-x)* = xt 
Horizontal shift two units to the left Reflection in the y-axis. The graph looks the same. 
Neither odd nor even Even 
@ 80) = F(x) = = €) 9s) = Sg) = тех 
Reflection in the x-axis Horizontal stretch 
Even Even 
€) g(x) = $4Q) = 53" (9 g(x) = f(x") = (9*) -х,хэ0 
Vertical shrink Neither odd nor even 
Even 
4 
0) 20) = (F e Ax) = FF) = Л) = G7) = х® 
Even 
27 28 
105. 8)216 109. 151)4336 
16 302 
56 1316 
56 1208 
o 108 
216 +8 = 27 4336 + 151 = 28108 
56 
107. 10)567 
50 
67 
60 
7 


5 = 7 
567 + 10 = 5655 
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111. (12n — 1) + (3n? – 9n) = 3n? + 12n - 9n – 1 = 3и? + 3n -1 


113. (7x? + x + 4) – (2x? – бх) = 7x? + х +4- 2x? + 6x = Sx? +7х +4 


115. (3 +i) -(5-4) = 3+1-5 +41 = 2 + Si OE з 2(-i)-3(- i) 
ited Бет (1+ i)(1— i) 
117. (1— 6i)(9 + 2i) = 9 — 54i + 2i - 122 2-2-3-3 
= 9 — 52i + 12 Е 1-1 
= 21 - 521 z recs 
1-2i 3-i 2 
119. (1-2) + (3+0) = 2.5" == 
3+i 3-1 2 2 
_3-7ї+2Ё 
9-7 
dos 
10 
1 
= — – —i 
10 10 
Section 2.3 Polynomial and Synthetic Division 
1. f(x) is the dividend; d(x) is the divisor; q(x) is the х-1 
2 =a 
quotient; r(x) is the remainder Mc 3) go hup 
be + 3x) 
3. proper Sean 
5. synthetic division -(-x -3) 
2 2 
7. у = 2 and уу=х-2+ 5 
x+2 x2 х2 + 25-1 
бо, = x -1+ and y, = yo. 
x -—2 x+3 x 
x +2)x? + 0x +0 
6 
(x? + 2x) 11. x + D6x + 5 
-2х +0 6x + 6 
-2x -4 = 
4 бх+5 02001 
1 х +1 
5 4 x + 
So, X =x-24 and y, = y; 
x+2 X32 2x * 4 
2 
ОЕ 13. x + 3J2x 10x + 12 
9. у = „уу = х-1+ 
X3 BARB 2x? + 6x 
(a) and (b) 5 4х 412 
21 ° 4x +12 
0 
23 2 
= 2x DIM Ce Pane Ge 
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76 Chapter 2 Polynomial and Rational Functions 
x + 3х2 -1 21. 
15. х + 2)x4 5x3 + 6x2 —x —2 
x^ + 2x3 
3x? + 6x? 
3x? + 6x? 
хон 23. 
—x —2 
0 
4 | uA 2 
x" + 5x° + бх x 2 330 ee, 
x+2 
x 
17. x? + 0х 4 D? 0х2 + 0x -9 25. 
x + Ox? x 
-х-09 
х? – 9 Ш x+9 
x? +l x? +1 
2x - 8 27. 
19. x? + Ox + p 8х2 + 3x —9 
2x3 + Ox? + 2x 
8x7 + x-9 
—8x? — 0x - 8 
х-1 
3 _ 9,2 zt = 29. 
2x 8x^ + 3x 2 ee лд 1 
x? +1 x? +1 
31. 6/10 -50 0 0 -800 
60 60 360 2160 
10 10 60 360 1360 
Ao _ з — 
ТЭО 56090 e daa cha lieve 360a 00 
x—6 х-6 
33. -8 | 1 0 0 512 35. 
-8 64 -512 
1 -8 64 0 
3 
RPM a qai Dd цав 
x48 


4|2  -10 14 -24 
8 -8 24 
2 -2 6 0 
ЗЕ 2 = 
2х — 10х + 14x — 24 | ee dud 
х-4 
316 7 -l 26 
18 75 222 
6 25 74 248 
3 200 
бх” + 7x Е Е ras 248 
x-3 x-3 
-2 14 8 -9 -18 
-8 0 18 
4 0: -9 0 
3 2. = 
4х7 + 8x 9x LU MU EE 
x+2 
-10 1-1 0 75 | —250 
10  —100 250 
-] 10 -25 0 
е2 3 —: 
Ж SION DMs Ee ы кусса о 
х +10 
411 -3 0 5 
4 4 16 
1 1 4 21 
3 3,2 
x Ax des hae de: 21 
х-4 х-4 
ae 4 16 23 15 
2 
-2 -7 15 
4 14 -30 0 
3 De 2 
4х7 + 16x 23x — 15 = 4x? + 14x — 30, x = A 
1 2 
х + = 
2 
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Section 2.3 Polynomial and Synthetic Division 77 


37. f(x) = х? - x? -10x+7,k 23 39. f(x) = 15x* + 10x? – 6x? + 14, К = -2 
3/1 -1 -10 7 -2 |15 10 —6 14 
3 6 -12 -10 0 4 .8 
3 
1 2 -—4 —5 " 


41. f(x) = 2x8 - 7x +3 


(a) Using the Remainder Theorem: (b) Using the Remainder Theorem: 
f(l) -20y – 7(1) +3 = -2 f(-2) -2-2) -7(-2) +3 =1 
Using synthetic division: Using synthetic division: 

112 0 -7 3 -2 | 2 0 -7 3 
2 2 -5 -4 8 -2 
2 2 -5 -2 2 -4 1 1 
Verify using long division: Verify using long division: 
2x? + 2x - 5 2x! - Ax +1 
x - 128 + Ox? = 7x +3 x *2)28 + Ox? - 7x +3 
2x? - 2x? 2x) + 4x? 
2x? – 7х -4x? – 7х 
2x? — 2x -4x? — 8x 
—5х +3 x43 
—5х +5 x+2 
-2 

(c) Using the Remainder Theorem: (d) Using the Remainder Theorem: 
(3) = x3) -7(3) + 3 = 36 f(2) = 2(2) – 702) +3 = 5 
Using synthetic division: Using synthetic division: 

3 | 20 7 3 2|2 0 uu 3 
6 18 33 4 8 2 
2 6 11 36 2 4 1 5 
Verify using long division: Verify using long division: 
2x) + 6x +11 2x? + 4х +1 
x-326 + G^ - 1х+ 3 x — 2)2x3 + Ox? - 7x +3 
2x — бх? 2x3 – 4x? 
6x? - 7x + 3 4x? — 7x 
6x? — 18x 4x? — 8х 
Их 3 х +3 
11х — 33 х-2 
36 5 
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43. f(x) = 4x* - 16x? + TX? + 20 


(a) Using the Remainder Theorem: (b) Using the Remainder Theorem: 


70) = 4(1)* - 16(1) + 7(1) + 20 = 15 


Using synthetic division: 


Verify using long division: 
4x3 – 12x? -5x - 5 
x — 1)4x* — 168 + 7x? + Ox + 20 


4x* — 4x3 
-12:x + 7x? 
-1233 + 12x? 
-5x? + Ox 
-5x? + 5x 
—5x 4 20 
-5х + 5 
15 
(c) Using the Remainder Theorem: (d) 


f(5) = 4(5) -16(5) + 7(5) + 20 = 695 
Using synthetic division: 
514 -16 7 0 20 


20 20 135 675 
4 4 27 135 605 


Verify using long division: 
4x? + 4x? + 27x + 135 
x-5)4x4- 1602 + 7x? + Ox + 20 


Ax^ – 20 
Ax + 7X 
4x? – 20x? 
27x? + Ox 
27x? – 135x 
135x + 20 
135x — 675 


695 


f(-2) = 4-2) -16-2) 


47(-2) + 20 = 240 


Using synthetic division: 


-214 -16 7 


0 20 


-8 48 -110 220 


4 -24 55 -110 240 


Verify using long division: 


4 —24x? + 55x – 110 
x 4 2)4x* 163: + 7х2 + Ox + 20 
4x + 8x3 
-24х7 + 7х? 
—24x3 - 48x? 
55x? + Ox 
55x? + 110x 
-110х + 20 
-110х — 220 
240 


Using the Remainder Theorem: 


f(-10) = 4(-10) -16(-10) + 7(-10) + 20 = 56,720 
Using synthetic division: 
-10|4 -16 7 0 20 
-40 560 -5670 56,700 
4  -56 567 -5670 56,720 


Verify using long division: 


4х? — 56x? + 567x — 5670 


x4 10) 4x4 16x 7X Ox 4 20 


4x* + 40x? 


—56? + 7x? 


-56x? — 560x? 
567x? + Ox 
567x? + 5670x 
—5670x + 20 
—5670x — 56,700 
56,720 
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47. 


49. 


51. 


1 6 11 6 


1 3 2 0 
x + 6x? + 11x + 6 = (x + 3) 
= (x + 3)(x + 2)(x + 1) 


(x + 3х + 2) 


t3[— 


2 -14 20 0 


2x3 -15x? + 27x - 10 = (x = Da»? 14x + 20) 


= (2x - 1)(x - 2)(x - 5) 


Zeros: T, 2,5 


З |1 2 5 —6 

Мз 34243. 6 

1c 212023 24/3: 10 
—/з |1 2 аА/ NS 
-43 3 
1 2 0 


Zeros: E Ug э 


f(x) = 2x3 + x? — 5x + 2; Factors: (x + 2), (x - 1) 


(3) 2/2 1 -5 2 
4 6 = 
2 3 1 0 

1/2 3 1 

2 -l 

2 = 0 


Both are factors of f(x) because the remainders 
are Zero. 


(b) The remaining factor of f(x) is (2x — 1). 
(с) f(x) = (2x - I(x + 2)(x – 1) 
(d) Zeros: 2 -2,1 


(e) г 
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53. f(x) = 6X? + 41x? – 9x - 14; 
Factors: (2x + 1), (3x — 2) 


Both are factors of f(x) because the remainders 


are zero. 


(b) 6x + 42 = 6(x + 7) 


This shows that f(x) = 6(x + 7), 
GDOD 
2 3 
70) =x+7. 


9 (ох + Dx - 2) 
The remaining factor is (x + 7). 
(с) f(x) = (x + 7)(2x + 1)(3x - 2) 


(d) Zeros: -7,- 


(е) 320 


55. f(x) = х? - 20° - 5x + 10 
(a) The zeros of fare x = 2 and х = +2.236. 
(b) An exact zero is x = 2. 


(© 2/1 2 -5 10 
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57. 


59. 


61. 


Chapter 2 Polynomial and Rational Functions 


h(x) = х? — 7x* + 10x? + 14x? — 24x 

(a) The zeros of аге x = 0, х = 3,x = 4, 
x = 1.414, x = -1.414. 

(b) An exact zero is x = 4. 


() 411 -7 10 14 -24 


4)(x4 333 — 2x? 4 6x) 


= x(x — 4)(x - 3)(x + V2)(x = V2) 


48 — 8x7 +x 43 
2x -3 


з= vould 
mo SEES 24 oye een caet) 


3 

gam 

2 
4х? – 8х +x +3 3 
So, 2 x is -25-х-1,хж-. 
2x - 3 2 


(a) з,200,000 


0 45 
-400,000 


(b) Using the trace and zoom features, when x = 25, 
an advertising expense of about $250,000 would 
produce the same profit of $2,174,375. 


(c) x = 25 
25 -152 7545 0 -169,625 
-3800 93,625 2,340,625 
-152 3745 93,625 2,171,000 


So, an advertising expense of $250,000 yields a 
profit of $2,171,000, which is close to $2,174,375. 


63. False. If (7x + 4) is a factor of f, then -4 is a zero 


of f. 


65. True. The degree of the numerator is greater than the 
degree of the denominator. 


67. To divide x? + 3x — 5 by x + 1 using synthetic 


division, the value of kis k = –1 not k = 1 аз shown. 
-111 3 -5 
= “32 
1 2 CT, < Remainder: –7 


х2" + бх" + 9 


69. x" + 3) 9х2" + 27x" + 27 
x" 4 3x2" 
6x2" + 27x" 
6x2" + 18x" 
9x" + 27 
9x" 4 27 
0 


x" + 9х2" + 27x" +27 | 


x?" + бх" + 9, x" # —3 


x" -3 
71. 5|1 4 -3 с 
45 210 
1 9 42 с+210 


To divide evenly, с + 210 must equal zero. So, с must 
equal —210. 


73. If x — 4 isa factor of f(x) = x? — kx? + 2k - 8, 
then /(4) = 0. 
f(4) = (4) – (4),  2«(4) – 8 
0 = 64 – 16k + 8k - 8 
-56 = -8k 
7-k 


75. f(x) 2х+5= 05 x-2-i 


77. f(x) = x? —8x4+16 =0 => (х – 4) =0 


5 х= 4 


79. f(x) = 6x? +x – 15 = 0 => (3х + 5)(2х - 3) = 0 > x = -3,2 


81. f(x) = xX – x? - 25x + 25 = 0 > x(x – 1) - 25(x -1) = 0 > (x? -25(x - 1) 209 x = 45,1 
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83. f(x) = 6x* - 333 – 12x’ + бх = 0 91. x +2x = -7 
2 = 
3x3(2x – 1) — 6x(2x - 1) = 0 E Pen TY 
(3x? - 6x)(2x - 1) = 0 ee REN? - 47) 
2 
3x(x? - 22x - 1) = 0 ET чуу 
x20 +V2,4 ширээ 
_ —2+2/6 
85. 24 4/25 = 2 + 51 Б 2 
= -1+ J6i 
87. —6i + i? = —6i + (-1) 
= -l - 6i 93. 4x? + 8x +9 = 0 
8. x +4 =0 „228+ 464 – 44)(9) 
2(4 
x? = 4 ( ) 
x = +2] 222 eel 
8 
_ —8 + 44/51 
8 
sp, 
2 
2n 2n n Ё n 2 n n n n 
ө. e s = (xt) = Gn) = (rent y 
This is not completely factored unless n = 1. 
Forn = 2: (x + yx? = y?) - (e + y*)(x + у)(х - y) 
Forn = 3: (х + yy - y) =(x+ y)(x? xy 4 y?)(x y)(x? + xy 4 y?) 
Forn = 4: (x* + »*yx - y*) = (x$ + ye + y?)(x + yx = y) 
97. Answers will vary. Sample answer: x? — 3 
Section 2.4 Complex Numbers 
1. ./-1; -1 9. (5+0) + (2+3) = 5 +1+2 + 31 
= 7+4 


3. (a) ii (b) iii (c) i 

11. (9-0) - (8-0 =1 

7. a+ bi = 9 + $i 13. (-2 + V-8) + (5 - 750) = -2 + 24/21 
a=9 +5 — 54/21 = 3 – 34/21 


5-8 


5. The additive inverse of 2-4118-2- 4i. 


15. 13i – (14 – 7i) + (2-10) = -14 + 2 + (13 + 7-11) =-12 + 9i 


17. (1+ (3 - 2i) = 3 - 2i + 3i - 27 19. 12i(1 — 9i) = 12i — 1082 
=3+і+2=5 +1 = 12i + 108 
= 108 + 12i 
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21. (V2 + ai (2 z 3i) ape ve ae E Жо 
2429-1 4 — 5i 4—5i 4+ 51 
= + = 
204+ 5) 84100 8 10, 
23. (6 + 7i) = 36 + 84i + 49? 16 + 25 41 41 41 
= 36 + 84i — 49 ЗЕ 5-1 (544)  25+10i +i? 
= -13 + 84i "5-1 (54i) 28:12 
: d : Z 2ER Wi is oes 
25. The complex conjugate of 9 + 2i is 9 — 2i. 36 Е А E 
(9 + 2i)(9 – 21) = 81 42 
— 4i — _09; 2 
= 81 +4 зт. ? E Е aa NEN 
1 -1 -1 
= 85 
27. The complex conjugate of —1 — \/5i is —1 + 4/51. 39. 3i = 3i 3i , 79 + 40i 


(4- 5i)? 16-401 +257  -9—40i -9 + 40i 


(-1 E si (1 + 4/50 


1—57 


_ -27i + 1202 _ -120 — 27i 


=1+5=6 81 + 1600 1681 


120 27 
29. The complex conjugate of ./—20 = 24/5i is -24/ 5i . = –—— – ——і 


1681 1681. 
(2-/5/(-2-/5) = —20? = 20 


а. 4/6 - 4-2 = (Vei(V2i) = 2? = (2V3)(-1) 
31. The complex conjugate of 1 — 4/-6 is 1+ 4/6. = -2,/3 
(| - V-6)(1 + 6) = 1- (6) = 7 43. (J-15). = (Visi = 152 = -15 
45. ,/-8 + ,/-50 = V8i + V/50i 
= 24/21 + 5V2i 
= 74/21 
ат. (3 + /=5)(7 – 4/10) = (3 + Jsi(7 - 1i) 
= 21 - 3/101 + 75/51 — 4/5022 
= (21 + 4/50) + (74/5 – 3 /10)i 
= (21 + 542) + (14/5 - 33/70); 
49. х2 – 2х +2 = (;а = 1, Б = -2,с = 2 51. 4x? + 16х +17 = 0; а = 4,b = 16,с = 17 
| -(-2) + C2). -40)0) , ^ 16 £ (9 - 4417) 
á 2(1) 2(4) 
24-4 _ -16 + 4-16 
a) Е 8 
22+ 21 -16 + 4i 
2 28 
=li AETA 
БИЕ 
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53. 4x? + lox + 21 = 65a = 4,b = 16,с = 21 


_ -16 8406) - 4(4)(21) 
2(4) 


-16 84-80 
8 
-16 + 4/80 i 
- 220+ 
_ -16 + 4/5 i 


55. x —6x+9=0 Multiply both sides by 2. 


3x? — 12x +18 = 0;а = 3, b = -12,c = 18 


-(-12) + \/(—12)* - 4(3)(18) 
2(3) 


12 + /-72 


6 


12 + 64/21 


6 


=2+/2i 


57. 1.4x2 — 2x +10 = 0 > 14x? – 20x + 100 = 0; 
a = 14,b = -20,c = 100 


-(-20) + ED - 4(14)(100) 
2(14) 
_ 20 + ,/—5200 
28 
20 + 204/13 i 


59. 


6l. 


63. 


65. 
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z=5+2i 

1)-3-4 

le dos adi 1 1 

2 2 0227 SEC ad 

_ (3 - 4i) + (5 + 2i) 

С (5+ 20)(3 – 4i) 

NE I) 

— 23 - Mi 

_ 23 - Mi(8 + 2i 

= аза, 

220685 41 007 
68 

False. 


Sample answer: (1 + i) + (3 + i) = 4 + 2i which is 


not a real number. 


True. 


х= х2 +14 = 56 
(-iv6) (-iv6) 14 = 56 


36+6+14 = 56 
56 = 56 


б = ЙР =-1 
б =й? = i 
pogue 

P = [Ч = і 
iP = Р =-1 
i! = йр = -i 
Parrel 


The pattern i, —1, —i, 1 repeats. Divide the exponent by 
4. 

If the remainder is 1, the result is i. 

If the remainder is 2, the result is —1. 

If the remainder is 3, the result is —i. 


If the remainder is 0, the result is 1. 
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67. 


69. 


71. 


83. 


85. 


87. 


89. 


Section 2.5 Zeros of Polynomial Functions 


Chapter 2. Polynomial and Rational Functions 


4/-6-/-6 = 4614/6 = 6i? = -6 


= aa, + abi + abi + bbi’ 


= (да — bb) + (ab, + ар) 


(a, + bi)(a» + 54) 


The complex conjugate of this product is 

(аа; — ЬЬ) — (aib, + а,Ь). 

The product of the complex conjugates is 

(a, — bi)(a, — Ы) = аа — abi — abi — bbi’ 
(aa, — ЬЬ) — (аЬ, + аЬ). 


So, the complex conjugate of the product of two complex 
numbers is the product of their complex conjugates. 


3x* — 48x? = 3x? (x? – 16) = 3x*(x - 4)(x + 4) 


73. х? – 3x? + 3x - 9 = x(x – 3) + 3(x – 3) 
(x - 3j + 3) 


75. бх? — 27x? — 54x = 3x(2x? -9х- 18) 
= 3x(2x + 3)(x — 6) 


77. x – 3x2 +2 = (x? - 


79. 9x4 – 37x? +4 = (9x? - yp? = 4) 

= (3x + 1)(3х - 1 (х + 2)(х - 2) 
81. (a) Whenx = -3,/2x * 7 -x 
2(-3) +7 - (33) = VI +3 = 4. 


(b) Whenx = LA2x * 7 — x 
20) +7 -1= V9 -1=2. 


(à Whenx = 3, /2x 5 – Vx -3-12 42) -5- V3-3-1=V1I-V0-1=1-1=0. 


(b Whenx = 7, /2x - 5 - Vx 3-1 = /2(7)-5-V7-3-1=V9-V4-1=3-2-1=0. 


2300 


(a) Whenx = 129, (x – 4)? = (129 – 4)? = 125° = 


(b) Whenx = -121, (x - 4)? = (-121— 4)? = (C125)? = 25. 

(а) Whenx = 4, 2 3 Vice 2 TEE: tl=-1l+1=0 
x x-2 4 4-2 2 

(b) Whenx = p? 5 d ect 5 +1 1-1-0 
xX 20-02 e lS 


(a) Whenx = -3, 


(b) Whenx = 2, 


. Fundamental Theorem of Algebra 
. Rational Zero 


. According to Descartes's Rule of Signs, given that 


f(-x) has 5 variations in sign, there are either 5, 3, or 1 


negative real zeros. 


. f is a 3rd degree polynomial function, so there are three 


Zeros. 


. f is a 5th degree polynomial function, so there are five 


Zeros. 


д? — 3x| + 4x 6-1 3y 3( |+ 4( 


3)-6-19-9|-12-6-0. 


6 = 4. 


x? — 3a] + 4x - 6 =|(2) = 3(2) + 4(2) - 6 =|4 


6|+8 


11. f is a 2nd degree polynomial function, so there are two 


Zeros. 


13. f(x) = х + 2x7 -x-2 
Possible rational zeros: +1, +2 


Zeros shown on graph: —2, —1, 1, 2 
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15. 


17. 


19. 


21. 


23. 


17x? + 35x? + 9x — 45 


f(x) = 2х* 
Possible rational zeros: +1, +3, +5, +9, +15, +45, 


41 43 45 49 415 445 
КЕ л азе i 


Zeros shown on graph: —1, 2 3,5 


f(x) = х? -7х-6 


Possible rational zeros: +1, +2, +3, +6 


3 9 6 


f(x) = (x - 3)(x? + 3x + 2) 
= (x — 3)(х + 2)(x + 1) 


So, the rational zeros аге —2, -1, and 3. 


g(t) = г -4° +4 
Possible rational zeros: +1, +2, +4 


After testing all six possible rational zeros by synthetic 
division, you can conclude there are no rational zeros. 


A(t) = P + 87 + 131+ 6 


Possible rational zeros: +1, +2, +3, +6 


P +82 136€ 6 = (t + 6)(02 + 2t +1) 
= (t + 6)( + I(t 1) 


So, the rational zeros are —1 and —6. 


C(x) = 220 + 3х? -1 


Possible rational zeros: +1, Ex 


-2 -1 1 
2 1 -1 0 
2x3 + 3x? - 1 = (x + (2? + x - 1) 


= (x + 1)(х + 1)(2х - 1) 
= (x + 1} (2x -1) 


So, the rational zeros are —1 and D. 


Section 2.5 Zeros of Polynomial Functions 85 
25. f(x) = 9x* — 9x? — 58x? + Ax + 24 
Possible rational zeros: 
t], £2, £3, +4, +6, +8, +12, +24, 
4142 44 48 41 42 44 48 
3-—3'-3!*-3!—9!—9::-9*--9 
z2-|:9 -9 —58 4 24 
-18 54 8 —24 
9 :—27 -4 12 0 
319 -27 -4 12 
27 0 -12 
9 0 -4 0 
f(x) = (x + 2)(х - 3)(9x? - 4) 
= (x + 2)(x - 3(3x - 2)(3x + 2) 
So, the rational zeros are —2, 3, Е апа Se 
27. -5 «Mx? - 4x - 220 
+1,+ 
Possible rational zeros: зээ? - +1. ва 31, +2 
+1, +5 5 5 
11-5 11 -4 -2 
-5 6 
-5 6 2 
(x – 1)(-5x? + 6x + 2) = 0 
-5x! +6x+2=0 
5x? —-6x -2 = 0 
хас -b + Vb? — 4ac 
2a 
2 
2209) = 4(-6) = 4502) 
25) 
UN 6 + 476 
10 
2(3 + V9) 
x = —————— 
10 
x 3 + 5/19 
5 
So, the real zeros аге х = 1, х = : + x 
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29. 


31. 


33. 


Chapter 2. Polynomial and Rational Functions 


x* + 6 + 3х2 – 16x +6 = 0 


Possible rational zeros: +1, +2, +3, +6 


111 6 3 -16 6 
1 7 10 -6 
1 7 10 -6 0 

-3 1 7 10  -6 


1 4 -2 0 


(x - (x + 3)(x? + 4x - 2) = 0 


So the real zeros are x = 1, -3,-2 + 24/6. 


f(x) = х +x - 4х - 4 
(a) Possible rational zeros: +1, +2, +4 


(b) N 


f(x) = 4x3 + 15x? - 8x - 3 


(b) À 


-6+ 


(c) Real zeros: —-- 


35. 


37. 


39. 


41. 


f(x) = -2x* + 13х° – 21x? + 2x +8 
(a) Possible rational zeros: +1, +2, +4, +8, +l 


(b) 16 


-4,1,2,4 


(c) Real zeros: » 


f(x) = 32:8 – 52x? + 17х +3 


(a) Possible rational zeros: +1, +3, +1, +5› ++, +3, 


$U S 46 16°77 32 32 


(b) - 


nats 
(c) Real zeros: 8 pl 


f(x) = (x — I(x - 5i)(x + 5i) 
= (x - gx? + 25) 
=x = x? 25x- 25 
Note: f(x) = a(x? = x? + 25x – 25), where a is any 


nonzero real number, has the zeros 1 and +5i. 


If 1 + i is a zero, so is its conjugate, 1 — i. 


F(x) = (x - 2x - 2x - (1+ x (1-0) 


= Ён — 4x + 4)(x? — 2х + 2) 


= x* – бх? + 14x? – 16х + 8 
Note: f(x) = a(x* - бх? + 14x? - 16x + 8), where a 


is any nonzero real number, has the zeros 2, 2 and 1 + i. 
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43. If 3 + 5/21 is a Zero, so is its conjugate, 3 — NUI: 


45. 


4T. 


49. 


f(x) = (x - 2)» 8 V2i) | x - (3 - V2i)] 
= (3x - 2)(х + f(x Vi (e - 3) + 2i] 
= (x? +x- dcs - 3y z va | 

+ 9 + 2) 


= (x? +x- 2)(x? = 6x 4 


+ 
= (a? -Lx- 2)(x? - 6x + 11) 
= 3x4 — 17x? + 25x? + 23x — 22 


Note: f(x) = = a(3x* = 173 + 25x? + 23x — 22), where a is any nonzero real number, has the zeros 2, —land 3 4 Vi. 


f(x) = a(x + 2)(x - I(x - i)(x + i) 51. f(x) = xt — 2x? — 3x? + 12x – 18 
= a(x + x - 2)( +1) х2- 2x4 3 
= а(х ex -x? +x- 2) x — 6)x4 - 2x? — 3x? + 12x – 18 
Since f(0) = -4 с 60 
4 3 2 —2x3 + 3x? + 12x 
-4 = a((0)* + (0)° - (0)? + (0) - 2) 2d "o 
—4 = -2a 3x2 -18 
ino 3x2 218 
So, f(x) = 2(x* + xX - x? + x - 2) 0 
= 2x4 + 2x3 — 2x? + 2x — 4. (a) f(x = (x? - 6)(x? 22277 3) 
f(x) = а(х + 3 x - (1+ КЕЕ - (1 - SEDI (b) f(x) = (x + V6)(x - ej? - 2x + 3) 
= a(x + 3)(x? – 2x + 4) () f(x = (x " Joys Ж, V6)(x iz Jai) 
= a(x +x - 2x + 12) (x -1+ v2) 


Note: Use the Quadratic Formula for (c). 


12 -4(-2/ + (-2)? - 2(-2) + 12) 


12 = 12a 
a-l 
So, f(x) = (1)(x4 = х -2x- 4) 


= хў +x? – 2x + 12. 
f(x) = x* + 2x7 – 8 
(а) f(x) = (x? + 4)(x? - 2) 
(b) f(x) = (x? + 4)(x + V2)(x - V2) 
(c) f(x) = (x + 2i(x - 2i)(x + V2)(x - V2) 
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53. f(x) = x -x° + 4х - 4 


Because 2i is а zero, so is —21 


2i | 1 -1 4 -4 
21 -4-21 4 
1 21-1 —2i 
—2i 1 2i-1 -2 
-2i 2i 
1 -1 0 


The zeros of f(x) are x = 1, £2i. 


Alternate Solution: 


Because x = 27 are zeros of f(x), 


(x + 2i)(x — 2i) = x? + 4isa factor of f (x). 


By long division, you have: 
х-1 
x? + Ox + 4}? = x?! + 4x - 4 


x? + Ox? + 4x 


-x° + 0x — 4 
—x? + 0x — 4 
0 


f(x) = (x + 4)(x - 1) 


The zeros of f(x) are x = 1, #21. 


57. f(x) = x* - 6 + 14x? - 18x +9 


Because 1 — V/2iis a zero, so is 1 + 


[x -1- V2i) | х -(r« V2i)] E 


„21, and 


55. f(x) = х? – 8x? + 25x — 26 


Because 3 + 2i is a zero, so is 3 — 2i. 


342i | 1 -8 25  -26 
342i  —19—4i 26 
I -5-2i 6 — 4i 0 
3-2i | 1 -5-2i 6 — 4i 
3-21  —6-4i 
1 -2 0 
f(x) = (x - G 20) - (6 — 22) 


The zeros of. f(x) arex = 3 + 21, 2. 


Alternate Solution: 
Because x = 3 + 2i are zeros of 
f(x). (х (3 + 2i))\(x (3 


a factor of f(x.) 


By long division, you have: 
х-2 
x? — 6x +13}? — Bx" + 25х- 26 


x? = 6x? + 13x 
-2x? + 12x — 26 
—2x? + 12x? — 26 


0 
f(x) = (x? — 6x + 13)(x - 2) 
The zeros of f(x) are x = 3 + 2i, 2. 


[к = 1) - 2f - 1) - 2i] - 0 + V2] 


(x - 1) -(V2i) 
x? —2x +1 = 21 


х? —2x +3 


is a factor of /(х) Ву long division, you have: 


2 


х —4x 43 


14x? - 18x + 9 


x* — 2x3 + 3x? 


f(x) = (x? – 2x + 3)(x? — 4x + 3) 
E (x — 2x + 3)(x - (x - 3) 


2i) = x? – бх + 13 is 


-4x + 11x? -18x + 9 


—4x3 + 8x? — 12x 


The zeros of f(x) are x = 1+ A/2i, 1, 3. 


3x7 — 6x + 9 
3x7 — 6x + 9 
0 
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59. 


61. 


63. 


65. 


67. 


f(x) = x? + 36 
(x + 6i)(x — 6i) 


The zeros of f(x) arex = +6i. 


h(x) = x? -2х-17 
By the Quadratic Formula, the zeros of f(x) are 


ddp ЈИ sy, 


2 2 


f(x) = (x - (1 + 4))(x - (1 - 40) 


f(x) = x* - 16 


Zeros: +2, +21 


f(z) = 2 –- 22+ 2 


By the Quadratic Formula, the zeros of f(z) are 


Possible rational zeros: +1, +5 
-1 |1 3 1 5 
-1 4 -5 
1 — 5 0 


By the Quadratic Formula, the zeros of x? — 4x + 5 are: 


4 + 5/16 — 20 : 
x= j zog 


Zeros: -1,2 t i 


g(x) = (х *1(x-2-i(x-2-1i) 
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69. g(x) = х^ — 4x? + 8? – 16x + 16 


Possible rational zeros: +1, +2, +4, +8, +16 


211 -4 8 -16 16 


g(x) = (x - 2) х - 2) + 4) 
= (х — 2)'(х + 2i)(x - 21) 


Zeros: 2, +21 


. f(x) = х? + 24x? + 214x + 740 


Possible rational zeros: +1, +2, +4, +5, +10, +20, +37, 
+74, +148, +185, +370, +740 


2000 


-20 10 


-1000 
Based on the graph, try x = —10. 

-10 |1 24 214 740 

-10 -140 -740 

1 14 74 0 


By the Quadratic Formula, the zeros of x? + 14x + 74 


-14 + /196 — 296 


arex = = —7 + 5i. 
2 


The zeros of /(х)агсх = -10 аах = —7 + 5i. 
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73. f(x) = 16x? — 20€ - 4x + 15 


Possible rational zeros: 


discuss xd ad uo US T 19 
2 2 


-5 


Based on the graph, try x = -4 


By the Quadratic Formula, the zeros of 
16x? — 32x + 20 = 4(4x? – 8x + 5) are 


8 + v64- 80 1, 
x= =1+ 1 
8 2 
3 
The zeros of f(x) агех = a mds =l+— 7 


75. f 


— 


x) = 2x4 + 5X8 + Ax! + 5x +2 


Possible rational zeros: +1, +2, + 


20 


-5 


Based on the graph, гу x = -2 and x = - 


1 
E 2 1 2 1 
-1 0 -l 
2 0 0 


The zeros of 2x? + 2 = 2(x? + 1) arex = +i. 


The zeros of f (x) arex = -2,x = 
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1 : 
,andx = +i. 


71. 


79. 


81. 


83. 


85. 


87. 


g(x) 22x! – 3х? -3 
Sign variations: 1, positive zeros: 1 


g(-x) = 2x – 3x7 - 3 


Sign variations: 0, negative zeros: 0 
h(x) = 2x0 + 333 +1 

Sign variations: 0, positive zeros: 0 
h(-x) = -2x0 + 33? +1 

Sign variations: 1, negative zeros: 1 
g(x) = бх + 20° - 33? +2 

Sign variations: 2, positive zeros: 2 or 0 
g(-x) = 6x4 — 2x3 – 3x? +2 

Sign variations: 2, negative zeros: 2 or 0 
f(x) = 50 +x -x+5 


Sign variations: 2, positive zeros: 2 or 0 


f(-x) 2-580 +x +x+5 


Sign variations: 1, negative zeros: 1. 
f(x) = х? + 3x? — 2x +1 


(a) 111 3 2 1 


1 4 2 3 


1 is an upper bound. 


(0---411 3 — 1 
-4 -8 
1 -l -7 


-4 is a lower bound. 
f(x) = x* - 4x? + 16x - 16 
(а) 5/1 -4 0 16 -16 
5 5 25 205 
1 1 5 41 189 


5 is an upper bound. 
(D 3/1 -4 0 16 -16 
-3 21 -63 141 


] -—L.21 47 . 125 


-3 is a lower bound. 


89. f(x) = 162 – 12x? - 4x + 3 


91. 


93. 


95. 


Possible rational zeros: 


+1, +3 s+d 41 43. 41 43 43 
, > , , , x 
+1,+2,+4,+8,+16 — 9 V 49 O0 8V 4 
1 3 
+4, 51, +5, #3 


However, the function factors by grouping. 
16x? — 12x? - 4x +3 = 0 
4x?(4x - 3) - (4x - 3) = 0 
(4x - 3(4? - 1) = 0 
(4x - 3)(2x - D(2x + 1) =0 


4х-3=0 9х = 3 
2х-1=0 әх = 1 
2x+1=0 9 х= -4 
So, the zeros are x =å +. 


f(y) = 4y? + 3y? +8y +6 


Possible rational zeros: +1, +2, +3, +6, +, вэ. tL +}. 


So, the only real zero is — = 


P(x) = x* — 25? +9 
l(ax* – 25x? + 36) 

Цай - ee - 4) 

2х + 3)(2x - 3)(x + 2)(x - 2) 
The rational zeros are 24 and +2. 


f(x) = х? - 1 x4 


= (49 - x? - Ax +1) 

- H х2(4х 1) - (4х 1] 
= lax - 1)(x? - 1) 

= 1(4х - I(x + 1)(x - 1) 


The rational zeros are i and +1. 
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97. (a) 


99. 


101. 


103. 


(D V=1-w- 
= x(9 - 2х)(15 - 2х) 
Because length, width, and height must be positive, 
you have 0 < x < 2 for the domain. 


Volume of box 


Length of sides of 
squares removed 


The volume is maximum when x = 1.82. 
The dimensions are: 

r = ak? + bk? + ck +d, f(k) =r. 
1.82 cm x 5.36 cm x 11.36 cm 


ll 


(d) 56 = x(9 - 2x)(15 – 2x) 
56 = 135x — 48x? + 4x3 
0 = 4x! — 48x? + 135x — 56 


The zeros of this polynomial are Ds 5 and 8. 

x cannot equal 8 because it is not in the domain of V. 
[The length cannot equal —1 and the width cannot 
equal —7. The product of (8)(—1)(—7) = 56 so it 
showed up as an extraneous solution. ] 

So, the volume is 56 cubic centimeters when x = i 


centimeter orx — 1 centimeters 


(a) Current bin: V = 2 x 3 x 4 = 24 cubic feet 
V = 5(24) = 120 cubic feet 
V(x) = (2 + х)(3 + х)(4 + x) = 120 


New bin: 


(b) х? + 9x? + 26x + 24 = 120 
x + 9x? + 26x – 96 = 0 


The only real zero of this polynomial is x = 2. All 


the dimensions should be increased by 2 feet, so the 
new bin will have dimensions of 4 feet by 5 feet by 
6 feet. 


ll 


False. The most complex zeros it can have is two, and 
the Linear Factorization Theorem guarantees that there 
are three linear factors, so one zero must be real. 


g(x) = —f(x). This function would have the same zeros 


as f(x), so л, љ, and z are also zeros of g(x). 
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105. 


107. 


109. 


111. 


113. 


115. 


Chapter 2 Polynomial and Rational Functions 


g(x) = f(x — 5). The graph of g(x) is a horizontal shift 
of the graph of f(x) five units of the right, so the zeros of 


g(x) are 5 + д,5 + љ, арі 5 + n. 


g(x) = 3 + f(x). Because g(x) is a vertical shift of ће 


graph of f(x), the zeros of g(x) cannot be determined. 


Zeros: —2, 23 
f(x) = —(х + 2)(2x - (x - 3) 


2x3 + 3x? + llx -6 


Any nonzero scalar multiple of f would have the same 
three zeros. Let g(x) = afi (x), a > 0. There are 
infinitely many possible functions for f. 


Because 1 + i isa zero off, sois 1 — i. From the 
graph, 1 is also a zero. 


F(x) = (x= (1+ N(x - (1 


(х? — 2x + 2)(х - 1) 


= x -3x + 4x -2 


If x = i is а zero, then x = — is also a zero. So the 


function is f(x) - (x - 2)(x - 3.5)(х - i)(x + i). 


[х| <7 -7 7 

-7«х«7 -8-6-4-2 0 2 4 6 8 10 ! 

[Ax - 1| 511 _5 
—11<4х—1<11 тре NA 
-10 < 4x < 12 dini 
-i<x<3 
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119. 


121. 


123. 


125. 


127. 


129. 


131. 


133. 


(x-1y «4 
-1« x-1<2 


-l< x <3 


3-2-1 0 1 2 3 
Alternate solution: 
x - 2х+1< 4 
x? - 20-3 < 0 
(х – 3)(х +1) < 0 
-l<x<3 


(1, 1), (2, 5) 


5-1 
Slope = 7—— = = = 4 
E 2-1 


а 
1 


(1, 1), (6, 0.5) 
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Section 2.6 Rational Functions 


1. rational functions 


3. To determine the vertical asymptote(s) of the graph of f(x) = — find the real zeros of the denominator of the equation. 
x 


(Assuming no common factors in the numerator and denominator) 


5. Because the denominator is zero when x — 1 = 0, the 4 


domain of fis all real numbers except x = 1. x 


5 0 05 | 09 0.99 254 Domain: all real numbers except х = 0 


Vertical asymptote: x = 0 


f(x) 1 2 10 100 | — —ee : 
Horizontal asymptote: y = 0 


x 1— | 101 | 11] 15 | 2 [ Degree of M(x) < degree of D(x) | 


f(x) | өв- | 100 |10 |2 |1 


DE X35 
5-х -х +5 


11. f(x) = 
As x approaches 1 from the left, f (x) decreases 


without bound towards — о . As x approaches 1 from the Domain: all real numbers except x — 5 


right, / (x) increases without bound towards +оо . ооа уреа 


Horizontal asymptote: у = -1 
7. Because the denominator is zero when X? — 1 = 0, [ Degree of N(x) = degree of DX x) | 
the domain of fis all real numbers except х = –1 and 
ХУВ? x? 
13. f(x) = 
/( ) х? al 
x 22 —1.5 —1.1 -1.01 — -1 : 
Domain: all real numbers except x = +1 
f(x) 34 Ка A 222 Vertical asymptotes: x = +1 


Horizontal asymptote: None 


[ Degree of N(x) > degree of D(x) | 


As x approaches –1 from the left, f(x) increases 15. f(x) = SSE Sh 
: = — E 
without bound (ео). As x approaches —1 from the right, | ax 2 
x + 1)(х - 
f(x) decreases without bound (—о). x Qx - Ix +1) 
x 0105 | 09 0.99 RI = Же сыш шу 
- 2х-1' 
f(x) 101-11-128 | -147.8 | > -> 


Horizontal asymptote: y = E 
x 1 < 1.01 1.1 15 12 


f(x) | же | 1523 | 173 | 5414 Denes oN) = анин! 


: 1 
As x approaches 1 from the left, f(x) decreases without Vertical asymptote: x = 2 


bound (—ee). As x approaches 1 from the right, f(x) (Because x + 1 is a common factor of N(x) and 


increases without bound (о). D(x), x = —1 is not a vertical asymptote of f£ (x)) 
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1 x2 
17. = 21. = =. 
70) х1 70) х2 + 9 
(a) Domain: all real numbers x except x = –1 (a) Domain: all real numbers x 
(b) y-intercept: (0, 1) (b) Intercept: (0, 0) 
(c) Vertical asymptote: x = —1 (c) Horizontal asymptote: y = 1 
Horizontal asymptote: y = 0 (d) x +1 +2 +3 
СОР -4 | -3 22107221 Дх Bo |. Bs pub 
1 1 1 1 1 = 2 2 
1 
fl) | “3 | 72 2/3 |4 : 
А 
y 3+ 


19. A(x) = 
(a) Domain: all real numbers x except x = —4 


(b) y-intercept: (o.-1] 


(c) Vertical asymptote: x = —4 


Horizontal asymptote: y = 0 


++ 
-7 -6 -5 
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23. 


25. 


27. 


29. 
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4s 


as) = ua 


(a) Domain: all real numbers s 
(b) Intercept: (0, 0) 


(c) Horizontal asymptote: y = 0 


Ф| -21-410(112 
4 4 » 
| 1 -34 
els) 5 9 5 -4 
2x 2x 
f(x) = = 


x'-3x-4 (x - 4)(x +1) 
(a) Domain: all real numbers x except x = 4 and х = -1 
(b) Intercept: (0, 0) 
(c) Vertical asymptotes: x = 4, x = -1 


Horizontal asymptote: y = 0 


Y 


(4) x -3 -2 |0 1 2 3 5 
3 2 1 2 3 5 
x 0 
А ) 7 3 3 
х-4 x-4 1 
x)= = = ‚Хх * 
fe) x? -16 (x + 4)(x — 4) x+4 
(a) Domain: all real numbers except x = +4 : 
: 1 i 
(b) y-intercept: Ü 1) ! 
(c) Vertical asymptote: x = —4 i 
+ | x 
Horizontal asymptote: y = 0 JE REL 
GIE 5 4 з | -2 | -1 ME 
1 ko TUE 
x -1 1 > |2 
f(x) Undef. AE 
= + 5)(х — 5 
ji cs 25 _(х+5)(х )-х+5 4 
x? — 4x — 5 (x — 5)(х + 1) х +1 
(a) Domain: all real numbers x except x = 5 and x = -1 
(b) x-intercept: (—5, 0) y 


y-intercept: (0, 5) 


(c) Vertical asymptote: x = —1 


—€— 


l 
| 
1 


Horizontal asymptote: y — 1 


d 
OT, l-si-lels| s 


70) | o | -1 | 5 | 2 |Undef. 


Slee as sige 
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x? + 3x x(x + 3) x 
1 - - = 1 z-3 
fi x +х- 6 (х + 3)(x - 2) х-2 2 


(a) Domain: all real numbers x except x = —3 and x = 2 
(b) Intercept: (0, 0) 


(c) Vertical asymptote: x = 2 


Horizontal asymptote: y = 1 


Ф|, 1 [от уз |а 
А 1 
f(x) = 0 -l 13 [2 
3 
10) 2x -5x – 3 (2x + 1)(х – 3) 37. Because the function has vertical asymptotes at x = +2 
. f(x) = = 
x -2x!-x*2 (х - 2)(х + 1)(х – 1) and а horizontal asymptote at у = 2, 
2 

(a) Domain: all real numbers x except x = 2, x = +1 f(x) = = = 7 matches graph (c). 

: 1 
(b) x-intercepts: Е o} (3, 0) 38. Because the function has a vertical asymptote at 

x = —2 and a horizontal asymptote at y = 0, 
y-intercept: (n : 
2 f(x) = me matches graph (b). 
(c) Vertical asymptotes: x = 2, x = -1, and x = 1 ш ) 
Horizontal asymptote: y = 0 39. (a) Domain off: all real numbers x except x = —1 
(d) 7 3 E 0 Ei 3| 4 Domain of g: all real numbers x 
2 (b) 1 
: 3 5 3 48 3 
Х 0 -4 2 
Ў 5 10 


-3 


(c) Because there are only a finite number of pixels, the 
graphing utility may not attempt to evaluate the 
Я function where it does not exist. 
41. (a) Domain off: all real numbers x except х = 0, 2 
Domain of g: all real numbers x = 0 
(b) 2 


. Because the function has а vertical asymptote at хо 
x = —2 and a horizontal asymptote at y = 0, 


4 
matches graph (d). 

x+2 яа 

(с) Because there are only a finite number of pixels, the 
graphing utility may not attempt to evaluate the 
function where it does not exist. 


. Because the function has a vertical asymptote at x = 2 
and a horizontal asymptote at y = 0, 


f(x) = 


5 matches graph (a). 
х-2 
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х2 – 4 4 


43. h(x) = =x 


45. 


47. 


x x 
(a) Domain: all real numbers x except x = 0 
(b) x-intercepts: (—2, 0), (2, 0) 
(c) Vertical asymptote: x = 0 
Slant asymptote: y = x 


(d) 


x -4 -3 -1 1 3 
-5 5 
h(x -3 | — 3 -3 2 
(x) : 7 
2 
с El. gd 
X X 


(a) Domain: all real numbers x except x — 0 
(b) No intercepts 
(c) Vertical asymptote: x = 0 

Slant asymptote: y = 2x 


e a -4 |-21214|6 
33 | 91913517 

X 
7001 2121416 


=x+— 
X 


(a) Domain: all real numbers x except x = 0 
(b) No intercepts 
(c) Vertical asymptote: x = 0 

Slant asymptote: y = x 


Ф|, -4 |-2121416 
17 | 515117 | 37 
00174 4 | 6 


Section 2.6 Rational Functions 


+ + >x 
-6 -4 -2 “| 2 4 
-6 
48-20 LE AC 
| t+5 t+5 
(a) Domain: all real numbers / except t = —5 


(b) Intercept: 23 


(c) Vertical asymptote: £ = —5 


Slant asymptote: y = —t + 5 


(9) t 7 6 4 3 0 
fA |25 |37 |-17 |—5 - 
: E 
Ne 125 
E» 120 
p, 115 
у-5-1| Ч, 
0, -1 1 5% 
+—t | Цэ M d 
-20 -15 -10 ЇГС 


97 
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51. f(x) = 2 =ох + 4x 53 jS =. uu : 
` x? – 4 х2 – 4 ` х-1 х-1 
(a) Domain: all real numbers x except x = +2 (a) Domain: all real numbers x except x = 1 
(b) Intercept: (0, 0) (b) y-intercept: (0, —1) 
(c) Vertical asymptotes: x = 22 (c) Vertical asymptote: x = 1 
Slant asymptote: y = x Slant asymptote: y = x 
СЭР -6 |-41-1101 111416 a|, -4 | -2| o |2] 4 
27 16 | 1 16 | 27 21 7 13 
x 0 x ---1--1-1131- 
709 4 3 3 3: 1.3 4 70) 5 3 
y y 
і y=x 
0, 0) 
-8 -6 -4 ie 
x 
257-32-25-1 (2х-1(4х41(х-1) (Qx-10(x-1 
е Выше а мыр 
x^ + 3х + 2 (x + 1)(x + 2) x+2 
2 _ 
_ 2х detl NR S m "TE 
x+2 x+2 
(a) Domain: all real numbers x except x = —landx = —2 
: 1 
(b) y-intercept: (n ;) 
1 N 
x-intercepts: (5 o} (1, 0) 
(c) Vertical asymptote: x = —2 
Slant asymptote: y = 2x — 7 цацан | 217 
(d ee -18 
) х -4 -3 25 0 |I нь -244+ 
2 -30+ 
45 1 ын 
х -— | -28 | 20 | |0 
ы, Ж Б - 
х? + 2x – 8 8 1+ 3x? – x3 1 
57. f(x) = = 59. g(x) = = +3-x= 
fe) x+2 x+2 a(x) x х? 
Domain: all real numbers х except x = –2 Domain: all real numbers x except x = 0 


Vertical asymptote: x = —2 
Slant asymptote: y = x 


Line: y = x 


Vertical asymptote: x = 0 


Slant asymptote: y = —x + 3 


Line: y = x +3 
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х +1 


ae кер a 


(a) x-intercept: (—1, 0) 


х-1 

b 0-5 
(b) a 
О=х-+1 

-l =x 


63. А = xy and 


— 
з 
| 
23) 
22 
лж 
M 
| 
N 
lI 
1 
Ф 
ь 


= 

| 
N 

Il 


64 _ 2x +58 

х-3 х-3 

JE 2x(x + 29) 
x—3 


e 


Thus, A = ay = af 
х-3 


By graphing the area function, we see that 4 is minimum when x = 12.8 inches and y = 8.5 inches. 


20(5 + 31) 67. (a) Let f, = time from Akron to Columbus 
65. N = —————,t > . 
1 + 0.04t апа t, = time from Columbus back 
(a) 1400 to Akron. 
isian a 
x 
yth =100 > h = 190 
20 200 y 
(b) N(5) = 333 deer 50( + 2) = 200 
М(10) = 500 deer ETAR 
100 100 
N(25) = 800 deer i сн: 
x y 
(c) The herd is limited by the horizontal asymptote: 100y + 100x = 4xy 
60 25y + 25x = xy 


N = — = 1500 deer 
0.04 25x = xy — 25у 


25x = у(х — 25) 


Thus, y = 
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69. False. Polynomial functions do not have vertical 77. y = x? + 12x + 20 
ауар: у =0 = (xt 2x +10) = 0 > x = -2,-10 
71. Yes. No. Every rational function is the ratio of two x-intercepts: (-2, 0), (-10, 0) 
и : N(x) 
polynomial functions of the form f(x) = Dx) x=0> y= 0 + 12(0) + 20 > y = 20 


y-intercept: (0, 20) 


73. f(x) = x) + 2x = (x? + 2x +1) -12 (x € D? -1 


3 + 2x 
Vertex: (-1, —1) 79. у= Eum 
Axis of symmetry: x = -1 y=053+2x=0>x=-4 


J99 = xl ) Ed x-intercept: (-3, 0) 
x-intercepts: (0, 0), (—2, 0) 
_ 3 + 2(0) 


; x20 =3 
7 d 1-0 А 
y-intercept: (0, 3) 
x 
81. f(x) = —— —— 
f(x) ilc 
f(x))202xz0 
| 2 3 0 
5] x=0 0) = => у= 0 
-2 ер 5 c 


Intercept: (0, 0 
75. f(x) = -x - 16x – 13 nistespi (00) 


—(x? + 16x + 64) — 13 + 64 х2 – 9 _ (x = 3)(х + 3) 


83. f(x) = 
= -(x + 8)? + 51 fe x-x-6 (x —3\(x + 2) 
Vertex: (—8, 51) _xt ОР 24 
x+2 
Axis of symmetry: x = —8 
у= 0 > xX -9 = 0 > (х + 3)(х – 3) = 0 
zo) - 
f(x) = -x — 16x - 13 = 0 7239 
2 E 
=> x-16x-1320 ME 0-9 0-9 3 
Lo 216 + 256 = 403) Убу у 6 — 2 


2 x-intercept: (—3,0) (x = 3isahole.) 


= —8 + 4/51 


y-intercept: (0, 3) 
x-intercepts: (-8 + V/51, 0) 


: 85. 6x? - 3x -9 = 6 


А 


2x7 - х= 5 = 0 
(-1) € 4/1 - 4(2)(-5) 
2 
4 
КЕ 
74 
gn ett ag 
8x +7 
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Section 2.7 Nonlinear Inequalities 


1. positive; negative 


5. x? -3<0 
(a) x =3 


9 


8-3 < 0 
6 € 0 


No, x = 3is not 


a solution. 
аа д 
х-4 
(a) x =5 
5422, 
5-4 
723 
Yes,x = Sis 


a solution. 


b x =0 
(0) -3 < 0 
3 < 0 
Yes,x = 0 is 


a solution. 


(D x =4 


: is undefined. 


No, x = 4 is not 


a solution. 


9. x? — 3х — 18 = (х + 3)(х — 6) 


KAZ 2710255 
х-6= 0 = х 


-3 
6 


The key numbers are -3 and 6. 


1+ (х -5 
її ард) 
x95 х= 
5-4 
х-5 


х-4= 0 > х 
х-5 = 0 = х 


The key numbers аге 4 and 5. 


(с) х= 
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3. The key numbers of the inequality are —2 and 5. 


tous 


3 
т< 0 
Yes, x = = is 


a solution. 


() х= -5 


9. 
No,x = —— is not 
2 
a solution. 


13. 2x? + 4x « 0 
2x(x + 2) < 0 


Key numbers: x = 0,-2 


(d) 


(-5) -3 < 0 
22 g 0 
No, x = —5 is not 


a solution 


Yes, x = 2s 
2 


a solution. 


Test intervals: (=, -2), (2, 0), (0, eo) 


Test: Is 2x(x + 2) < 0? 


Interval x-Value 
C9) 2 
(20 ч 
(0, е) 1 


Solution set: (-2, 0) 
++ х 


-5 -4 -3 -2 -1 0 1 


Value of Conclusion 
2x(x + 2) 
Positive 
-2 Negative 
Positive 


© 2022 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


102 Chapter 2 Polynomial and Rational Functions 


15. a <9 19. x? +6x+12-7 
х -9«0 x + 6х+82> 0 
(х + 3)(x - 3) < 0 (x + 2)(x + 4) 20 
Key numbers: x = +3 Key numbers: x = —2,x = -4 
Test intervals: (—2, —3), (—3, 3), (3, =) Test Intervals: (—ee, —4), (—4, –2), (-2, e») 
Test: Is (x + 3)(x — 3) « 0? Test: Is (x + 2)(x + 4) > 0? 
Interval x-Value Value of x? – 9 Conclusion Interval x-Value Value of Conclusion 
(=, -3) -4 7 Positive (x + 2)(x + 4) 
(-3, 3) 0 -9 Negative (-өө,-4) -6 8 Positive 
(3, =) 4 7 Positive (-4, -2) -3 -1 Negative 
Solution set: (—3, 3) (-2, =) 0 8 Positive 
pe -2 ч 0123 4 Solution set: (~, —4] о [-2, о) 
17. (x + 2) < 25 Р TU зена 


xX + 4х +4 < 25 
х + 4х - 21 < 0 
(х + 7)(x - 3) < 0 


21. x!4x«6 
xX +х-6 < 0 


(х + 3)(x - 2) < 0 
Key numbers: x = —7, x = 3 

Key numbers: x = —3, x = 2 
Test intervals: (—ee, —7), (—7, 3), (3, оо) 
Test intervals: (—ee, —3), (-3, 2), (2, œ) 


Test: Is (x + 7)(x — 3) < 0? 
Test: Is (x + 3)(x – 2) < 0? 


Interval x-Value Value of Conclusion 
(x + 7)(x – 3) Interval x-Value Men of Conclusion 
x + 3\(x -2 
(=, –7) 8 (-1(-11) = 11 Positive 
(-өө,-3) 4 (-1)(-6) = 6 Positive 
-7,3 0 7)(—3) = —21 Negative 
( (7-3) (-3, 2) 0 (3)(-2) = -6 Negative 
(3, оо) 4 (11)(1) = 11 Positive 
(2, œ) 3 (6)(1) = 6 Positive 


Solution set: [—7, 3] 
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23. 


27. 


x!«3-2x 
х +2x-3<0 
(x + 3x - 1) «0 
Key numbers: x = —3, x = 1 
Test intervals: (—ee, —3), (—3, 1), (1, e») 


Test: Is (x + 3)(x — 1) < 0? 


Interval — x-Value Value of 

(х + 3)(x - 1) 
(C) -4 (CIS) = 5 
(34) 0 06) =-3 
(=) 2 (50) = 5 
Solution set: (—3, 1) 
CON GNE E ЖЫШ 


х? – 3х2 -х+3> 0 
x(x- 3) – (x - 3) > 0 
(x – 3)(x? - 1) > 0 

(х - 3)(х + 1(х- 1) > 0 


Key numbers: x = -l,x = х = 3 


Conclusion 


Positive 
Negative 


Positive 


Test intervals: (—ee, —1), (—1, 1), (1, 3), (3, =) 


Test: Is (x — 3)(x + l)(x – 1) > 0? 


Interval x-Value 
(-өө,-1) -2 
(-1, 1) 0 
(1.3) 2 
(3.9) 1 
Solution set: (—1, 1) о (3, оо) 


x 
-3-2-10 1234567 


Value of (x — 3)(x + 1)(х – 1) 


25. 
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3x? - Их > 20 
3x? — 11x — 20 > 0 
(зх + 4)(x – 5) > 0 


Key numbers: x = 5, х = -i 


Test intervals: (-е, -4), (-4, 5) (5, со) 


Test: Is (3x + 4)(x – 5) > 02 


Interval x-Value Value of 
(3x + A)(x - 5) 
(7. -4) з (-5)(-8) = 40 
(55) | 0 — (C5 = -20 
(5, оо) 6 (22)(1) = 22 


== x 
-2-101 2 3 456 


Conclusion 
Negative 
Positive 
Negative 


Positive 


Conclusion 


Positive 
Negative 


Positive 
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29. -x + 7x? + 9x > 63 

х? — 7х2 -9x < -63 

x? — 7х2 – 9х + 63 < 

x(x = 7) – 9x - 7) < 

(x - 7)(x? - 9) < 

(x — 7)(x + 3)(x – 3) < 
Key numbers: x = -3,x = 3, х = 7 

Test intervals: (е, -3), (-3, 3), (3, 7), (7, со) 


Test: Is (x - 7)(х + 3)(x - 3) < 0? 


Interval x-Value Value of (x — 7)(x + 3)(x — 3) Conclusion 
(7s, —3) -4 (—11)(—1)(—7) = -77 Negative 
(73, 3) 0 (-7Д3Х-3) = 63 Positive 
(3, 7) 4 (-3)(7)(1) = -21 Negative 
(7, eo) 8 (00 D(5) = 55 Positive 
Solution set: (=, -3) U (3, 7) 
-3 3 7 
me) manana AE 
-4-2 0 2 4 6 8 

31 40 - 6x? «0 33. (x - 1 (x +2) 20 

2x?(2x - 3) < 0 Key numbers: x = 1, х = -2 
хөд 23 
Key numbers: x = 0,х = 5 Test intervals: (ee, -2) = (x - VY (x + 2) «0 
Test intervals: (~, 0) = 2x?(2x - 3) < 0 (52,1) > (x - 1) (х + 2) > 0 
(0,3) > 2 > 2x7(2x - 3) < 0 (Lo) > (x - (х + 2! > 0 
(3, e) => 2x! (2x -3) > 0 Solution set: [-2, e») 
| —————pE————-: 
Solution set: (—°°, 0) U (0, 3) 24 224:-22 22100 
3 
t +> х 
-20-1 0 1! 2 

35. 4х2 - Ax «4 1€ 0 
(2x -1)? <0 
Key number: x = 1 
Test Interval x-Value Polynomial Value Conclusion 
(—c, 1) x=0 [2(0) -1° = 1 Positive 
(5, =) х-1 20) - IP =1 Positive 


The solution set consists of the single real number i. 
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37. х2 – 6х +12 < 0 
Using the Quadratic Formula, you can determine that ће key numbers аге х = 3 + ЕТА 
Test Interval x-Value Polynomial Value Conclusion 
(—о°, оо) x=0 (0)? — 6(0) + 12 = 12 Positive 


The solution set is empty, that is there are no real solutions. 


39. l o 41. 257524 
Х х-1 
3x +5 
Key numbers: x = 0, x = E -2«0 
4 х-1 
3x + 5 – 2(х - 1) 
Test intervals: (еә, 0), (0, +), (+, ee 0 
(<= 0), (0, 4), (3) cd 
Test: Is ^1 > 0? КАЕ, 
Ж х-1 
Interval x-Value Value of ай =] Conclusion пуа амждаг 
4 Test intervals: (—e, —7), (—7, 1), (1, оо) 
—5 
—oo, 0 -1 -- = 5 Positive 
( ) -1 Test: Is ~ Ed «0? 
х-1 
1 
Ї 1 E Interval x-Value Value of = a Conclusion 
0, — 2 4 2-4 Negative - 
4 8 Ї " 
5 (-өө,-7) -8 2-1 Positive 
1 3 -9 9 
E J 1 T 23 Positive 
(77,1) 0 12 : = -7 Negative 
1 2 
Solution set: (ә, 0) U E =) 
x (1, =) 2 2+9 11). Positive 
1 2-1 
4 
—— (c Solution set: (—7, 1) 
2 -1 0 1 2 
-7 1 
t x 


-8 -6 -4 -2 0 2 
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43. ЗЕЕ. 47. -— ЭРЭН | 
HED 253 х-1 х41 
DN PE S(x + 1) + 2x(x = 1) + x + D-1) Sg 
xt5 x-3 (x = 1)(x + 1) 
2(x - 3) - I(x + 5) 0 3x? +х+2 Ly 
(x + 5)(x - 3) (x — I(x + 1) 
-х-11 aig K b > = 1 =1 
(х + 5x —3) ey numbers: x = –1, х = 
2 
Key numbers: x = —5, x = x = 11 Test intervals: (79e, -1) > 2 es | > 0 
x — 1)(х + 
х - 11 
Test int 18: (оо, —5 0 
est intervals: (—ee, —5) ees (1 527 +x+2 
ки (x — (х +1) 
а 2 
( ) (x + 5)(x — 3) (1, ~) EN ae PRES. 
ai (x — 1)(x +1) 
(11) > (x + 5)(x – 3) ын Solution set: (—оо, —1) U (1, оо) 
х-1 ————) + - х 
1, оо) = ————— > (0 -4-3-2-1 01234 
( ) (x + 5)(x — 3) 
Solution set: (-5, 3) U (11, оо) 49. y = x + 2x + 3 
-5 
Р 1 | 6 
-9 -6 -3 0 3 6 9 12 15 
2 
45. же СЕТ -5 , 
х^ – 9 
х(х + 2) 2 26 h «-1 >3 
Gs 30-9 S (a) y whenx € -1огх 2 3. 
(D »23when0 < x < 2. 
Key numbers: x = 0, х = —2, x = +3 
2 51. у= 10 - 1 
Test intervals: ( со, 3) > са ) > 0 4 87 27 
(x + 3)(х - 3) 8 
(-3,-2) 2 28112224 
(x + 3)(x - 3) -12 12 
x(x +2 
(24) = +4), i 
(х + 3)(x - 3) 
( 2) (а) y > Owhen-2 < х <0or2 < x < e 
x(x + 
е та (b) y € 6whenx < 4. 
x(x + 2) 3x 
Зе] us >) Е 
шт See 
Solution set: (-3, –2] u [0, 3) 5 
-3-2-1 0 1 2 3 


-4 
(a) y < OwhenO € x < 2. 
(b y = 6when2 < x < 4. 
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57. 


59. 


61. 


-2 


(а) y 2 lwhenx € -2 orx 2 2. 
This can also be expressed as | x| » 2. 


(b) y < 2 for all real numbers х. 


This can also be expressed as ~œ < x < ee. 


0.3x? + 6.26 « 10.8 
0.3х2 + 4.54 < 0 
Key numbers: x = +3.89 


Test intervals: (—ee, —3.89), (—3.89, 3.89), (3.89, оо) 


Solution set: (-3.89, 3.89) 


12.5x + 1.6 > 0.5х? 
-0.5x? + 12.5x + 1.6 > 0 
Key numbers: x = —0.13, x = 25.13 


Test intervals: (—ee, —0.13), (—0.13, 25.13), (25.13, ~) 


Solution set: (-0.13, 25.13) 


= > 
2.35 = 52 
1 
23x — 5.2 
1—34(23x = 5.2) 
23x — 5.2 
-7.82х + 18.68 _ 
23x — 52 


Key numbers: x = 2.39, x = 2.26 


34 


-34»0 


20 


0 


Test intervals: (—«e, 2.26), (2.26, 2.39), (2.39, о) 


Solution set: (2.26, 2.39) 


Section 2.7 Nonlinear Inequalities 


63. s = —16t? + vot + so = -16 + 160t 
(a) -16t7 + 1607 = 0 
-16(1-10) = 0 
t=0,¢ = 10 
It will be back on the ground in 10 seconds. 
(b) —16{?° + 160r > 384 
—16{?° + 160г — 384 > 0 
-lé(? —10t + 24) > 0 
12 — 10 + 24 < 0 
(t — 4)(t - 6) < 0 
Key numbers: t = 4,1 = 6 
Test intervals: (—«e, 4), (4, 6), (6, ©) 


Solution set: 4 seconds < £ < 6 seconds 


65. R = x(75 — 0.0005x) and C = 30x + 250,000 
P=R-C 
= (75x — 0.0005x7) – (30x + 250,000) 
—0.0005x? + 45x — 250,000 
P > 750,000 
-0.0005х2 + 45x — 250,000 > 750,000 
—0.0005x? + 45x — 1,000,000 = 0 


Key numbers: x = 40,000, x = 50,000 


107 


(These were obtained by using the Quadratic Formula.) 


Test intervals: 

(0, 40,000), (40,000, 50,000), (50,000, =) 
The solution set is [40,000, 50,000] or 
40,000 < x < 50,000. The price per unit is 


R 
р = — = 75 – 0.0005x. 


x 


For x = 40,000, p = $55. For x = 50,000, p = $50. 
So, for 40,000 < x < 50,000, $50.00 < p < $55.00. 


67. 4-x20 
(2+ х)(2- х) >20 
Key numbers: x = +2 
Test intervals: (~, -2) => 4 – x < 0 

2,2) > 4-7 > 0 


2,0) > 4-x? < 0 


( 
( 
( 


Domain: [- 2: 2| 
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69. 


71. 


Chapter 2. Polynomial and Rational Functions 


| Е 
х2 9х +202 0 73, 5 = 3288 — 189 0 e t «18 
1 — 0.0387 


(x — 4)(x - 5) 20 
Key numbers: x = 4, х = 5 


Test intervals: (—ee, 4), (4, 5), (5, оо) 


Interval x-Value Value of Conclusion 
(x - 4)(x - 5) 
Ш b) S= 52.88 — 1.89t 
(-өө, 4) 0 (-4)(-5) = 20 Positive = 1- 0038 
. 52.88 — 1.89t 
4,5 9 11-1|--4 Negative 57 < ——___ 
ву 2 Y= шиг 
(5, оо) 6 (211) = 2 Positive Qe 52.88 – 1.891 _ 
Domain: (—ee, 4] о [5, =) о, 
—4.12 + 0.2761 
0 < ———____ 
1 – 0.0387 
Хо 
х2 – 2x - 35 0 Key numbers: 14.9, 26.3 
x > 0 Use the domain of the model to create test intervals. 
(x F 5)(х ын 7) i Test Interval t-Value Value of expression Conclusion 
Eo sube ебе (10, 14.9) 11 —0.76 Negative 
x (14.9, 18) 15 0.01 Positive 
Test intervals: (-өв,-5) => <0 
(x + 5)(x - 7) The mean salary was less than $57,000 for / < 14.9, or 
during the year 2014. 
(-5, 0) = Хх 0 Я 
(х + 5)(x – 7) (c) Sample answer: No. For t < 22, the model rapidly 
x increases then decreases. 
x х- 
TEL а 6 8 10 12 
UNE RENE 
| (х + 5) x- 7) Load | 2223.9 | 5593.9 | 10,312 | 16,378 | 23,792 
Domain: (-5, 0] о (7, ©) L 
€ 25,000 
P 20,000 
a 15,000 
E 10,000 
$ 5,000 
d 
4 6 8 10 12 
Depth of the beam 


(b) 2000 < 168.54? — 472.1 
2472.1 € 168.54? 
14.67 < d? 
3.83 <d 


The minimum depth is 3.83 inches. 


lA 


lA 
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77. 21 + 2W = 100 >W = 50-L 85. 2 + bx +9 = 0 
LW > 500 
L(50 — L) > 500 

-12 + 50L – 500 > 0 


(а) То have at least one real solution, b? — 4ac > 0. 
b? – 4(1)(9) = 0 
b? — 36 > 0 
Key numbers: b = —6, b = 6 


IV 


By the Quadratic Formula you have: 
Key numbers: L = 25 + 5/5 


2 Test intervals: (—°,—6) = b? – 36 > 0 
Test: Is —Z^ + 50L — 500 > 0? 


(-6, 6) > b? – 36 < 0 


Solution set: 25 — 54/5 < L < 25 + 54/5 | 
13.8 meters < L < 36.2 meters оа 
Solution set: (-өө,-6| о [6, =) 
79. False. 
2 
There are four test intervals. The test intervals are (b 6 – 4ac 2 0 
(ә, -3), (-3, 1), (1, 4), and (4, со), Key numbers: b = —2-/ас,Ь = 2\/ac 
81. 10 For part (b), the y-values Similar to part (a), ifa > Oandc > 0, 
that are less than or equal to b € —2-/ас or b > 2A ac. 
-10 10 О occur only at x = -1. 
87. 33 + bx +10 = 0 
-10 (a) To have at least one real solution, b? — 4ac > 0. 
20 For part (c), there are no b? — 4(3)(10) 2 0 
y-values that are less than 0. b2 -120 > 0 
-10 10 
Key numbers: b = —2\/30, b = 24/30 
-10 Test intervals: (=, -2/30] => b -120>0 
10 For part (d), ће y-values (-24/30 24/30) > b 120 < 0 
that аге greater than 0 occur i 
-10 10 for all values of x except 2. (2 В ‚ =) = b? 120 > 0 


Solution set: (7. -24/30 | U [2V30, e) 


b? — 4ac 20 
83. L is undefined when x = 0. The correct solution set is (b) 2 


x Similar to part (a), if a > 0 and c > 0, 
(0, =), b < -Wac or b > Wac. 
89. $37. 22.1] 
12-18 -6 3 
91. 3-3 - 9 = 0 
4-0 4 


93. x-intercept: (-1, 0) 


y-intercept: (0, 1) 
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95. 2х + y - 1 97. у= х2 +2 


20-х) + y = 1 > -2x+ y = 1 => No y-axis Сэр gue id ssepe 


M 
1 


symmetry 
Sans. 52 == laxi 

2x + (=y) = 1 => 2x - y = 1 > No x-axis у= х +2 >y x^ — 2 — No x-axis symmetry 
symmetry -y = (ех) +2 > у = –х2 – 2 >No origin 


2(-x) + (-y) = 1 => -2x - y = 1 => No origin symmetry 


symmetry 


y 


No x-intercepts 
x-intercept: Io 0) y-intercept: (0, 2) 
y-intercept: (0, 1) 
Review Exercises for Chapter 2 
1. (а) у = -2x? 3. g(x) = x? - 2x 
Vertical stretch and a reflection in the x-axis =x°>-2x+1-1 
y = 2 
^ -(х-1)-1 
at 
41 Vertex: (1, –1) 
2 Axis of symmetry: x = 1 
энх 0 = x? – 2x = x(x - 2) 


x-intercepts: (0, 0), (2, 0) 


(D) y= 22 +2 
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5. h(x) = 3 + 4x – x? iL y = xf, f(x) = 6 - x 
= —(x? -4х- 3) А 
= (x? - 4x +4- 4-3) Ч 


= -(х- 2) +7 
Vertex: (2, 7) й š 
-4 -3 
Axis of symmetry: x 
>x Transformation: Reflection in the x-axis and a vertical 


0=3+4x- x? 
02x?-4x-3 


shift six units upward 


13. f(x) = —2x? — 5x +12 


кл 2(1) The degree is even and the leading coefficient is 
negative. The graph falls to the left and falls to the right. 
4 + 28 
= ART 3 4 5 
2 15. g(x) = —-3x° — 8x" + x 
x-intercepts: (2 + V7, 0) The degree is odd and the leading coefficient is positive. 


The graph falls to the left and rises to the right. 
Ax? + 4x + 13 


. A(x) 


17. g(x) = 2x7 + 4x? 


A(x? + x) +13 
(a) The degree is odd and the leading coefficient is 


= a(x? TO в Шш i) *13 positive. The graph falls to the left and rises to the 
= Ax +x + ere right. 
! (b) g(x) = 222 + 4x? 
= 4х + 1) +12 
үе 2) 0 = 2x3 + 4x? 
Vertex: (-4, 12) 0 = 2x?(x + 2) 
y Е 2 
Axis of symmetry: х = -} „t 0 = x°(x + 2) 
2 Zeros: x = —2, 0 
0 = 4(x+4) +12 5 
2 " e. 25145040 614 
ЕЕЕ 
5 g(x) 1-18 10 12 1016 
No real zeros 
x-intercepts: none 52 1 г2 3 (9 y 


(4) х+х+у+у= Р 


2x + 2y = 1000 
у = 500 - x В 
А = ху 
= х(500 - x) 
= 500x – x? 


(b A = 500x - x 
= -(x? - 500x + 62,500) + 62,500 
= -(x — 250)? + 62,500 


The maximum area occurs at the vertex when 
x = 250 and y = 500 — 250 = 250. 

The dimensions with the maximum area are 
x = 250 meters and y = 250 meters. 
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19. f(x) --х" +x -2 27. f(x) = 2x0 + 11x? — 21x — 90; Factor: (x + 6) 
(a) The degree is odd and the leading coefficient is (a) 6 | 2 11 -21 -90 
negative. The graph rises to the left and falls to ED 6 90 
the right. 
(b) Zero: x 2 -1 = E de : 
Yes, (x + 6) isa factor of f(x). 
саг je) oto: |1 12 ee) е) 
Zopo Е 
f(x) | 34 | 10 | 0 -21-2 | 6 (b) 2x? — x - 15 = (2x + 5)(x - 3) 
The remaining factors are (2x + 5) and (x — 3). 
(4) 


(c) f(x) = (2x + 5)(x — 3)(x + 6) 
(d) Zeros: x = —2,3,—6 


te x (e) T 


-100 


21. (a) f(x) 230 -x +3 RR 


31. (6 – 4i) + (-9 + i) 


ll 
~ 
ON 
+ 
ИШ 
© 
м 
хо» 
+ 
am 
e 
+ 
= 


The zero is in the interval [-1, 0]. 4 
33. —3i(-2 + 5i) = 6i — 15i* 


(b) Zero: x = —0.900 = 6i — 15(-1) 
eid = 15 6i 
2 
23. 5x — 3)30х2 — 3x 48 ys, o4 4 ад 
30x? — 18x 1-24 1-2 T4323 
15х +8 _ 448i 
15x - 9 1-47 
17 _ 448i 
| 5 
30х —3х+8 _ | аа 17 28-18, 
5х-3 5х-3 CB E 
25. 8|2 -25 66 48 а 
16 -72 -48 — 21 +1 — 21 + o3 +1 —1 
5 т F g _8+12i 2-2i 
Е E 4-9 1-1 
8-2. 2 8 12, 
2x” — 25x + 66x + 48 22 00:28 qu гыгы 
х-8 


Ї 
mS 
со | оо 

+ 
= 

+ 
ата 
SIs 

| 
ee 
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39. x? -2x +10 = 0 


-b + Ab? — 4ac 


2a 


ll 
I+ 
22 


41. Since g(x) = х? — 2x — 815 a 2nd degree polynomial 


function, it has two zeros. 


43. f(x) = 49 - 27x? + 11x + 42 


Possible rational zeros: zn t 2 ын " +1, + > + M 


+2, +3, EL 21, +6,+7, ET +14, +21, +42 


21 | 47-28 
-4 
4 -3l 


31 


42 


4x! — 27x? + Mx + 42 = (x + I)(4x? - 31x + 42) 
= (x + 1 (х - 6)(4x = 7) 


T 


Review Exercises for Chapter 2 113 


45. h(x) = -x° + 2x? – 16x + 32 


Because —4i is a zero, so is 4i. 


-4 | -l 2 -16 32 
4i 16-8i -32 
-1 2-4 —8i 0 


4i |-1 2+4 -8i 


Zeros: x = +4, 2 


47. h(x) = 2x + 4x3 — 2x? +5 
h(x) has three variations in sign, so / has either three or 
one positive real zeros. 
h(-x) = -2(-x)’ + 4(-х) -2(-х) + 5 


= 2x° — 4x3 — 2x7 + 5 


h(—x) has two variations in sign, so / has either two or 


no negative real zeros. 


The zeros of f(x)are x = –1, х = p and x = 6. 
49. Because the denominator is zero when x + 10 = 0, the domain of f is all real numbers except x = —10. 
x -11 | -10.5 | —10.1 | —10.01 | —10.001 | ә -10 
f(x) | 33 63 303 3003 30,003 — өө 
x -10 < | -9.999 —9.99 -99 | -9.5 | -9 
f(x) | -= — | -29,997 | -2997 | -297 | -57 | -27 


As x approaches —10 from the left, f(x) increases without bound. 


As x approaches —10 from the right, f(x) decreases without bound. 


Vertical asymptote: x = —10 


Horizontal asymptote: y = 3 
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51. f(x) = 2 


(a) Domain: ай real numbers x except x = 0 
(b) No intercepts 
(c) Vertical asymptote: x = 0 


Horizontal asymptote: y = 0 


САР" -3 | -2 34211723 
Е 4 4 
х —— | -2 | -4 |4 [2 | = 
fe) 3 3 
À 
a4 
3+ 
" 
— M — —— am: 
-3-2-1 | 12 3 4 
-3- 
x 
53. /(х) = ae @ |. в еа ee t: | ades еа oos 
(a) Domain: all real numbers x f(x) _5 3 1 1 0 _1 _1 _3 5 
exceptx # +4 9 7 6 15 15 6 
(b) Intercept: (0, 0) | 
(с) Vertical asymptotes: x = +4 
Horizontal asymptote: y = 0 
6x? — 11 3 3x - (2x - 3 2x - 3 1 
55. f(x) = 2-07 асл ы 2, 
3х - х x(3x — 1) x 3 


(a) Domain: all real numbers x except x = 0 and x = ; 


(b) x-intercept: E o) 


(c) Vertical asymptote: x = 0 


Horizontal asymptote: y = 2 


>< 


Ol | (41112153 


Alon] ь 


7 
f(x) 3 5 -1 


Nile 
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3 
51-25 шээг 


x +1 х2-1 


(a) Domain: all real numbers x 


(b) Intercept: (0, 0) 


(c) Slant asymptote: y = 2x 


(@ |. -2 |a loli 
16 16 
x нэ -1 011 I 
fe) 5 5 


59. С = —29P 0< p < 100 
0-р 
(a) 4000 
0 100 
0 
528(25 
(5) When p = 25,C = T $176 million. 
100 — 25 
528(50 
When p = 50,C = ээ = $528 million. 
100 — 50 
528(75 
When p = 75, C = um) = $1584 million. 
100 — 75 


(c) As p 100, C — œ. No, the function is 
undefined when p = 100. 


. False. The domain of f(x) = 


Review Exercises for Chapter 2 115 


12x? + 5x < 2 
12x? + 5x -2« 0 
(4х – 1)(3x + 2) < 0 


2 
Key numbers: х = E. x= 


Test intervals: | —ee, 2 3 21 > Ls 
3 3 4) ‘4 


Test: Is (4х – 1)(3x + 2) < 0? 


By testing ар x-value in each test interval in the 


А . : : 2 
inequality, you see that the solution set is “ага! 


2 2 3 
x*l x-l1 
2(x - 1) - 3(x + 1) 

(x + 1)(х - 1) 
2x -2—- 3x – 3 

(x + 1)(x - 1) 
-(х + 5) 2 
Und. 
Key numbers: x = -5,x = +1 

Test intervals: (—ee, —5), (—5, –1), (—1, 1), (1, e») 
-(х + 5) 2 
(x + D(x = 1) 


<0 


Test: Is ? 


By testing ап x-value in each test interval in the inequality, 


you see that the solution set is [-5, —1) U (1, =). 


_ 1000(1 + 37) 
70844 
1000(1 + 32) 
5-1 
2000(5 + £) < 1000(1 + 3r) 
10,000 + 2000; < 1000 + 3000t 
-1000: < —9000 
t 2 9 days 


P 


^ 


2000 < 


IA 


is the set of all real 
x 1 


numbers x. 
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Problem Solving for Chapter 2 


1. f(x) = a? + b? + сх + d 


ax? + (ak + b)x + (ak? + bk + c) 


x- Wax’ + bx? + cx +4 
ax? – аю? 
(ak + b)x? + cx 
(ak + b)x? — (ak? + bk)x 


(ak? + bk + с)х + а 
(ak? + bk + c)x - (ak? + bk? + ck) 


(ak? + bk? + ck + d) 
So, f(x) = ах? + bx? + ex +d = (x - Юа + (ak + b)x + (ak? + bx  c)| + ak? + bk? + ck +d and 


f(x) = ak? + bk? + ck + d. Because the remainder is r = ak? + bk? + ck + d, f(k) = r. 


3. V =1-w-h = x(x + 3) 
хї(х + 3) 

x3 + 3x? – 20 = 0 
Possible rational zeros: +1, +2, +4, +5, +10, +20 


20 


(x - 2)(x? + 5x + 10) = 0 


-5 t V15i 
2 


Choosing the real positive value for x we have: x = 2 and x +3 = 5. 


х= 20гх = 


The dimensions of ће mold аге 2 inches х 2 inches х 5 inches. 


5. (а) y = ax? +bx+c (b) Enter the data points (0, —4), (1, 0), (2, 2), (4, 0), 
(0,-4): -4 = а(0)? + b(0) + с (6, —10) and use the regression feature to obtain 
-4 0 y2-x t*5x-4. 
(4,0): 0 = a(4) + b(4) - 4 7. f(x) = (x - Bale) + 
OS ides Aad кее) (a) Cubic, passes through (2, 5), rises to the right 
0 = 4a+b-1 or b=1-4a 
(1,0): 0 = аа xcu One possibility: 
4=a+b f(x) = (x-2)? +5 
4 = a + (1 — 4a) =x -2x +5 
4-1-3а (b) Cubic, passes through (—3, 1), falls to the right 
3 = -За One possibility: 
Mic f(x) = Hx + 3)x? +1 
элс: = х? – 302 +1 
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9, (а + Ы)(а - 5) = а? -abi + abi- bP = а? +b’ 
Since a and Б аге real numbers, a? + b? is also a real number. 


ax 
(x - by 
(а) b + 0 = x = bisa vertical asymptote. 

a causes a vertical stretch if |a | > landa vertical shrink if 0 « a | < 1. For |a | > 1, the graph becomes wider as |a | 


1. f(x)- 


increases. When a is negative, the graph is reflected about the x-axis. 
(b) a + 0. Varying the value of b varies the vertical asymptote of the graph of f. For b > 0, the graph is translated to the 
right. For b < 0,the graph is reflected in the x-axis and is translated to the left. 


13. Because complex zeros always occur in conjugate pairs, and a cubic function has three zeros and not four, 
a cubic function with real coefficients cannot have two real zeros and one complex zero. 
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Chapter 2 Polynomial and Rational Functions 


Practice Test for Chapter 2 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


. Sketch the graph of f (x) = x? — 6x + 5 and identify the vertex and the intercepts. 


. Find the number of units x that produce a minimum cost C if 


C = 0.01x? — 90x + 15,000. 


. Find the quadratic function that has a maximum at (1, 7) and passes through the point (2, 5). 
. Find two quadratic functions that have x-intercepts (2, 0) and (4, 0). 


. Use the leading coefficient test to determine the right and left end behavior of the graph of the polynomial function 


f(x) = -3x5 + 2x) – 17. 


. Find all the real zeros of f(x) = x — 5x5 + 4x. 

. Find a polynomial function with 0, 3, and —2 as zeros. 

. Sketch f(x) = х? — 12x. 

. Divide 3x* — 7x? + 2x — 10 by x — 3 using long division. 

. Divide x? — 11 by x? 2x - 1. 

. Use synthetic division to divide 3x? + 13х* + 12x — 1 by x + 5. 


. Use synthetic division to find f(-6) given f(x) = 7x? + 40x? — 12x + 15. 


. Find the real zeros of f(x) = х? — 19x — 30. 


Find the real zeros of f(x) = xf + х? — 8x7 — 9x – 9. 
List all possible rational zeros of the function f(x) = бх? — 5x? + 4х — 15. 


20.2 10 
3X + 9x 2s 


Find the rational zeros of the polynomial f(x) = x = 
Write f(x) = x^ + x) + 5x — 10 as a product of linear factors. 


Find a polynomial with real coefficients that has 2, 3 + i, and 3 — 2i as zeros. 


Use synthetic division to show that 3i is а zero of f(x) = x? + 4x? + 9x + 36. 


Sketch the graph of f(x) = zol and label all intercepts and asymptotes. 


X 
i 8x? – 9 
Find all the asymptotes of f (x) = Я 
x^ +1 
2 225 
Find all the asymptotes of f(x) = === 
БЭ 
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23. Given z, = 4 — 3i and 2› = —2 + i, find the following: 
(а) д —z» 
(b) 2125 
(с) 21/2, 


24. Solve the inequality: x? — 49 < 0 


25. Solve the inequality: = 


IV 
о 


x-7 
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НАРТЕК 3 


Exponential and Logarithmic Functions 


Section 3.1 Exponential Functions and Their Graphs 


1 


3. 


10. 


11. 


12. 
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. transcendental 


The graph of f (x + 1) is a horizontal shift one unit to 
the left of f(x) = 5". 


. f(1.4) = (0.9)^ = 0.863 


5000(27'5) 
1767.767 


. 715) 


1 


Jf) = 2" 
Decreasing 
Asymptote: y = 0 
Intercept: (0, 2) 
Matches graph (d). 


f(x) «2541 
Increasing 
Asymptote: y = 1 
Intercept: (0, 2) 


Matches graph (c). 


f(x) = 2" 
Decreasing 
Asymptote: y = 0 
Intercept: (0, —1) 


Matches graph (a). 


Ja) = 27 
Increasing 
Asymptote: y = 0 
о 1 
Intercept: (0, 1) 


Matches graph (b). 


13. f(x) = 7° 
x -2 -1 0 2 
f(x) | 0.020 | 0.143 | 1 49 
1 2 
4 | 16 
x -2 -1 0 1 
f(x) | 0.016 | 0.063 | 0.25 | 1 


121 


122 Chapter 3 Exponential and Logarithmic Functions 


19. f(x) 2 27! +3 33. f(x) = 3е"'* 


x 23 -21-11011 х 8 7 6 5 4 


0.149 | 0.406 | 1.104 | 3 


TRE ——— t — € 
-8-7-6-5-4-3-2-1 | 1 
21, 352527 
3-0 35. f(x) = 2e? +4 
хал х E 4 0 1 2 
x= 
f(x) | 4.037 | 4100 | 4.271 | 4.736 | 6 
23. (2) = 32 Asymptote: у = 4 


y 


25. f(x) = 3%, g(x) = 3* +1 


Because g(x) = f(x) + 1, the graph of g can be 


obtained by shifting the graph of fone unit upward. I 
27. f(x) = 10*, g(x) = 10+ 
аена 37. s(t) = 2205 
Because g(x) = /(—х + 3), the graph of сап be 5 
obtained by reflecting the graph of fin the y-axis and 
shifting f three units to the right. (Note: This is 


equivalent to shifting f three units to the left and then 
reflecting the graph in the y-axis.) 


29. f(x) = е" 


39. g(x) -1467 
el? = 6.686 


= 
рас 
= 
co 
e 
Il 
ь 


31. f(6) = 5000е%%9 = 7166.647 


-3 3 
0 
41 ert2 = e 
3х+2=3 
3х = 1 
х= 1 


© 2022 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, іп whole or in part. 


43. 


45. 


47. 


49. 


51. 


53. 


55. 


57. 


Section 3.1 Exponential Functions and Their Graphs 123 
ge? = e 
х2 —3 = 2x 
x? —2x-3=0 
(x — 3)(x +1) = 0 
x=3 or x=-l 
Р = $1500, r = 2%, = 10 years 
nt 10n 
0.02 
Compounded n times per year: A = 40 + 3 - so + om) 
n n 
Compounded continuously: А = Pe" = 1500e°°%) 
nl 2 4 12 365 Continuous 
A | $1828.49 | $1830.29 | $1831.19 | $1831.80 | $1832.09 | $1832.10 
Р = $2500, r = 4%, = 20 years 
nt 20n 
0.04 
Compounded n times per year: A = 40 + 3 - 2500 + он 
п п 
Compounded continuously: 4 = Pe" = 2500099409) 
п |1 2 4 12 365 Continuous 
A | $5477.81 | $5520.10 | $5541.79 | $5556.46 | $5563.61 | $5563.85 
А = Ре" = 12,000е%%* 
А | $17,901.90 | $26,706.49 | $39,841.40 | $59,436.39 | $88,668.67 
А = Ре" = 12,000£^065 
t 10 20 30 40 50 
A | $22,986.49 | $44,031.56 | $84,34425 | $161,564.86 | $309,484.08 
А = 30,0002) ~ $104,710.29 
C(t) = 29.88(1.04)' 
Ten years from today, £ = 10: C(10) = 29.88(1.04)" = $44.23 
5 гүү24100 t 
0 = 163) 59. (a) V(t) = saa 7) 
(a) Q(0) = 16 grams тү 
(b) V(4) = 52,490|-| = 30,769 infections 
(b) 0(75,000) = 1.85 grams 8 
(с) ж 61. True. The line у = —215 а horizontal asymptote for the 


graph of f(x) = 10* — 2.As x > —-ee, f(x) > -2 


but never reaches —2. 


0 150,000 
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63. f(x) 


69. 


! 
чә 
ч 
o 


As x increases, the graph of у; approaches e, which 


15 y. 


(a) 


(b) 


At x = 2, both functions have a value of 4. The 
function y, increases for all values of x. The function 
у» is symmetric with respect to the y-axis. 


x 3 
yx 23|ly,2x 


3 


zi 
Both functions are increasing for all values of x. For 
x > 0, both functions have a similar shape. The 
function у» is symmetric with respect to the origin. 
In both viewing windows, the constant raised to a 


variable power increases more rapidly than the 
variable raised to a constant power. 


-1 


Decreasing: (759, 0), (2, со) 
Increasing: (0, 2) 
Relative maximum: (2, 4e?) 


Relative minimum: (0, 0) 


(b) g(x) = x2?" 


6 


-2 


Decreasing: (1.44, өө) 
Increasing: (—оо, 1.44) 


Relative maximum: (1 .44, 4.25) 


73. The functions (c) A(x) = 3* and (d) k(x) = 2 “аге 


exponential. 
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1 81. f(x) =|x + 2| 


domain of f:x > —2, range of f: y 2 0 


x 
mec f(x) =|x * 2| 
y = |х + 2] 


х 
E хэу-2 
х-2-у 


So, ТЭ =x-2. 


domain of /7:х 2 0, range of /7:у 2 -2 


83. f(x) = (x + 6) 


domain of f: x > —6,range of f: y 2 0 


F(x) 


x + 6) 


2 


( 

(x + 6) 
(==) +1 Vx = инч 

bes Vx -6=y 

e So, f(x) = Vx - 6 


domain of f~': x 2 0, range of f: y > —6 


22-2хҮх-2 85. f(x) --232-5 
1-х+х- 2 
= domain of f:x 2 0, range of f:y € 5 
= — = y 
E f(x) = —2х? + 5 
r- y=-2x +5 
(ло) = | -H : 
8 BST 2x *1 3 х= -2у +5 
х +1 x-52-2y 
_ fer) = (2x +1) 5-x-2y 
(2x + 1) - 2(x + 1) Ec 
| x+1-2x-1 2227 
2x *1—2x - 2 5-х X2 
M A y” 
= 2(5 – x) 
(b) : 2 =y 
—2(x -5 
So, / (х) = Б 


х domain of /7 (х) х € 5, range of f'(x): y > 0 
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87. f(x) 2|x - 4|+1 
domain of f: x 2 4, range of f: y 2 1 


f(x) = |х - 4|-1 


узтх-3 
хэу-3 
x+3=y 


So, (х) = x + 3. 


domain of f": x 2 1, range of ў: y > 4 


Section 3.2 Logarithmic Functions and Their Graphs 


1. logarithmic 31. log 11 = log(x? + 7) 
3. natural; e 11 = 2? +7 
х2 = 4 
5. (а) log, а" = x Іов, а = x 
b Eu) 
(b) blog, у? = у? 
33. 
: t -21-1101112 
7. ов,16-2- 4 = 16 
FST || ae ls (117148 
1L 422221 
9. logy 812222 9 51 
t 49 | 7 | 1 | 74 49 
. 59 = 125 = log; 125 = 3 
" вакс g(t) = log;t |-2:1-1101112 
34 12 
13. 4 = = ийн y 


15. f(x) = log, x 
/ (64) = log, 64 = 6 because 2° = 64 


17. f(x) = log x 80) 

70100) = log 10 = 1 because 10! = 10 5457 
19. g(x) = log, x ” 

gle>) = log, Vb = log, b!? = i Utd -21-110(1112 
2. f(x) =1 f= 6 | ae [е | 1] 6 | 36 

А x) = log x 

f (12.5) = log 12.5 = 1.097 t 3 | 61116136 

23. f(x) = log x g(t) =logst | -2 | -1 [о (1 |2 


f(2) = log(Z) = -0.058 Р 
25. logs 8 = 1 because 8! = 8 


27. log, л? = 2 because л” = л” 


29. log;(x + 1) = log; 6 
х+1= 6 


х= 5 
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37. f(x) = log; x + 2 43. y = log x +1 
Asymptote: x = 0 Domain: (0, =) 
Point on graph: (1, 2) x-intercept: 
Matches graph (a). log; x +1 = 0 
The graph of f(x) is obtained from g(x) by shifting log; x = -1 

42 
the graph two units upward. 3 =x 

12 

з = X 


38. f(x) = log;(x — 1) 


: (1 
Asymptote: x = 1 The x-intercept 18 (4, 0) 


Point on graph: (2, 0) Vertical asymptote: x = 0 

Matches graph (d). у = 10рух +1 

f(x) shifts g(x) one unit to the right. орз х= у- 1 5 37 = х 
x| ile П 8 9 


39. f(x) = log;(1 — x) = log;| -(x - ї 


Asymptote: х = 1 


у|-110111213 


Point on graph: (0, 0) 1 


Matches graph (b). 
The graph of f(x) is obtained by reflecting the graph 


of g(x) in the y-axis and shifting the graph one unit to m: 
the right. 


40. f(x) = -log x 
Asymptote: x = 0 45. f(x) = —log,(x + 2) 


Point on graph: (1 0) Domain: x + 2 > 0 > x > -2 


Matches graph (c). The domain is (-2, со). . 
f(x) reflects g(x) in the x-axis. хаан 
41. f(x) = log, x 1 0 = —log.(x + 2) 
Domain: (0, =) И: цайн ай 
= 6 =x+2 
x-intercept: (1, 0) | . 12289 
Vertical asymptote: х-0 ^! -l=x 


The x-intercept is (—1, 0). 


у = 1ор,х = 4” = х 


4 31111412 Vertical asymptote: х-2-0-х--2 
4 
10) аот жее ке 
2 
-y = 108,(х + 2) 
67-2 = х 
5 35 
* 4 1 rs 136 


f(x) 1-110 [1 2 
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128 Chapter 3 Exponential and Logarithmic Functions 


47. у= (3) 67. f(x) = (х — 4) 


Domain: x -4>0>5x>4 
Domain: - >d0>x>0 The domain is (4, оо). 


The domain is (0, ec). x-intercept: 0 = In(x — 4) 


e -x-4 
А х y 
x-intercept: ТӨ = 0 А o mx 
"T The x-intercept is (5, 0). 
=10°  *T 
24 Vertical asymptote: х-4-0-х-4 


x 4.5 516 7 


f(x) | -0.69 | 0 | 0.69 | 1.10 


Vertical asymptote: - -0-х-0 


The vertical asymptote is the y-axis. 


X -2 
y -4 
Да 25 69. g(x) = In(—x) 
y | 70.069 | 0 | 0.06 Domain: -x >0 > x < 0 
The domain is (7, 0). 
49. In = -0.603.., > e 95. = T 
x-intercept: 
51. In 250 = 5.521... > е591- = 250 0 = In(-x) 
e = -x 
53. e? = 7.3890... — In 7.3890... = 2 PN 
The x-int tis (-1,0). 
zm rei She My e x-intercept is (-1, 0) 
Vertical asymptote: -x = 0 > x = 0 
57. f(x) = 8Inx 4 05 1 2 3 
18) = 8 In (18) = 23.123 
аан) g(x) | -0.69 | 0. | 0.69 | 110 
59. g(x) = 8Inx , 
s( 5) = 81n V5 = 6.438 2 


61. е" = 4 


63. 2,51 = 2.5(0) = 0 


65. Ine"* 2 Ine! = 1 


© 2022 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, іп whole or in part. 


Section 3.2 Logarithmic Functions and Their Graphs 129 


71. f(x) = In(x - I) 81. f(t) = 80 – 17 log(t + 1),0 < £ < 12 
(a) 100 
0 9 
-3 ВБ 12 
73. In(x + 4) = 012 (b) (0) = 80 – 17 1061 = 80.0 
х+4 = 12 


(с) f(4) = 80 – 17 log 5 = 68.1 
Е (d) f(10) = 80 – 1710611 = 62.3 
75. n(x? - х) = 6 
"-— 83. 
x!-x-620 
(x — 3)(x + 2) = 0 


x = -20гх =3 


77. t = 16.708 nf 2 
x — 750 


(a) When x = 897.72: = 16.708 nf 2225 True. The graph of f(x) = In(-x) is a reflection of 
897.72 — 750 | 
= 30 years h(x) = e “inthe line y = —x. 
When x = 1659.24: 1 
85. f(x) = log, x contains the point (эг 2| Substitute 
t = 16.708 1503 К 
1659.24 — 750 these values in the equation for f'and solve for b. 


= 10 years 1 
2 = log, (x) 
(b) If x = 897.72 for 30 years. Then the total amount 81 


paid is (897.72)(30)(12) ~ $323,179 and the total 


p = — 
interest is 323,179 — 150,000 = $173,179. ши 
1 
If x = 1659.24 for 10 years, then the total amount b= 9 
paid is (1659.24)(10)(12) = $199,109 and the total 
interest is 199,109 — 150,000 = $49,109. 87. The ordered pairs (1, 0), (2, 1), and (8, 3) model the 


logarithmic function y = log, x. 

(c) The vertical asymptote is х = 750. The closer the . шин | 

payment is to $750 per month, the longer the So, y is a logarithmic function of x. 
length of the mortgage will be. Also, the monthly 


payment must be greater than $750.00. 


@ r | 0.005 | 0.010 | 0.015 | 0.020 | 0.025 | 0.030 


t | 138.6 | 69.3 | 46.2 | 34.7 | 27.7 | 23.1 
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5 


89. (a) 


0 20 


-2 


(b) Using the graph from part (a), g(x) = xl? is increasing at a greater rate than f(x) = In x as 


x approaches infinity. 


(c) р 


91. (х795)х5) = x ys = xy, х #0 


93 im e uie РЕР 
тп п 
5х + 3 
95. x 4)5х2 – 17x – 12 

5x? – 20x 

3x —12 
3x - 12 
0 

ST езана 


99. f(x) = x 3, g(x) = 4х +1 


(а) /(в(х)) = (4х +1) = (4x 41) -32 4x - 2 


When п =3, f(x) = In x is increasing at a greater rate than g(x) =x", 


When п = 5, f(x) = In x is increasing at a greater rate than g(x) = х”, 


ya 


When п = 4, f(x) = In x is increasing at a greater rate than g(x) aN 


15 


As n increases, n = 2, 3, 4, ..., the rate at which у = x" increases decrease. 


97. x-6) –х* + 180x 
—x* + 6x) 
—6x? + 180x 
-6x) + 36x? 
-36x? + 180x 
-36x? 216x 
—36x 
-36x + 216 
- 216 
GER = LX — 6x? — 36x — 36 cl 


(0 g(fG)) = g(x - 3) = 4x- 3)+1 = 4x-12+1= 4x- 11 


(с) 2(0(х)) = g(4x +1) = 44x +1) +1 = 16х+4 +1 = 16х + 5 


© 2022 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, іп whole or in part. 


f(x) = Vx? = 9, g(x) = — 

® fe) = {-4)= JH) -9 =- 5 - 

€) e(/(9) = s(V* - 9) = - — 
x, x #0 


Section 3.3 Properties of Logarithms 


10. 


11. 


13. 


15. 


17. 


. (а) log; 16 = 


. (a) log, — 


. log; 17 = 


. change-of-base 


. Using the change-of-base formula: 


In 24 


log, 24 = 
B In 3 


log 16 
log 5 


In 16 


b) log; 16 — 
(b) log; in5 


3 _ log(3/10) 


10 log x 
In(3/10) 


3 
DEC © 
GO EI Ua 


log17  In17 
log3 №3 


= 2.579 


log 12 _ №12 _ 
10204 0.4 


2.712 


logy, 12 = 


log 0.5 In 0.5 
log т In т 


log, 0.5 = 0.606 


u 


log; 35 = log; (5 · 7) 
= log; 5 + log; 7 


log; (2) = log; 7 — log; 25 


= log, 7 – log, 5? 


log; 7 — 2 log; 5 


log; (21 = log; 21 - log, 5 
= log; (3 - 7) — log; 5 
log; 3 + log; 7 — log; 5 


1 + log; 7 — log; 5 


Section 3.3 Properties of Logarithms 131 


19. log; 9 = 2 log; 3 = 2 


23. log,(—2) is undefined. —2 is not in the domain of 


log; x. 


25. In e) = In e^ 


27. ne? + Ше = 2+5 = 7 


29. log; 75 — logs 3 = log, 2 
= log; 25 
= log, 5? 
= 2 log; 5 
2 


31. log,8 = log, (4 · 2) 
= log, 4 + log, 2 


= log, 4 + log, 4? 
2 1 


3 
2 
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132 Chapter 3 Exponential and Logarithmic Functions 


33. log, 10 = log, 2.5 39. log, (25) = -2 log, 2b 
= log, 2 + log, 5 = —2(log, 2 + log, b) 
= 0.3562 + 0.8271 


u 


-2(0.3562 + 1) 


= 1.1833 
—2.7124 


1 


35. log, 0.04 = log, + = log, 4 
8» 89 тоб 8» 25 4l. In 7x = 7 + ln x 


= log, 1 – log, 25 


= log, 1 - log, 5? 43. log; х“ = 4 logg x 

= 0 – 2 log, 5 
5 

= —2(0.8271) 45. log;— = log; 5 — log; x 
x 

= -1.6542 = 1 — log, x 


37. log, 45 = log, 9.5 
: ; 47. In Vz = In z? =1Inz 
= log, 9 + log, 5 2 


= 2 
= log, 3° + log, 5 49. In xyz? = Inx + In y + In 2° 
= 2log, 3 + log, 5 

= 2(0.5646) + 0.8271 


= 1.9563 51. Inz(z - 1)? 


Inx+Iny+2Inz 


In z + In(z - 1? 
Inz+2n(z-1),z>1 


2-4 
53. log, 2523 = log; Va? — 4 — log, 7 


= log, (а? - 4)” - log, 7 

= + log, (а? - 4) - log, 7 

= + log, [(a - 2)(а + 2)] — log; 7 

= Hog, (a — 2) + log,(a + 2) | — log, 7 


= 1 log; (a - 2) + 1 log; (a + 2) – log, 7 


х? y y 
55. log; S| = logs x^ — logs y^z 59. In x?, [= = In x? + In, |= 
yz 2 2 


= log, x? - (logs y? + logs 2) 


ll 
- 
5 
з 


= 2 log; x — 2 log; y — 3 log; z 


2 22 2 
57. In, | = 10 5 15 
y y 2 Ху 


ie Дау 
= jun х In y^) 61. In ¢[x°(x? + 3) = tin ХХ + 3) 


ES $(2In x - 31n y) - Hin х? + In(x? + 3)| 


3) | 


= 3 In x + 4 In(x? 3) 


In x? + [пу - In 2] 


ur eine 
2 2 


21 2 
-hx-lhy = 13 In x + In(x 4 


63. In 3 + In x = In(3x) 
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65. 


67. 


73. 


75. 


77. 


79. 


3 log;(z — 2) = log;(z - 2j? 


Іор з 5x – 4 log; x 


log; 5x — log; x^ 


log ; | 
log ; | 


5х 


5 


х 


=) 


| 
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69. log x + 2 log(x + 1) = log x + log(x + 1)? 


71. log x — 2 log y + 3 log z 


x 
In x — | In(x + 1) + In(x — 1)| = In x — ln(x + 1)(x - 1) = In ——— — 
[In + 1) + щх = 1] Ыз 
1 2 | dr 2 2 
22 In(x + 3) + In x - In(x = 1) Е 5 ne +3) + ах - In(x = | 
- DES i з) | In(x? i) 
2L 
1 x(x + зу 
= — In 2 
2 x —1 
1, | x(x + 3) 
= —]n 7 
2 x -=l 
+3 
= In a ) 
x -1 
x 1 2 3 4 5 6 
y 2.500 | 2.102 | 1.900 | 1.768 | 1.672 | 1.597 
In x 0 0.693 | 1.099 | 1.386 | 1.609 | 1.792 
Iny | 0.916 | 0.743 | 0.642 | 0.570 | 0.514 | 0.468 
Iny 
n 
2.0 + 
1.5 + 
i ee 
> Inx 
05 10 15 20 
The slope of the line is -1 So, In y = E In x + In - 
Weight, x 25 35 50 75 500 1000 
Galloping Speed, y | 191.5 | 182.7 | 173.8 | 164.2 | 125.9 | 1142 
In x 3.219 | 3.555 | 3.912 | 4.317 | 6.215 | 6.908 
In y 5.255 | 5.208 | 5.158 | 5.101 | 4.835 | 4.738 


In y = -0.14 In x + 5.7 


log x(x + 1? | 


log x — log у> + log z? 
log% + log г? 
y 


xz? 
log—- 
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81. (а) © (b) 7-21 = 544(0.964) 
Т = 54.4(0.964)' + 21 
See graph in (a). 
5 
(0) t(in minutes) | T (°C) | T -21(*C) | шТ-21 | 1/(T - 21) 
0 78 57 4.043 0.0175 
5 66 45 3.807 0.0222 " M 
0 
10 57.5 36.5 3.597 0.0274 
15 51.2 30.2 3.408 0.0331 шон ви 
T = g90971397 ү 2] 
20 46.3 25.3 3.231 0.0395 . "Vw : 
This graph is identical to T in (b). 
25 42.5 21.5 3.068 0.0465 
30 39.6 18.6 2.923 0.0538 
(d) P yes 0.00121 + 0.016 
T-21 
Т = l + 21 
0.001 + 0.016 
80 
e ba 
e e. 
LJ е TM 
30 0 30 
0 
83. f(x) = |0 х 91. y; 2 Inx - In(x - 3) 
False, f(0) z 0 because 0 is not in the domain 
of f(x). 
f( 21120 
85. False. The graphing utility does not show the functions with the 
x same domain. The domain of y, = In x — ln(x — 3) is 
f(x) - f(2 = nx -In2 = In= z ln(x - 2) 1 
1 (3, =) and the domain of у, = In 3 18 
PES 
87. False. (-өө, 0) U (3, =). 
f(u)22f(v) > Inu = 2 
= 2 296: 
Inv Inu =Inv и = у 93. log, 32 = log, 32 — log, 4 = log, 32 
4 log, 4 


89. The power property cannot be used because In e is | | 
The second and third expressions are equal by 


raised to the second power, not just e. Property 2 


A correct statement is (In e) = (1)? = 1 
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99. 


101. 


103. 


105. 


107. 


Section 3.3 Properties of Logarithms 


f(x) = log, x = ОЁХ c ШЫХ 97. f(x) = logy x 
logg2 12 log x In x 
з ~ log(/4) 0/4) 
2 
=8 6 
-1 5 
-3 
-2 
In 2 = 0.6931, In3 = 1.0986, In 5 = 1.6094 
Inl = 0 
In 2 = 0.6931 
In 3 = 1.0986 
In4 = In(2 : 2) = 2+ In 2 = 0.6931 + 0.6931 = 1.3862 
In 5 = 1.6094 
In6 = In(2 . 3) = In2 + In 3 = 0.6931 + 1.0986 = 1.7917 
In8 = 12% = 302 = 3(0.6931) = 2.0793 


In9 = In3? = 21n3 = 2(1.0986) = 2.1972 

In 10 = (5 - 2) = In 5 + In 2 = 1.6094 + 0.6931 = 2.3025 

In 12 = In(2? - 3) = In 2? + In3 = 21n 2 + In 3 = 2(0.6931) + 1.0986 = 2.4848 
In 15 = In(5- 3) = In5 + In3 = 1.6094 + 1.0986 = 2.7080 

In 16 = In 2* = 4In2 = 4(0.6931) = 2.7724 

In 18 = In(3* - 2) = In 3 + In2 = 21n3 + In 2 = 2(1.0986) + 0.6931 = 2.8903 


In 20 = (5 - 22) = In5 + In2? = In5 + 21n 2 = 1.6094 + 2(0.6931) = 2.9956 


x(x + 5) = 24 109. x? — 5x = 0 
x? + 5х — 24 = 0 x(x — 5) = 0 
(x + 8)(х – 3) =0 x = 0,5 
x = —8,3 
111. х? =3х +4 
х - 44/х +3 = 0 x? - 35-4 = 0 
(Vx - 3)(Vx - 1) = 0 (x — 4)(x + 1) = 0 
Мх =3 5 х= 9 Б 
Мх =15 х =1 113. x? + 8х +16 = 0 
Solutions: х = 1,9 (x + 4)’ =0 
5 = 625 = 
5х = 54 ? 
4 115. (а) (1, 2): 2-4/5-1 
x= 
et = 2 2= V4 
2-22 
Ese 3 Yes, the point is on the graph. 
x=- 


? 


(b) (5,0): 0 = V5—5 
0=0 
Yes, the point is on the graph. 


135 


© 2022 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


136 Chapter 3 Exponential and Logarithmic Functions 


2 
117. (a) (2, 3): 3 = [2-1] +2 119. (a) (4,10): 10 = 4? + 2 
3=1+2 10 = 8+2 
323 10 210 
Yes, the point is on the graph. Yes, the point is on the graph. 
? . = 3/2 3/2 
(5) (1,0) 0 = |-1- 1|42 (b) (4 -6) -6 = (4) +2 = (4) 
? is undefined. 
d pre No, the point is not on the graph. 
024 


No, the point is not on the graph. 


Section 3.4 Exponential and Logarithmic Equations 


1. (а) х= у 11. nx -1n220 
(b х=у In x = In 2 
() x TER 
d 
(d) x 13. е =2 

3. To solve 5* = 125, rewrite 125 as 5°. Ine* = In2 
Then by the One-to-One Property, x = 3. =e 

x = 0.693 

5. 4977 = 64 

15. In x = -1 

(a) х= 2 Inx — 2-1 

2(2)-7 _ 43 = 1 64 Í mai 

4 = Au хо= е“! 

No, x = 2 is nota solution. x = 0.368 
— 

(b) ХОЛ 2(1084 64 + 7) 17. log, x = 3 
420120084 64-7))-7 = 64 4 logyx — 43 
A(log4 64+7)-7 = 64 x= 43 
4G+7)-7 = 64 x = 64 


4 = 64 19. f(x) = g(x) 


Yes, x = l(log, 64 + 7) is a solution. 


25-28 
X03 
7. 1о8х(х + 3) = 10 РЕТ 
x -3 


(а) x = 1021 
log,(1021 + 3) = log,(1024) 


Point of intersection: 
(3, 8) 
Because 2!° = 1024, x = 1021 isa solution. 


к ЖИЕ цу! 
(b x 210-3297 21. е =e 


08:(97 + 3) = log,(100) noes 
0-x-x-2 
Because 2!° 2 100,10? — 3 is not a solution. 0 = (х lx - 2) 
joris x=-lx=2 
4 = 42 
х= 2 
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3*5 
log; 3* = log, 5 
хог log5 BS 
logg3 h3 
x = 1.465 
25. е - 8 = 31 
e* = 39 
ln e* = In 39 


x = 1n 39 = 3.664 


27. 3°-* = 400 
In 327* = In 400 
(2 — x) In3 = In 400 
21n3 — xIn3 = In 400 
-xln3 = In 400 - 21n 3 
xIn3 = 21n3 - In 400 


" 2 In 3 - In 400 
In 3 

yana DS РУ 
In 3 


на 3 
3x = log(3) 
x = $ log(3) 
x = 0.059 
31. e* = 12 
3x = In 12 
хэ M = 0.828 


-2e = -2 
e =1 
x=Inl=0 


Section 3.4 Exponential and Logarithmic Equations 


35. 


37. 


39. 


41. 


8259) -7=9 


82755216 
prt 28 
3 
8 
log, 22! = 28 
3 
log(8/3 In(8/3 
3x -1 = [+] = ӨВ 83) 8873) 
3 log 2 In 2 
log(8 
x = 88) | 1|. o gos 
3| log 2 
4 = 5° 
2 
In 4* = In 5* 
xIn4 = x! In 5 
х2 In5—xIn4=0 
x(xIn5-—In4) = 0 
х= 0 
а ones 
In 5 
е?" — 4е* – 5 = 0 
(e *1(e – 5) = 0 
е = –1 ог e = 5 


(No solution) х = In5 = 1.609 


=5 
1-е" 
1 = 5(1 - e") 
Lb edet 
5 
Se ei aes 
5 
4 xX 
E eee 
5 
4 х 
“= @ 
5 
n er 
5 
iau 
5 
x = —0.223 


137 
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ve 55. log(3x + 4) = log(x – 10 
at \ 5 2o65) 24 ( ) ( ) 
365 3x+4=x-10 
365: 2x = -14 
In} 1 + 0005 = 104 
365 х= –7 
36s wi " rJ NY The negative value is extraneous. 
The equation has no solution. 
t= па = 21.330 2 ГЕ 
365 (1+ 2: 57. log, x — log4(x — jas 
365 
x 1 
L^) 
45. ln x = 3 х-1 2 
x =e? = 0,050 ачи 2 айл 
X _ Ay 
47. 2.1 = In 6x ze 
e?! = бх x = 2(х - 1) 
gl _ x=2x-2 
gs -х=-? 
1.361 = x x22 
49. 3-4Inx =11 59. f(x) 2 5* - 212 250 
шээг Algebraically: 
ln x 2-2 
5* = 212 
29 1 -2 6 
n 2 = 0.135 In 5* = In 212 zo 
xln 5 = In 212 
51. 6 log;(0.5x) = 11 In 212 
x: = 
log;(0.5x) = n In 5 
31083(0.5х) = 31/6 х = 3.328 
The zero is x = 3.328. 
0.5х = 316 
x = 2(3'5) = 14.988 61. g(x) = Ве 7З – 11 
Algebraically: 5 
53. 1 + 5) = ln(x — 1) - (х + 1 
n(x 5) = In(x - 1) ~ n(x + 1) 2 К ! 
In(x + 5) = Е - | gh = 1375 
х +1 
х-1 гаж = |n 1.375 -15 
xe S = 1 3 
x ct 
= —].51n 1.375 
(х + 5)(x +1) = x-1 > 3 
: x = —0.478 
+6x4+5=x-1 
? ? The zero is x = —0.478. 
xX +5x+6=0 
(x + 2)(x +3) = 0 655 iS 3 
= Inx 
х=-2 or x=-3 X 
From the graph, 5 


Both of these solutions are extraneous, so the equation 


has no solution. x = 20.086 when y = 3. 


Algebraically: 
3-Inx =0 22 99 
Inx = 3 < 
x =e = 20.086 
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65. yı = 2 In(x + 3) 75. 2xInx+x=0 
yy =3 x(2Inx + 1) = 0 
From the graph, x = 1.482 when y = 3. 2Inx+1=0 (because x > 0) 
Algebraically: 8 ln x = -i 
2 In(x + 3) 2 3 x = е = 0.607 
In(x RA 3) = Йй -4 8 77. (а) 
x+3 = её? ET 
x = е2 —3 = 1.482 ЕЕ 
67. (а) r = 0.025 PAR 
A = Pe" + 
5000 = 2500e°-025 Height (in inches) 
2 = 005 From the graph you see horizontal asymptotes at 
y = 0 and y = 100. 
In 2 = 0.025t 
n2 These represent the lower and upper percent bounds; 
1025 =t the range falls between 0% and 100%. 
| 100 
t = 27.73 years (b) Males: 50 = | + g 5586-695) 
(b) r = 0.025 —0.5536(х— 69.51) 
l+e -2 
A = Pe" 
-0.5536(х--69.51) — 
7500 = 25002002 е = 1 
3 = 2005 —0.5536(x — 69.51) = In 1 
In 3 = 0.025t —0.5536(x — 69.51) = 0 
In 3 x = 69.51 
=t 
0.025 The average height of an American male is 69.51 
t = 43.94 years inches. 
: 100 
69. 2x7e?* + 2хе?* = 0 females шан 1 + 22058346449) 
(2? + 2х)е?* = 0 1+ g 05894(x-6449) 2-0 
2х2 + 2х = 0 (because ex + 0) ОЕА 
2x(x + 1) = 0 —0.5834(x — 64.49) = In1 
cs —0.5834(x — 64.49) = 0 
x =0,- 
x = 64.49 
71. e" +e* = 0 The average height of an American female is 
- 64.49 inches. 
(-x +1) * = 0 
-x*120 (because e" + 0) 79. N = 5.5 10° 
зо When N = 78: 
ac tne 78 = 5.5 - 109?» 
73. =0 78 
2 42 = 19923 
1+Inx=0 5.5 
In x = -1 logio m = 0.23х 
1 525 
x = e! = — = 0.368 lo 78/5.5 
e x= Jii 8/53) = 5.008 years 
0.23 


The beaver population will reach 78 in about 5 years. 
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81. P-161Int + 236,9 <t <19 89. Yes, a logarithmic equation can have more than one 
Let P = 660. extraneous solution. See Exercise 57. 
660 = l6lIn: + 236 91. Vertical asymptote: x = 2 
424 = 161101 Horizontal asymptote: y = 1 

424 
Int = — 2 
161 9з. Qe?) = 4 
t= 424/161 2. 13.9 
е 4e $ = 4 
The population exceeded 660 thousand in 2013. 2 
In 4e? = In 4* 

83. A = Pe" In 4 + Ine? = xln 4 

(a) A = (2P)e" = 2( Pe”) This doubles your money. 21n2 - 6 = 2xIn2 
(27)t t rt rt t x= pee 
(b) A = Pe Pere e (Pe ) 2112 
(c) A = Pe") = Рече" e" (Pe") x 12-3 43328 
In 2 

Doubling the interest rate yields the same result as 
doubling the number of years. 95 (2k - (8 + In3) 
If 2 > e" (ie,rt < In 2), then doubling your 16k4 = (8 + 1n 3) 
investment would yield the most money. If rt > In 2, 

e ! 16k? = 8 + In3 
then doubling either the interest rate or the number of 
years would yield more money. 12122 8 + In3 

16 

85. log, (uv) = log,u + log,v а £./8 4 In3 2% 
True by Property 1 in Section 3.3. 4 | 

87. log,(u — v) = log,u — log,v (5x3) _ 52-2? 100 
False. "53 х6 x 
1.95 = log(100 — 10) 

+ log 100 — log 10 = 1 
Section 3.5 Exponential and Logarithmic Models 
1 y=a+blnx; y =a +blogx 7. Because A = 100020035, the time to double is given by 
2000 = 1000e°°* and h 
3. An exponential growth model increases over time. ои 
An exponential decay model decreases over time. 2 = e33 
In 2 = In е?" 
шад rt 
DOR In 2 = 0.035 
4 -р ze = 19.8 years 
T 0.035 шэн 
rt 
(b) Ее Amount after 10 years: А = 1000e°** = $1419.07 
A rt 
EREN 
P 
In шив In e" 
P 
In ыг = rt 
P 
In( 4/ P) 


ч 
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9. Because A = 750e" and A = 1500 when t = 7.75, 


11. 


13. 


you have 
1500 = 750e^ 7 
2 2g 
In 2 = Һе?" 
In 2 2 7.75r 
In 2 


r = —— = 0.089438 = 8.943895. 
7.75 
Amount after 10 years: A = 750200998809) < $1834.37 


Because A = Pe9"5' and А = 10,000.00 when 
t = 10, you have 


10,000.00 = Ре? 9519) 
10,000.00 


0.045(10 
2001510) 


= Р ~ 86376.28. 


The time to double is given by 
In 2 


0.045 


t= 


= 15.40 years. 


Р = 1000, ғ = 0.1, A = 2000 


пі 
А = ңі + 3 
п 


nt 
2000 = LE + ч, 
п 
пі 
2 = | + ы, 
п 
(а) п = 1 
(1+ 0.1) = 2 
(13) =o 
In(1.1)' = №2 
tIn1.1 = In2 
In 2 
t= Ee n 7.277 years 
In 1.1 
(b) n =12 


ETT 
яв 
+ 
- | о 
уи 
Мо 
1 
T 
N 


12t x = ]n2 
12 
a ee 
In(12.1/12) 
t= Бе: 1 ше = 6.96 years 


12 In(12.1/12) 


Section 3.5 Exponential and Logarithmic Models 


(c) n = 365 


365/ 
ies шй 
365 


3651 
In 302 = In2 
365 


365¢ In өв = In2 
365 


In 2 
In(365.1/365) 
In 2 
365 In(365.1/365) 


365t = 


u 


6.93 years 


(d) Compounded continuously 


141 
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15. (a) ЗР = Pe" r 294 4% 6% 8% 10% | 12% 
3 = е" 
2: t = —-(yeas) | 5493 | 2747 18.31 13.73 | 10.99 | 9.16 
r 
In 3 
—— = f 
1 
t 
(b) 3P = Р(1 + r) r 294 4% 6% 8% 10% | 12% 
3=(1+7) In 3 
| = dua oe 55.48 | 28.01 | 18.85 | 1427 | 1153 | 9.69 
In3 = In (14 r) n(1 +r) 
In3 2 
In (1 4 7) 


17. у = 4147e??" (t = 1 © April) 


Month | April | May | June July August 
Hits 5611 | 7402 | 9978 13,454 | 18,105 
Model | 5564 | 7466 | 10,018 | 13,442 | 18,036 


The values given by the model are close to the original 
data values. 


Lety = 50,000. 
41476924" = 50,000 
e094" ы 12.0569 
0.294t = In 12.0569 
_ In 12.0569 _ 
~ 0.294 


The website will receive over 50,000 hits in November. 


8.5 (November) 


19. y = ше” 


= ae >l=a 
10 = е) 
In 10 = 3b 
nn = b => b = 0.7675 
So y = e0-1675x 
21. y = ае” 
5 = ае) s5=a 
1 = 5е?® 
lu 
5 
18 - 45 
5 
In(1/5 
au m 
So y = 5e 0404x 


23. 


25. 


а =10,у = }(10 = 5,1 = 1599 
2 


у = ае” 
5 = 1027801599) 


0.5 = e 15995 


In 0.5 = In e 7?» 
In 0.5 = –1599Ь 


ln 0.5 
1599 


Given an initial quantity of 10 grams, after 1000 years, 
you have 


у = [oer ерт grams. 


у = 2,а = 2(2) = 4,1 = 5715 


2 = 4e P6715) 


05 = e 15b 


In 0.5 = Ineo! 
In 0.5 = —5715b 


dn 0.5 
5715 


Given 2 grams after 1000 years, the initial amount is 
2- ае" 0.5) /5715 (1000) 


u 


a « 2.26 grams. 
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27. (a) Bulgaria: (19, 7), (29, 6.5) Because b = 0.00115, 
1389.6 
Let y = ae" So, 7 = ае! and 6.5 = ae?^. а = Toong ^ 1359.6. 
7 7 

v =a 6.5 = se So, у = 1359,6£990115r 
6.5 _ 18 In 2039 (t = 39), y = 1359.6е?°%!!5®9) = 1422.0 
Mor NIS 
7 million people. 


United Kingdom: (19, 65.4), (29, 68.2) 


B 
е 
~| 
Noe 
1 
= 
© 
> 


Let y = ae" so, 65.4 = ае! and 68.2 = ae”. 


т (68) = 
TG 64 о баз = um 
— 0.00741 = b e e 
Because b = —0.00741, 682 = glo 
7 65.4 
а = “1 Сооо741) ^ 8.1. 68.2 
ew In | —— | = 10b 
So, у = 8.1e 990741. 
1 68.2 
E 2 =0.00741(39) .. ЭТР -111|-211-4 
In 2039 (t = 39), y = 8.le 6.1 million 10 ES 
people. 0.00419 = b 
Canada: (19, 37.4), (29, 40) Because b ~ 0.00419, 
= bt = 19b = 29b 
Let у = ae" So, 37.4 = ae ^? and 40 = ае””. цэг 65.4 = 604. 
37.4 31422 шэг 
n = 4 40 — n 5 So, y = 60) 4ед:00419: 
40 _ оф In 2039 (t = 39), y = 60,4ед 909909) = 71.1 
37.4 ET 
ie million people. 
In (=) = 10b United States: (19, 330.3), (29, 353) 
1 | 40 | Let y = ae” so, 330.3 = ае! and 353 = ае??. 
= n — = 
10 4374 330.3 3303 „р 
0.00672 = b Bo Dee ав 
Because b = 0.00672, 353 _ е! 
330.3 
37.4 
а = o0) ^ 32.9. 353 
е In Ёс - 105 
So, y = 32,96000672:, 330.3 
In 2039, (т = 39), у = 32.906209 ~ 42.8 сй eg 
i SS | 10 (3303 
million people 0.00665 = b 
China: (19, 1389.6), (29, 1405.7) Because b = 0.00665, 
Let y = ae" So, 1389.6 = ае! and us 3303 _ 291.1. 
1405.7 = ae’. EM 
1389.6 1389.6. оь So, у = 291.10 P. 
a = а = 14057 = 7-е 
толийн g* * In 2039 (t = 39), у = 291.162^996569 
1405.7 = go = 377.3 million people. 
1389.6 Р 
1405.7 (b) In the model y = ae”, the constant b gives the 
n f 550 1) = 10 growth rate. The greater the growth rate, the greater 
ў the value of b. 
“АД 1405.7 -— 
10 1389.6 
0.00115 = b 
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29. y= ae" 33. R= r e [8223 
When ¢ = 3, y = 100: When t = 5, y = 400: 10 
100 = ае? 400 = ае? Mosis 
814 
100 
-a 5a _1 p 13 
e 102 ~ gi4 
Я 100 ; : r 12 
Substitute Tu. for a in the equation on the right. 07118223 — 10° 
е ын 814 
400 = 100 ,, t 10? 
e? -— = In| — 
8223 g^ 
400 = 100e?” Е 
4 = e”? t = —8223 з = 12,180 years old 
In 4 = 2b 
Я 2 
In 2° = 2b 35. y = 0.0266е7071097/99 79 < х < 116 
2122 = 2b 0.04 


2 =b 
100 100 100 100 100 
a= озь T ыш? Т^ ыз Бин 12.5 
d 70 115 
у= 12.5e 1 2 0 


The average IQ score of an adult student is 100. 
After 6 hours, there are y — 12.5e(^ 2/9 = 800 bacteria. 


31. (0, 575), (2, 275) 


@ т= 2757575 _ —150 
2-0 
V = —150t + 575 
(b) Since V = 575, when 


t = 0,575 = ае?! —› а = 575 


Then 275 = 575680) 
22212556 > k = -0.3688 
575 


V = 575e 03688 


(c) во 


0 5 
0 


The exponential model depreciates faster in the first 


two years. 
d 
(9) t 1 3 
V = -150t + 575 $425 $125 


V = 575g 03888: $397.65 | $190.18 


(e) Answers will vary. Sample Answer: The slope of 
the linear model means that the laptop depreciates 
$150 per year, then loses all value late in the third 
year. The exponential model depreciates faster in 
the first three years but maintains value longer. 
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336,011 1000 
у= ix 2036-0236 (t = 5 ө 1985) 39. p(t) = 13 9,916 m EXT 
a) 1998 (t = 18): 1000 : 
(a) ( ) (а) p(5) = 14 99 94165) = 203 animals 
у= ae = 64,770 sites 
1 + 2932 923608) 1000 
(b) 500 = 0.1656 
2008 (t - 28): 1 + 9e PO! 
| + 9g 9169 2 5 
" 336,011 = 290.797 si 
Е 1 + 293270236028) 2 JURE Qe 1656" = 1 
2015 (t = 35): g 01656 _ 5 
336,011 
= ———__. = 312,340 sit In(1/9 
1 + 293g 923665) ш t= 03 = 13 months 
DESEE (c) 1200 
0 40 
3 0 40 


0 
(c) From the graph, the number of cell sites reached 


240,000 in 2007. 
(d) Let y = 240,000. 


The horizontal asymptotes are p = 0 and 
p = 1000. 


The asymptote with the larger p-value, p — 1000, 


336,011 DA DUNS ў 
240,000 = 14 293002367 indicates that the population size will approach 1000 
as time increases. 
1 + 2036-2362 336,01) 
240,000 


41. B = 10 log вн 1, = 1072 watt/m?. 
1 + 29370236 = 1.40 lo 


293, -0.236/ = 0.40 " 
| (a) f = 10 log 10— = 10 log 10? = 20 decibels 
0.40 TSE 
e 0236 Ss . 
ү b) B = 101 I = 10 10010” = 70 decibel 
—0.236t = In (38) ( ) zi og 10:12 = og = ecibels 
| 293 j 
10 
(c) В = 10 log — = 10 log 10^ = 40 decibels 
= pate In (28) = 27.95 10:12 
0.236 293 : 


10 5 | 
The number of cell sites reached 240,000 in 2007. (d) B = 10 log 1072 ^ 10 log 10° = 90 decibels 


1 
43. В = 10 log — 
10 
I 
Pot 
10 Io 
108/10 = 10198 1/10 
107/10 1 
10 
І = 1,104! 


I,10°3 — 11080 
191093 


ll 


% decrease x 100 = 95% 
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1 
45. R= ogm = log J because Jy = 1. 
0 


(a) R= 76 
7.6 = log I 
1075 = 10087 
39,810,717 = I 
(b) К = 5.6 
5.6 = log I 51. 
1055 = 10087 
102° = T 
398,107 = I 
(c) R = 6.6 
6.6 = log I 
1065 = 10087 
3,981,072 = I 


47. pH = -log|H* | 
-log(2.3 x 105) = 4.64 


53. 


55. 1 = 40.757 + 0.5565 — 15.817 In s 
ty = 1.2259 + 0.00235? 
(a) Linear model: t, = 0.27295 — 6.0143 
Exponential model: t, = 1.5385e°°"* or t, = 1,5385(1.0296)" 


ll 


| 
сл 
oo 
Il 
ын 
o 
ga 
rt 
T 
1 
1-4 


19755 = 10%] 
10:58 = [B+] 


[R+] = 1.58 х 1079 moles per liter 


2.9 = -log H* | 

-2.9 = log] H* | 

[H* | = 107? for the apple juice 
8.0 = -log|H* | 

-8.0 = log] H* | 

| H*] = 107 for the drinking water 


10:29 
10° 
drinking water 


= 107! times the hydrogen ion concentration of 


paslon = 
98.6 — 70 
At 9:00 A.M. you have: 
peti 22-29 «олг 
98.6 — 70 
From this you can conclude that the person died at 
3:00 A.M. 
(D|. 30 |40 |50 | 60 |70 | во |90 
f 3.6 | 4.6 | 6.7 | 94 12.5 | 15.9 | 19.6 
t | 3.3 | 4.9 | 7.0 | 9.5 12.5 | 15.9 | 19.9 
t | 2.2 | 4.9 | 7.6 | 10.4 | 13.1 | 15.8 | 18.5 
t4 | 3.7 | 4.9 | 6.6 | 8.8 11.8 | 15.8 | 21.2 


Note: Table values will vary slightly depending on 


the model used for t4. 


(с) Модеїд: S, =|3.4 - 3.6|+ |5 - 4.6]+|7 – 6.7|+|9.3 – 9.4| - 12 — 12.5] +]15.8 — 15.9|+|20 — 19.6] = 2.0 


Model 5: S, =|3.4 - 3.3|+|5 - 4.9|+|7 - 7|+|9.3 - 9.5| - |12 — 12.5] - [15.8 — 15.9] +|20 – 19.9| = 1.1 


Model 5: 5, =|3.4 - 22|«|5 - 4.9|+|7 – 7.6|+|9.3 – 10.4| - |12 — 13.1| - [15.8 — 15.8] - |20 — 18.5] = 5.6 


Model t4: S4 =|3.4 - 3.7|+|5 - 49| «|? - 6.6|+|9.3 - 8.8) +|12 — 11.8 | |15.8 — 15.8]+]20 - 212| = 2.7 


The quadratic model, /,, best fits the data. 
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57. 


59. 


61. 


63. 


69. 


71. 


73. 


75. 


False. The domain can be the set of real numbers for a 
logistic growth function. 


True. The graph of a Gaussian model will never have a 
zero. 


A Gaussian model will have the maximum value occur at 


the average value of the independent variable. 


An exponential growth model will have a graph which 
shows a steadily increasing rate of growth. 


Review Exercises for Chapter 3 


x 3 x(x + 1) + 3(x -3 
ца 2-3 x41 үзсэн | 
сох txt3x-9 
(x — 3)(x + 1) 
Е х2 + 4х - 9 
(х= 3)(х +1) 


etx х-1  x(xcd(x-1) 


67. 
2x х +1 2x(x + 1) 


When x < 0 and y < 0, the point (x, y) is located in Quadrant III. 


When x + y = 0(y = —x < 0) andx — 5 > 0 (x > 5), the point (х, y) is located in Quadrant IV. 


The graph of / is a reflection in the x-axis and a vertical 


shrink of the graph of y = x’. 


g(x) = (2х) -124x?-1 


» 


A 


The graph of g is a horizontal shrink and a vertical shift 


1 unit downward of the graph of y = х2. 


Review Exercises for Chapter 3 


1. 


f(x) = 0.3" 
f (1.5) = 0.3' = 0.164 


77. f(x) =1+ 2x2 


Domain: All real numbers x 


1 1 
79. x)= = 
А ) 2x? + 6x 2x(x + 3) 
Domain: All real numbers x such that x # 0 and 
x z-3 
81. y 


ped 
| 
Я 
-4 
Es 
bi 
3 


1456.529 


u 


147 
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7. f(x) = 4* +4 15. 677 = е! 
Horizontal asymptote: y = 4 pe c 

3x = 12 

x -1 | 0 1 2 3 x=4 


f(x) | 8 |5 | 4.25 | 4063 | 4.016 


17. f(x) = 5*, g(x) = 5* +1 


Because g(x) = f(x) + 1, the graph of g can be 
obtained by shifting the graph of fone unit upward. 


19. f(x) = 3*, g(x) = 1-3" 
Because g(x) = 1 — f(x), the graph of g can be 


obtained by reflecting the graph of fin the x-axis and 
shifting the graph one unit upward. (Note: This is 


-4 -2 


2 4 
equivalent to shifting the graph of f one unit upward and 
9. f(x) = 5 +4 then reflecting the graph in the x-axis.) 
Horizontal asymptote: y = 4 2. Рх) = e 
— o4 2 
x -1 0 1 1213 f(34) = е? = 29.964 


f(x) | 4.008 | 4.04 | 42 | 5 | 9 23. f(x) =e 


25, hx) =e?" 


m 
= 
л- 
+ 
мал 
N 
- 
N 


1.65 | 1 | 0.61 | 0.37 


»- X 


| А 
-4 -2 | 2 4 у 


п. f(x) -( 43-23 


Horizontal asymptote: y = 3 


y 
A 


2 х -3 |-2|-1 0 1 
uu o3 1 à 4- f(x) | 037 | 1 | 2.72 | 739 | 20.09 
"TE E y 
13. (1 =9 


x-l -6 -5 -4 -3 -2-1 1 2 
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29. 


31. 


33. 


35. 


37. 


45. 


47. 


Review Exercises for Chapter 3 149 


F(t) «1-9 

(a) F(I) = 0.283 
(b) F(2) ~ 0.487 
(c) F(5) = 0.811 


Р = $5000, r = 3%, t = 10 years 


10n 


nt 
Compounded n times per year: A = A + 3 = sooo t эв 
п п 
Compounded continuously: 4 = Pe" = 5000е2:309) 
п 1 2 4 12 365 Continuous 
A | $6719.58 | $6734.28 | $6741.74 | $6746.77 | $6749.21 $6749.29 


33 = 27 39. g(x) = log, x 
log; 27 = 3 g(t) = log, 1 
е?8 = 22255... = log; 2? = -2 


In 2.2255... = 0.8 
= 41. Ююв (х + 7) = log, 14 


f(x) = log x x+7=14 
f(1000) = log 1000 x=7 
= log 10° = 3 43. In(x + 9) = In4 
x+9=4 
x=-5 
g(x) = log; x > x = 7" 


Domain: (0, =) ! 
x-intercept: (1, 0) 3+ 


Vertical asymptote: x = 0 


x |+ |1|7{49 : 


gx) 1-110111 2 


f(x) = 4 - log(x + 5) 
Domain: (—5, оо) 


Because 4 — log(x + 5) = 0 2 log(x + 5) = 4 


х +5 = 10° 
x = 10* – 5 
= 9995. 
x-intercept: (9995, 0) | 5 
Vertical asymptote: x = —5 | - - 
х 4| -3 | -2 1 |0 |1 ! Al 
f(x) | 4 | 3.70 | 3.52 | 3.40 | 3.30 | 3.22 3 : Al | жээ 
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49 


51. 


53. 


Chapter 3 Exponential and Logarithmic Functions 


. f (22.6) = In 22.6 = 3.118 
f(Ve) = $n Ve = 025 


f(x) =Inx+6=6+Inx 


Domain: (0, =) 


Inx+6=0 
In x = -6 
x =e 


x-intercept: (e, 0) 


Vertical asymptote: x = 0 


1 1 
х 4 2 1 


4.613 | 5.037 | 6 


6.693 


7.098 


Domain: (6, œ) 


In(x — 6) = 0 
x-6=e° 
x-6 

x=7 


ll 
= 


x-intercept: (7, 0) 


Vertical asymptote: x = 6 


x 6.5 7 8 


10 


-0.693 | 0 | 0.693 


1.099 


1.386 


+ 


»- X 


+—_+—__+—_ +++ 
8 10 12 14 16 
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57 


59. 


61. 


63 


65 


67 


69 


71 


73 


А жиг 


10 


Let m = 2.08 and M = 1.3 and solve for d. 


1.3 


d 
2.08 — 5 log} — 
(о) 


а 
51 
9) 


e 
a 
oo 
ll 


© 
Ба 
22 
an 
| 
© 
09 
CCS 
5| = 
ай 


109156 = 10!°(4/10) 
100-156 = d 
10 
10 . 109555 = q 


d = 10-05 = 14.32 parsecs 


l 
l 6 = = 2.585 
(а) log; ised 


In 6 
(b) log; 6 = “> = 2.585 
In 2 
log 5 
a) logy. 5 = = —2.322 
(a) Ey» log(1/2) 
In 5 
b) logy. 5 = -2.322 
(5) 81/2 In(1/2) 
. logs - = log; 5 – log, 3 
. log; 2 = log, 9 — log, 5 
= log, 32 — log, 9 
= 2 log, 3 — log, 5 
. log 7x? = log 7 + log x? 


log 7 + 2 log x 


- log; СА = log; 9 - log; x 


Vx 


log, 3? - log, x? 


1 
2 – — log; x 
2 83 


. Inx?y?z = In x? + In y? & Inz 


=2Inx+2Iny+Inz 


. In7 + Inx = In(7x) 


Review Exercises for Chapter 3 


1 81. 5* = 
75, log x log y = log x — log у? ae 
2 5* = 53 
x х= 3 
= log —— 
F 
83. е = 3 
x = In 3 = 1.099 
TI. Z logs x — 2 log;(y + 8) = log; x? — log;(y + зу 
= log, АХ — log;(y + 8)” a Ша 
x = е = 54.598 
= log, —— — 
2 
(у + 8) 87. e^ = ех +3 
4x = x7 +3 
79. + = 50 log —18:000 
18,000 — Л 0=х?-4х+3 
(a) Domain: 0 < h < 18,000 0 = (x - 1)(х - 3) 
(b) 100 х=1,х = 
89. 27-3 = 29 
2* = 32 
0 20,000 
0 2 = 25 
Vertical asymptote: A = 18,000 x=5 
(c) As the plane approaches its absolute ceiling, it 91, In3x = 82 
climbs at a slower rate, so the time required 
increases. er = e? 
12:25822 
(4) 50 iene = 5.46 minutes шаа 
18,000 — 4000 e 
x = — = 1213.650 
3 
93. In x + In(x - 3) = 1 
In| x(x - 3) | = 1 
In(x? = 3x) = 1 
in( x2 — X 
EE 
x!-3x-e-20 
-— -b + Ab? — Дас 
2a 
2 
63) + C3) - 4079) 
x= 
2(1) 
хэс 3 t 4/9 + 4e 
2 
g23*N9*46. 1329 
2 
x= уте is extraneous since the domain of the Inx termisx > 0. 
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95. logs(x — 1) = logs(x — 2) - logs(x + 2) 103. Р = 8500, А = 3(8500) = 25,500, г = 1.5% 
logs(x = 1) = Е = Э А = Ре" 
x+2 0.015/ 
25,500 = 8500e” 
х-1= 7 2 0.015 
x+2 Sewer 
(x – )(х +2) =x-2 In 3 = 0.015¢ 
х +х-2=х-2 zB ода 
220 0.015 
к rae 
x=0 105. у = 3e ?'^ 
Because x = 0 is not in the domain of Юв (х - 1) Exponential decay model 
or of logs(x = 2, it is an extraneous solution. The Matches graph (е). 
equation has no solution. 106. y = 4e?3 
97. log(1 — x) 5-1 Exponential growth model 
l-x=107 Matches graph (b). 
1-5 = х 107. у = In(x + 3) 
х = 0.900 Logarithmic model 
Vertical asymptote: x = —3 


99, 25e 9* = 12 
Graph includes (—2, 0) 
Graph y, = 25e°** and y, = 12. 


16 


Matches graph (f). 


108. у = 7 – log(x + 3) 


Logarithmic model 


= Vertical asymptote: x = —3 
The graphs intersect at x ~ 2.447. Matches graph (d). 
+4 2 
101. 2In(x +3)-5 =0 109. y = 2e “°З 
Graph y, = 2 In(x + 3) – 5. Gaussian model 
2 Matches graph (a). 
-9 12 6 
110. == 
У тое 
Logistics growth model 


-8 
Match h (c). 
The x-intercept is at x = 9.182. жое Sp 
2 In(x + 3) = 5 
ln(x + 3) = 2 
x+3 = е? 


x = е? – 3 = 9.182 
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111. 


113. 


Problem Solving for Chapter 3 153 


= ае? 
4 us. B= 


Using the point (0, 2), you have 


| 
- 
© 
= 
o 
E 
pi. o 
S 
S 
Май 


В _ 
2 = ae) 117 log 10-2 
2220 
2 = ae 10810 = 1 
2 = a(l) 10-2 
2=a l= 102/19-12 
Then, using the point (4, 3), you have (a) B = 60 
а= NT l= 19%/10-12 
3 = 20% = 10° watt/m? 
3 = ED (b B = 135 
” T = 10135/10-12 
n = = 
= 10/5 

1(3) =b 

(3) = 10\/10 watts/m? 

PE 

So y = 204%) (с) 8-1 

" I = 100-2 

$ 1 
y = 200104 юТ Ж 
= -12 2 
y = 0.04990 -70h28 40 < x < 100 шин 
Graph y, = 0.0499е-8-717 28, 117. True. By the inverse properties, log, b™ = 2x. 
0.05 
119. y = log, x > a" = x, so, for example, if a = -2, 
there is no value of y for which (-2)” =—4.Ifa = 1, 


400 then every power of a is equal to 1, so x could only be 1. 
о So, log, x is defined only for 0 < a < 1 and a > 1. 
The average test score is 71. 


40 


Problem Solving for Chapter 3 


1. 


ута 3. The exponential function, у = е“, increases at a faster 
у = 0.5" rate than the polynomial у = х". 

-12 
Уз ue 5. (a) f(u + v) = quty = a" : a” = f(u) 2 70) 
Уз = 207 

2 2 
у, = х (b f(2x) 2a" = (a*) = [ F(x) 
-4 -3 -2-1 | 123 4 ` 


The curves у = 0.5* and y = 1.2” cross the line 
y = x. From checking the graphs it appears that y = x 


will cross у = a* for 0 < a < 1.44. 
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7. (a) (b) 
9 f(x) = е-е" › 
y=e-e” 
=e – e” 
ey – 1 
ве Se 
хе? = e" – 1 
e? – хе? -1=0 


х ух? +4 


еу = mm m Quadratic Formula 


Choosing the positive quantity for e” you have 


11. Answer(c). y = 4 - enh) 


The graph passes through (0, 0) and neither (a) nor (b) 
pass through the origin. Also, the graph has y-axis 
symmetry and a horizontal asymptote at y = 6. 


19. y, = (x - 1) - 1x - 1 + Hx - 1) - Hx - 1* 


The pattern implies that 


1) Hx 


In x = (x 


ly 1-1 -ix-1' +... 


15. 


17. 


(c) 


1 Ч 1 ї/К2 
5 = с|— d = QZ 
82 (3) and y» (2) 


S 
ome 
К 
х---41 
ES 
S 
1 
су 
© 
TS 
Nile 
n 
AT 
S 


a aye 
22 2 
- t t їп 1 
k ky 2 
Inc, -Inc, =t 4.2 8 | 
k ky 2 


2 In c = In c; 


— Го) - (Ив) ] 2) 


(а) yı = 252,606(1.0310)' 
(b) у» = 400.887? — 1464.6t + 291,782 
(с) 2,900,000 


200,000 


(4) The exponential model is a better fit for the data, but 
neither would be reliable to predict the population of 
the United States in 2025. The exponential model 
approaches infinity rapidly. 

(In xj = mn x? 
(In x)’ - 2 ах = 0 
In x(In x — 2) = 


© 


I1nx 20 or шх=2 


х=1 ог х=е 
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21. y = 804 - Пах 


30 


1500 
0 


(300) = 80.4 — 11 In 300 = 17.7 f?/min 


23. (a) 


(b) The data could best be modeled by a logarithmic 
model. 


(c) The shape of the curve looks much more logarithmic 
than linear or exponential. 


(d) y = 2.1518 + 2.7044 In x 


9 


0 9 
0 


(е) The model is a good fit to the actual data. 
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(b) The data could best be modeled by a linear model. 


(c) The shape of the curve looks much more linear than 
exponential or logarithmic. 
(d) y = —0.7884x + 8.2566 


9 


0 9 
0 


(е) The model is a good fit to the actual data. 
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Practice Test for Chapter 3 
1. Solve for x: х? = 8. 


2. Solve for x: 3! = - 


3. Graph f(x) = 27 
4. Graph g(x) = е" +1. 


5. If $5000 is invested at 9% interest, find the amount after three years if the interest is compounded 
(a) monthly. 
(b) quarterly. 


(c) continuously. 


2р 
49° 


6. Write the equation in logarithmic form: 7? = 
7. Solve for x: x — 4 = log; - 
8. Given log, 2 = 0.3562 and log, 5 = 0.8271, evaluate log, 4/8/25. 


9. Write 5 In x — iln y + 6Inz asa single logarithm. 


10. Using your calculator and the change of base formula, evaluate logy 28. 
11. Use your calculator to solve for №: logio N = 0.6646 
12. Graph y - log, x. 


13. Determine the domain of f(x) = log; (x? - 9). 


14. Graph y = In(x - 2). 
15. True or false: mrz In(x — y) 
In y 


16. Solve for x: 5% = 41 
17. Solve for x: x — x? = logs + 
18. Solve for x: log, x + log,(x - 3) = 2 


19. Solve for x: е = 4 


20. Six thousand dollars is deposited into а fund at an annual interest rate of 13%. Find the time required for the investment to 
double if the interest is compounded continuously. 
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С 


НАРТЕК 4 


Trigonometry 


Section 4.1 Radian and Degree Measure 


1 


3 


11. 


13. 


. coterminal 


. linear, angular 


л 
. Two complementary angles sum to 2 


Two supplementary angles sum to 7. 


The angle shown is approximately 1 radian. 
The angle shown is approximately —3 radians. 


(a) Because 0 « 2 < 2 lies in Quadrant I. 


(b) Because -Zis coterminal with = and 


2 « EE < т, Е lies іп Quadrant II. 
2 4 4 
л 

а) 2 

(а) 3 


E 


The angle is not quadrantal. It lies in Quadrant I. 


2л 
(b) гн 


The angle is not quadrantal. It lies in Quadrant III. 


15. 


17. 


19. 


21. 


23. 


25. 


Sample answers: 


(a) 


(b) 


(a) 


(b) 


(a) 


(b) 


— +27 = 2 
6 
2 – 2л = dur 
6 
-27 + 2m = Z 
6 6 
5 
Ж dapa 177 
6 6 
5 
Complement: 22-05 
2 12 12 
Supplement: z - Z = эл 
т | 12. 12 
Complement: Not possible, = is greater than 2 
llc Л 
Supplement: m — — = — 
12 12 


Complement: 2 -1 = 0.57 
Supplement: z — 1 = 2.14 
Complement: Not possible, 2 is greater than 2 


Supplement: z — 2 = 1.14 


The angle shown is approximately 210?. 


The angle shown is approximately —60°. 


(a) 


(b) 


Because 90? < 130° < 180°, 130° lies in 
Quadrant II. 

Because —8.3° is coterminal with 351.7° and 
270° < 351.7? < 360°, —8.3° lies in 
Quadrant ГҮ. 
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27. (a) —270° 


(b) -1209 


29. (a) Coterminal angles for 120° 
120° + 360° = 480° 
120° — 360° = —240° 
(b) Coterminal angles for – 210° 
—210? + 360° = 150° 
—210° — 360° = –570° 


31. (a) Complement: 90° — 18° = 72° 
Supplement: 180° — 18° = 162° 

(b) Complement: 90° — 85° = 5° 
Supplement: 180° — 85° = 95° 


33. (a) Complement: 90° — 24° = 66° 
Supplement: 180° — 24° = 156° 


(b) Complement: Not possible. 126° 
than 90°. 


Supplement: 180° — 126° = 54° 


35. (a) 120° = 120 | = 


180° 3 
œ) -20° = -20 -— | = -Z 
180° 9 
зл _ Зл(180° 
37. (а) zH ) = 270 
2 2\ л 
Ы) 7л _ ЕЕ bios 
6 6N x 


is greater 


Section 4.1 Radian and Degree Measure 


39. 


41. 


43. 


45. 


47. 


49. 


51. 


53. 


55. 


57. 


59. 


45° = “| Е | = 0.785 radian 
180° 
л І 
—0.54° = -0s4{ т] = —0.009 radian 
180° 
< = Bm 180 = 81.818? 
11 ll\ л 
4.27 = sad E ) = —756° 
л 


(a) 54°45 = 5494(8) = 5475 


(b -128930 = -128° -(20| = -128.5° 


(a) 240.6? = 240° + 0.6(60) = 240936 


(b) –145.8° = -[145° + 0.8(60')] = –145°48 


r = 15 inches, Ө = 120° 


5 = 10 


107 inches 


с 
Il 
= 
сл 
35 
em 
N 
© 
о 
м9, 
M 
N 
хон 
Il 


31.42 inches 


u 


r = 80 kilometers, s = 150 kilometers 


159 


5 010 
150 = 800 
150 _ 15 244 
Ө = ae radians 
s=r0 
28 = 70 
0 = 4 radians 
r = 6inches, 0 = 2 
3 
1 2 1 (Л 2 . 2 
A= -r0 = —(6) — | = 6zin^ = 18.85 in. 
2 2 3 
m 


The angle in degrees should be multiplied by 


л rad 
180? 


20° = eo 


) 22 radians. 
9 


180° 
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61. Ө = 41°15’ 50” — 32° 47' 9" ~ 8.47806? = 0.14797 radian 
s = r0 = 4000(0.14782) = 592 miles 
63. 0 = ® = 27 — 29 — 2 тайап = 23.87° 
r 6 60 12 


65. (a) 4 rpm = 4(2z) radians/minute = 87 = 25 radians/minute 
(b) r = 25 ft 


"m. 2007 ft/minute 
t 


Linear speed = 25(25.13) ft/minute = 628.3 ft/ minute 


1 


67. А = —г20 
2 
= 5150502.) 
а 
= 93.757 т? 15 
= 294.52 m? 


о 


69. False. 50 is in degree measure. 


71. True. If œ and B are coterminal angles, then œ = 5 + n(360°) or œ = f + n(2z), where n is an integer. The difference 


between œ and f is a — B = n(360°), or œ — B = n(2z) if expressed in radians. 


73. Areaofcircle = zr? 79. ee Рза. 
Area of sector _ Measure of central angle of sector цал, суллаг 
Area of circle Measure of central angle of circle = 10(4 - i) 
Areaofsector Ө IS 

лт? 2л шин 

e | 17 
Area of sector = 2863 = gru 40 10. 
(0 17 


| 2i 
7344 
EP 3 — 4i 
75. х2 = 72 + 242 “Зая 3-4 
x? = 625 _ 8 + 6i 
x = 25 79-16 
28,6; 
77. x? = 132 – 52 25 25 
x? = 144 
== 12 
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Section 4.2 Trigonometric Functions: The Unit Circle 


Section 4.2 Trigonometric Functions: The Unit Circle 


1. unit circle 


3. odd; even 
12 5 
5. x= == е9 
13 x 13 
: 1 13 
snt=y=— esct = = — 
y Э 
2 1. 13 
cost = x = — sect = — = — 
13 Х 2 
ape a цэс 
х 12 у 5 
4 3 
T7; x= == =-— 
5 4 5 
. 1 5 
snt = y = —- csc t = — = -> 
y 3 
4 1 5 
cost = x = —— sect = — = -> 
5 x 4 
ups коруы ш 
x 4 y 3 
л : 
9. t= 5 corresponds to the point (x, у) = (0, 1). 
5л : 
11. t= € corresponds to the point 
í 2773 
13. t = — corresponds to the point 
сараа 
: 2-1 
_ 42 
sin — = = — 
2 
Л 2 
cos— = x = — 
4 2 
tan Z 32 1 
4 х 


л 1 
15. t = —— corresponds to v3 1 : 
6 2: <2 
sin-— = y = sd 
> 2 
V3 
cos -— = x = —— 
2 
е Toy | Ist УЛ 
6 x V3 3 
7л ) 
17. t = Ta: corresponds to the point 
(х, у) = [2,2 
, 2 x 2 id 


19. 


x |= 


= 
5 
|=] 
| 

1 

+ 

ll 

El 
N 


(х, у) = Мз 1 
: a7 
. liz 1 
sin —— = у = —— 
6 2 
Пт V3 
cos — = x = — 
6 2 
uult 3 che. dm 
6 x КА 3 


= — is undefined. 


tan IAE 2d 
2 x 


161 


sum E corresponds to the point (x, y) = (0, 1). 
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23. t = 22 corresponds to ће point (х, у) = 25 Уз А 
3 2 2 
| З 1 23 
50 — = у = — csc — = — = — 
2 y 3 
2л 1 2л 1 
cos — =x = -— sec — = — = 2 
3 2 3 x 
Мз 1 
{п ПРЕЛЕВА c сөр лаш TEES 
3 x 1 3 V3 3 
2 2 
4л . 1 3 
25. t = — corresponds to the point (x, y) =|--, _N3 | 
3 2 2 
‚4л 43 4л _1_ 2/3 
sin — = y = ——— csc — = — = ——— 
3 2 3 y 3 
1 4r 1 
cos — = х = —— sec — = — = —2 
3 2 x 
{ан ле NEN CS аы. E 
x 3 y 3 
5л : 1 
27. t = ——— corresponds to the point | —, Уз : 
3 2:.2 
sin EJ 27) - + = 2. 
2. 3 у J3 
5 | 1 | ==) 1 
208|--12 =x = — sec} -—|] = – = 2 
2 3 х 
tan (32) = 2 = V5 cot (52) 2-32 
x 3 


Е 


29. 


Ш 
| 


8. 
3 
| 

NIA 
| N 


=y=-l 5-7) Lue -1 


— is undefined. 


[e] 
o 
un 
| 
[3 
„жарышса 
І 
E 
І 
о 
un 
о 
a 
| 
N/a 
Хи 
І 
E 


w(-5] EM is undefined. 283 = ш 0 
2 x 2 y 
31. sin 4л = sin 0 = 0 37. sint = i 
33. cos E = cos Z = : ас S 2 
(b) csc(-t) = -csct = —2 
35: ш een 
6 6 2 
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39. 


41. 


43. 


45. 


47. 


49. 


51. 


53. 


55. 


57. 


Section 4.3 Right Triangle Trigonometry 


1. 


1 
с08(-1) = зо 
(a) cost = cos(-t) = 4 


1 


(b) sec(—t) = SC = 


wees 
sin f = 5 


(a) sin(z — f) = sint = 


nla 


(b) sin(t + л) = -sin t = — 


nla 


sin 0.6 = 0.5646 
шат = 0.4142 


1 
cos 3.1 


= —1.0009 


sec 3.1 


y(t) = 4 cos 6t 

(a) y(0) = 2 cos 0 = 0.5 foot 
(b) y(4) = + cos 3 = 0.04 foot 

(c) »(1) = lcos3 = —0.49 foot 

False. sin(-/) = —siní means the function is odd, not 


that the sine of a negative angle is a negative number. 


For example: zi са = (37) = -(-1) = 1. 


2 


Even though the angle is negative, the sine value is 
positive. 
True. tan a = tan(a — 67) because the period of the 


tangent function is 7r. 


(a) The points have y-axis symmetry. 

(b) їп = sin(z — 1j) because they have the same 
y-value. 

(c) cos(z — t) = —cos f, because the x-values have 
the opposite signs. 


The calculator was in degree mode instead of radian 
mode. tan(z/2) is undefined. 
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59. 


61. 


63. 


65. 


67. 


(a) The side opposite Ө has length 5. 
5 (b) The side adjacent to Ө has length 12. 


9 (c) The hypotenuse has length 13. 


(a) : 


Circle of radius 1 centered at (0, 0) 


(b) The ¢-values represent the central angle in radians. 
The x- and y-values represent the location in the 
coordinate plane. 


(с) -l<x<l1-l<y<l 
Center: (17,7), Radius: 6 
(x - Y +(y-7) = 8 = 36 


Endpoints of diameter: (- 4, -7), (- 3, -5) 


Center is midpoint of diameter: 


z i Pe | 


Radius is one-half length of diameter: 


1 


r= EV + зү +(-7 + 5) = 275 


тү 25-29 
Circle: | x +=] +(y + 6) -— 
ite: | 1) (у + 6) Я 


у = 6-х 
Геї у = 0. 
02 = 6-х 
х= 6 


x-intercept: (6, 0) 


Let x = 0. 
y = 6-(0) 
y =6 

у = t6 


y-intercepts: (0, +/6 ) 


y = 4x? — 6x - 4 = Ax - 2)(2х + 1) 
x-intercepts: (2, 0), (-4, 0) 


y-intercept: (0, —4) 
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3. Complementary 


5. hyp = V6? + 8 = V36 + 64 = /100 = 10 


spew SER 0-3 ecg- ЭР S10 cus 
hyp 10 5 opp 6 3 
6 oa a АА gop LS 
hyp 10 5 adj 8 4 
e : 
{ап @-=9ЁР 55 M = 2® —- 2—5 
8 adj 8 4 opp 6 3 
7. hyp = V42 + 42 = 4/32 = 4/2 
sing = ® = Зо _ v2 сзсө = ЮР _ 4У2 _ уу 
ур 4/2 472 2 op 4 
4 
OE ДО MR : і v2 udis WP 492. us 
4 hyp 4/2 42 2 adj 4 
^ ug c BE Sg digi 207254 
adj 4 opp 4 
9. adj = V41? — 9? = 4/1681 – 81 = 4/1600 = 40 
ВЮ a свс ө = DP — 41 
ee h hyp: 4 Орр 2 
20° cos Ө = adj = 40 sec 0 = hyp = AL 
2 hyp 41 adj 40 
gd AENEA coraz T 
adj 4 opp 9 
11. hyp = V15? + 8 = V289 = 17 
ing e свсө = Deo 
ур 17 орр 
8 
15 h 1 
а а еи ME 
0 hyp 17 adj 
15 
yug s OP бараг SED 19 
adj 15 opp 8 
hyp = V7.5 + 4 = Z 
17/2 
pe e uum ecg - ЮР - QUE _ 17 
Pd 4 hyp (17/2) 17 opp 4 8 
A Ш 
3 j З 17/2 
7.5 Ce MR 7.5 | 15 вес Ө = ЭР -| ) _17 
hyp (17/2) 17 adj 7.5 15 
ong = ЁЁ. 25,228 wotg- 2® -1753—15 
ай 7.5 15 opp 4 8 


The function values are the same because the triangles are similar, and corresponding sides are proportional. 
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13. 


15. 


Section 4.3 Right Triangle Trigonometry 165 


adj = V3? - P = V8 = 24/2 


e 3 sin = PP cosco = PP —3 
^c hyp 3 opp 
cos @ = 2® _ 22 Bese, DID. 3 -3/72 
hyp 3 ad 24/2 4 
tano = SPP = ! 2У2 coto = эж 
ad 24/2 4 орр 
adj = V6 — 22 = 4/32 = 44/2 
E NIU FRE scga 6а 
"ud 2 „Ж 
0 adj | 4/2 247 hyp 6 3 3/2 
cos Ө = = = ѕес Ө = €— = = 
hyp 6 3 ай uum 2/2 4 
tan @ = PP 52 _ ! _ v2 Е cuiua. o e 
adj 4 NE 4 opp 2 


The function values are the same since the triangles are similar and the corresponding sides are proportional. 


15 dj 6 h 
Given: cos 0 = 2 = 28. 17. Given: sec 0 = — = DP 
17 hyp 5 adj 
(opp)? + 152 = 172 (opp + 52 - 62 
opp = 4/289 — 225 opp = [36 -25 = Ji 
opp = V64 = 8 ing = oP _ УП 
j opp 8 hyp 6 
Ер ч 9 
sin EET 2 : 
орр 8 cos Ө = fos = p 
tang = —— = — yp 
adj 15 
hyp 17 tan Ө = рр = ын 
csc Ө = — = E adj 5 
opp 
hyp 17 csc Ө = hyp = e 
sec Ө = Эр - 15 орр 11 
) 
adj 15 cot Ө = adj = 5Л1 
cot 0 = — = Ён орр 11 
орр 
17 : 5 Мп 
0 ө 
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. 1 
19. Given: 810 = — = opp 
5 hyp 
E 5 
P+ (ad? = —< n 
adj = 24 = 2/6 2v6 
с080 = adj = 2/6 
hyp 5 
tan Ө = SEE = v6 
adj 12 
csc 0 = hyp =5 
opp 
sec Ө = hyp = 5.6 
adj 12 
cot 0 = Bu. 2/6 
opp 


21. Given: cot = 3 = Ч = E: 
1 opp 
P +3? = (hyp) 
hyp = V/10 
diga BP. VID 2 | 
3 
cos Ө = ad) = 310 
hyp 10 
tan 9 = “PP -= B 
ad 3 
csc Ө = hyp = 4/10 
орр 
ѕес Ө = hyp шэнэ 
adj 3 
33. (a) cot 17°15’ = em + | = ——1 gus 
0 їап 17.25° 
(b) їап17°15' = (17 + z) = tan 17.25° = 0.3105 
35. sin 60° = УЗ, cos 60° = 1 
2 2 
(a) sin 30° = cos 60° = 
(b) cos 30° = sin 60° = B 
Gy ungo 005 UE 
cos 60? 
(d) cot 60° = cos60° 1 _ A/3 
sin60° — 4/3 3 


23. 


25. 


27. (а) sin 20° = 0.3420 
(b) cos 70? = 0.3420 


29. (a) sin 14.21? = 0.2455 


1 
sin 14.21° 


(b) csc 14.21° 


= 4.0737 


1 


(b) sec 79.56? = —————— 
cos 79.56? 


= 5.5186 


31. (a) cos 4? 50' 15" = cos| 4 + zu + „ә. ш 0.9964 
60 3600 


(b) sec 4° 5015" = — z 1.0036 
cos 4°50 15 
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37. 


39. 


41. 


43. 


45. 


47. 


49. 


West 
3 


(a) sin? Ө + cos? Ө = 


2 
sin? Ө + (s) 
3 


sin? Ө = 


| 
эж 


1 
ЭР 


sin Ө = 


W ari e e 2 


cos Q 


(c) sec 0 = 


(d) csc (90° — 0) = sec8 = 3 


cota = 3 


(а) tana = =- 
cota 3 


(Б) csc? œ = 1 + cot? a 


csc? æ = 1 + 3? 


csc? œ = 10 
csc œ = 4/10 
1 
(c) cot(90° — а) = tana = 5 
(d) сѕс о = v10 
: 1 1 /10 
sin @ = = = 
esca ЛО 10 
1 
tan Ө cot 0 = tan 4 = 1 
tan 0 
= sing 


sin @ 
tan @ cos @ = cos а 
cos 0 


(1 + sin Ө)(1 — sin Ө) = 1 — sin? Ө = cos? Ө 


(sec 0 + tan Ө)(ѕес Ө — tan Ө) = sec? 0 – tan? Ө 


- (1 + tan? 6) — tan? 0 
=1 


зїп Ө | cosÓ sin? Ө + cos? 0 
cosÓ sin@ sin Ө cos Ө 
22221 
~ sin Ó cos Ó 


1 


1 


csc Ө sec Ө 


sin@ соѕ Ө 


Section 4.3 


51. 


53. 


55. 


57. 


59. 


61. 


Right Triangle Trigonometry 167 
(a) pn 8-39 = 2 
2 6 
(b) csc 8 2228-3» = 2 
(a) sec 9 = 2 => 0 = 60 = 1 
(b) cot =1 > 8 = 45 = 1 
(a) «ce = 2N3 Ө = 60° = 2 
3 3 
(b) ge Ns Gane 
2 
cos 60° = — 
18 
1 
x = 18 cos 60° = LB =9 
2 
sin 60° = 2 
18 
y = 18sin 60° = i = 9/3 
tan 60° = ыг 
х 
32 
V3 == 
Х 
“Зх = 32 
ane) 324/3 
V3 3 
sin 60° = 24 
" 
mE 
sin 60? 
E m 644/3 
ыз а 
2 
tan 82° = 2 
45 
x = 45 tan 82° 
Height of the building: 


45m 


123 + 45 tan 82° = 443.2 meters 


Distance between friends: 

45 45 
cos 82° = уз 

y cos 82° 


= 323.34 meters 
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63. 


65. 


67. 


Chapter 4 Trigonometry 


: 1250 1 
sin Ө = —— = — 
2500 2 1250 ft 
8-309 = 2 
6 
(4) sin 43° = зо 
— _1°9_ 225100 
sin 43° 
(б) їап43° = 190 
У 
= io = 160.9 ft 
tan 43° 
150 
Qj. yp 
56 
zs [| 
sin 30° = 24 
56 
yı = (sin 30°)(56) = Bn - 28 
cos 30° = 21 
56 
x, = cos 30°(56) = Liso) = 28/3 
(х,у) = (28-/3, 28) 
(X5. уу) 
56 
/\ Г] 
sin 60° = 22 
56 
уз = sin 60°(56) = EI = 28/3 
cos 60° = 22 
56 


1 


х› = (сов 60°)(56) = B - 28 
(x2, ээ) = (28, 28/3) 


69. 


71. 


73. 


75. 


77. 


79. 


81. 


83. 


85. 


х = 9.397, у = 3.420 


sin 20° = > = 0.34 


10 

cos 20° = Е 0.94 
10 

tan 20° = > = 0.36 
x 

cot 20° = ~ = 2.75 
y 

sec 20° = Hn z 1.06 
X 

csc 20° = 10) = 2.92 
y 

(a) 


896.5 ft 


cR г. 
віп 35.4° = — 
896.5 
х = 896.5 sin 35.4° = 519.33 feet 


(b) Because the top of the incline is 1693.5 feet above 
sea level and the vertical rise of the inclined plane 
is 519.33 feet, the elevation of the lower end of the 
inclined plan is about 

1693.5 — 519.33 = 1174.17 feet. 


sin 60° csc 60° = 1 


True. 


csc x = 


sin 60? 


- — sin 60? csc 60° = sin sof | | 
sin x 


-1 
rae, 22 +7 = p 1 


4 о о 
False, 20299: х. 908 OU _ зе = 1.7321 


sin 30° sin 30° 
sin 2° = 0.0349 


Yes. Given tan 0, sec Ө can be found from the identity 


1 + tan? 0 = sec? 8. 


cos 60? = adj = л 
hyp 2 


The point (1, 3) lies in Quadrant I. 


The point (-5, 4) lies in Quadrant II. 
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87. y = —x lies in Quadrants П and IV. 1 
93. f(x) = — 
Sample points: (—1, 1), (1, —1) LEID 
1 1 -1 
S f(-x) = 3 UIS TES 
89. 2x — у = 0 © y = 2x lies in Quadrant I and III. (3) -(-x) -x +x x -x 
Sample points: (1, 2), (-1, -2) = —f(x) 


(a) ту, 5 fis odd and symmetric with respect to the origin. 
91. (a) Coterminal angles forð = 20 


20° + 360? = 380? 95. f(x) = et 
20° — 360? = —340? 
f(-x) = ee? =” = f(x) 


(b) Coterminal angles for = —30? 
30° + 360° = 330° fis even and symmetric with respect to the y-axis. 


—30? — 360° = —390? 97. f(x) - -log(-x) 
f(-x) = -log x + f(x) + -f (x) 


Note: Domain is x < 0 


fis neither even nor odd and has no symmetry. 


Section 4.4 Trigonometric Functions of Any Angle 


5. cos 0 
jos 
r 
7. Reference angle 
pe 
x 
9. (a) (x. у) = (4.3) (b) (х,у) = (78.15) 
r=/164+9 = 5 r = 3/64 + 225 = 17 
moste? ас гн Цаг ado араг! 
r 5 y 3 r 17 y 15 
E tert wep Eee sige ыг dos шг 
P 5 х 4 r 17 x 8 
йшй ene Ея шай == am ete ты 
x 4 y 3 x 8 y 15 
п. (a) (x, y) = (-V3,-1) (6) (х,у) = (4 -1) 
r=/34+1=2 г 2 A16 +1 = A17 
dugcd eL сзс@ = Ż = -2 sing = = La ш csc 0 unc 
r 2 у r 417 17 y 
V3 r 24/3 x 4 4/17 к 5/17 
cos Ө = — = —-—— sec 9 = — = ——— cos Ө = — = = sec 9 = — = —— 
r 2 х 3 r NAE 17 x 4 
pepe d 7 сої Ө = 2 = 4/3 T on eee cot = Š 24 
x 3 y x 4 у 
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13. 


17. 


19. 


21. 


23. 


Chapter 4 Trigonometry 


(x, y) 2 (5, 12) 
r= 4/25 + 144 = 13 
13 
moka csc 0 = Ż = 2 
r 13 y 12 
ty eee аЙ 
r 13 x 5 
poe ae ibn 
x 5 y 12 
(х, у) = (-5.4, 7.2) 
r = 429.16 + 51.84 =9 
| у 72 4 дэх хи ыг 
sin@ = = = — = — сѕс Ө = = = 
Е: 54 3 T ESAE 95 1$ 
r 9 5 x 5.4 3 
wees” 72 4 undc t 54 3 
x 54 3 y 7.2 4 
sin Ó > 0 = Ө lies in Quadrant I or in Quadrant II. 
cos 0 > 0 = Ө lies in Quadrant I or in Quadrant IV. 
sin Ө > 0 and cos @ > 0 = Ө lies in Quadrant I. 
sin Ө > 0 = Ө lies in Quadrant I or in Quadrant II. 
cos 0 < 0 = Ө lies in Quadrant II or in Quadrant III. 


sin Ө > Oand cos Ө < 0 = Ө lies in Quadrant II. 


tan Ө > Oand sin 0 > 0 > @isin 
Quadrant 1 > x > бапа y > 0. 


Gps „я 
x 8 
аиа 2203 бей dT 
r 7 X 
ducc GLO mc eue 
r 17 y 15 
кей cd 
y 15 
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15. 


25. 


27. 


x=-S,y = -2 
r = f(-5) 4(-2у = V29 
sing = = X E 

Ёл J29 29 

-5 5/29 

cos Ө = = = = 

r 4/29 29 
tan Ө = Joz = = 2 

х -5 5 

r X 29 N 29 
сѕсӨ = — = = 

у -2 2 

r A 29 N 29 
ѕесӨ = — = = 

x -5 5 
cot = Č = 23-32 

y —2 2 


. 3 
sin Ө = 0.6 = - and @ in Quadrant II 


X^ py 
А 3 
sin Ө = =, 
5 
cos 6 =~ 
2 
tang =~ 
X 
csc à = 1 
у 
соб == 
y 
cos@ > 0 
х= 3,у = 
sin Ө = — 
E 
cos = = 
y 
tang =” 
X 


р? 


х 
Il 
| 

ч 


x 
ll 
| 


хон мл 


гн | 
=> 018 in Quadrant IV — х is positive; 


-Lr- 10 


= ——— csc 0 


3/10 


= sec Ө 
10 


in whole or in part. 


Section 4.4 Trigonometric Functions of Any Angle 


29. cos9 = 0 0 = 2 + лт 


31. 


33. 


35. 


37. 


39. 


41. 


сб =1 = 0 = 2 + 2m 


у= 1|,х = 0, ғ = 
sing = =1 
r 
tan 0 = v is undefined 
x 


sec @ is undefined 
cot Ө = 0. 


cot @ is undefined, x <0< мж y=0 Ө = л 


sin? = 0 csc @ is undefined. 

cos Ө = -1 sec @ = -1 

tan? = 0 cot @ is undefined. 

To find a point on the terminal side of Ө, use any point on the line y = —x 


that lies in Quadrant II. (-1, 1) is one such point. 


x=-Ly=Lr= V2 

ewe Ne csc 8 = 4/2 
2 2 
1 2 

cos Ө = ——— = ——— sec Ө = — 2 
J2 2 

tan 0 = -1 cot 0 = -1 


To find a point on the terminal side of 0, use any point on the line y = 2x that 
lies in Quadrant I. (1, 2) is one such point. 


x=l,y=2y= v5 


sino = 2. -25 csc Ө = з _ у» 
5 5 2, 2. 
EE sec 9 = Э = V5 
T eee we = 
1 2 
(х, у) = (-1,0),r 21 43. (х,у) -(-1,0) r 21 
лг ыг o сере ск sr etaed 
r 1 y 0 
(x, y) (0, —1), r=1 45 (x, y) = (0, 1) 
gu ean cot 27 X 0-0 
2 х 2 y 1 
(x, y) = (0, .r E! 
qu md ee ng 
r 1 


171 


© 2022 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


172 Chapter 4 Trigonometry 


bad 55. Ө = 225°, Ө = 45°, Quadrant III 
0 = 180° — 160° = 20° 
› бза ae Ми. 
h 2 
cos 225° = —cos 45° = 22 


tan 45° = 1 


or á \ Ш їап 225 


57. Ө = 750°, Ө = 30°, Quadrant I 


sin 750° = sin 30° = 2 
49. 0 = -125° cos 750° = cos 30° = | 
360° — 125° = 235° (coterminal angle) x 
9 = 235? — 180° = 55? tan 750? = tan 30? = "s 
\ 59. Ө = —120°, & = 60°, Quadrant Ш 
sin(-120?) = —sin 60° = = 


cos(—120°) = —cos 60° 


tan(-120°) = tan 60° = 3 


2л л 
61. Ө = —, 0 = — in Quadrant П 
51. 0 = = 3 3 
| Г шилийн _ УЗ 
4 4 ^. 3 3 2 
27: Л 
y cos = -cos — = 
3 3 2 
би = tan 5. = 243 
3 3 
63. 0 = ыг 0 = 2 Quadrant ТУ 
6 6 
: Л c 1 
sin = -sin — = 
6 6 2 
2 3 
53. 0-48 2 Z) = - XE 
Ө = 2л – 4.8 = 1.48 6 6 2 
y | а V3 
1 їап = —tan — = 
| 6 3 
llc л 
65. Ө = —, 0' = —, Quadrant П 
4 4 
lie mæ [v2 
sin = sin— = 
4 4 2 
117 л J2 
cos = —cos — = 
4 4 2 
117 Л 
їап = —tan = –1 
4 4 
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1 
67. 0 = шит Ө = xd in Quadrant III 
6 6 
17m л 1 
sin = -sin— = 
6 6 2 
17x л V3 
cos = -cos— = 
6 6 2 


69. 


71. 


91. 


sin? Ө + cos? Ө = 1 


cos? Ө = 1 — sin? 


cos? Ө = 1 – E: 
5 
с08:0-1- 2 
25 
cos? хан 
25 


cos Ө > 0 in Quadrant IV. 


4 
cos Ө = — 
5 


ony > 
2 


sec? 0 = 1 + tan? Ө 


2 
sec? 0 = 1+ Ө 
2 


ѕес20 = 1 + К 
4 
13 
sec? Ө = — 
4 


sec 0 < 0 in Quadrant III. 


МЗ 


sec Ө =——— 
2 


0 


Section 4.4 Trigonometric Functions of Any Angle 


73. cos Ө = 2 
8 
sin? Ө + cos? Ө = 1 
2 
sin? Ө + В = 1 
8 
sin? 0 = 1 - 2 
64 
sin? Ө = Ён 
64 
sin Ө > 0 п Quadrant I. 
: 39 
sin Ө = —— 
8 
csc Ө = a 
sin 0 
84/39 
csc Ө = ——— 
39 
75. sin 10° = 0.1736 
77. cos(-110°) = —0.3420 
79. cot 178° = —28.6363 
81. csc 405? = — = 1.4142 
sin 405° 
83. чл) = 0.3640 
9 
85. sece BL co = -26131 
8 Пл 
cos 
8 
87. sin(-0.65) z —0.6052 
1 
89. csc(-10) = ——— = 1.8382 
sin(—10) 


‚ 1 л 
(a) sin 0 = 5 — reference angle is 30° or 6 and @ is in Quadrant I or Quadrant II. 


Values in degrees: 30°, 1 


Values in radian: ын M 
6 6 


50° 


: 1 л 
(b) sin 0 = 2 — reference angle is 30° or 6 and 0 is in Quadrant Ш or Quadrant IV. 


Values in degrees: 210°, 330° 


7л 1 


Values in radians: “6” —— 


1л 
6 


173 
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1 : 5 62 
93. (а) cos@ = 5 — reference angle is 60? or - and 0 is in Quadrant I or IV. 


Values in degrees: 60°, 300° 


: : л 57 
Values in radians: 3 — 


1 Р 
(b) sec 0 = 2 > cos 0 = - reference angle is 60° or 2 and 0 is in Quadrant I ог IV. 


Values in degrees: 60°, 300° 


5л 


Values in radians: ES 


|з 


? 


99. (a) Using a graphing utility, the equations are as 


Л 
95. (а) tan 0 = 1 > reference angle is 45° or 4 and follows: 


0 is in Quadrant I or Quadrant III. В = 21.865 sin(0.540t — 2.343) + 60.438 


КЕИ" F = 61.120 sin(0.325¢ — 0.561) + 15.787 


л 5л 
Values in radians: T4 (b) February (t = 2): B = 39.6°F, F = 21.2°F 


2 April (t = 4): B = 56.5°F, F = 57.0°F 
(b) cot 0 = —/3 = reference angle is 30° or — 

6 May (t = 5): B = 68.1°F, F = 69.2°F 
and @ is in Quadrant II or Quadrant IV. 


€ . mE o pe о 
Values in degrees: 150°, 330° July (t = 7): В = 82.1°F, Е = 76.3°F 


| 5л 1 September (t = 9): В = 73.2°F, F = 58.7°F 
Values in radians: —, —— 
6 6 October (f = 10): В = 62.3°F, Е = 42.5°F 
x Ma pre we E $ December (t = 12): B = 42.1°F, F = 3.8°F 
sin Ө 
(a) Ө = 30° 
_ 6 
sin 30° 
= E = 12 miles 2 
1/2 Answers will vary. 
Bree qn 101. False. In each of the four quadrants, the sign of the 
P 6 _ 6 =f miles secant function and the cosine function will be the same 
sin90° 1 because they are reciprocals of each other. 
(c) @ = 120° 103. Answers will vary. 
6 
d ID 105. g(x) -4/х +12 4 9 
NE e 6.9 miles (a) Parent function: f(x) — x 
437 


(b) gis a reflection in the x-axis, a left shift of 12 units, 
and an upward shift of 9 units of the graph of f. 


107. (—4, 5) is a relative maximum. 


© 2022 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


Section 4.5 Graphs of Sine and Cosine Functions 175 


109. у = x? + х — 132 11. у-207--4 
0 = x? + х – 132 0 = 2е*5 – 4 
0 = (x + 12)(x - 11) 2-9 
x = —12,11 In2=x-5 
x-intercepts: (—12, 0), (11, 0) х= 5 + 2 


x-intercept: (5 + In 2, 0) 


Section 4.5 Graphs of Sine and Cosine Functions 


1. cycle 15. f(x) = cos 2x 
3. The constant dof y =sinx + d isa vertical shift g(x) = —cos 2x 
of d units. g is areflection of the graph of fin the x-axis. 
5. y= 2 sin 5x 17. f(x) = sin x 
Period: E g(x) = sin(x - л) 
g is a horizontal shift to the right 7 units of the 
Amplitude: |2| =2 graph of f. 
1 xe dept 19. f(x) = sin 2x 
4 2 f(x) = 3 + sin 2x 
3 2л 2x : : А : 
Period: — = P = 4 g is a vertical shift three units upward of ће graph of f. 
Л, 
3 3 21. The graph of g has twice the amplitude ав the graph 
Amplitude: 2 = Р of f. The period is the same. 
23. The graph of е is a horizontal shift „ units to the right of 
9. y = -sin 5х the graph of f. 
2 4 
Period: С 81228 
b 5/4 5 
: 1 
Amplitude E -— 
2 
5 TX 
11. y = —= cos — 
due Цаг 
Period: шажин 24 
b л/12 
: 5 
Amplitude 4 - 3 


13. f(x) = cos x 


The period of g is one-fifth the period of f. 
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25. 


27. 


29. 


31. 


Chapter 4 Trigonometry 


f(x) = sin x 

Period: A OL. 2m 
b 1 

Amplitude: 1 

Symmetry: origin 


Maximum 


Key points: Intercept 


(0, 0) 


Intercept 


(хт, 0) 


Minimum 


ге 


Intercept 


(2л, 0) 


Because g(x) = 4sin x = 4/(x), the graph of g(x) is the graph of f(x), but stretched vertically by a factor of 4. 


The amplitude of g(x) is four times the amplitude of f(x). 


Generate key points for the graph g(x) by multiplying the x-coordinate of each key point of f(x) by 4. 


f(x) = cos х 


Period: = = — = 27 


1 
Amplitude: t -1 
Symmetry: y-axis 


Key points: Maximum 


(0, 1) 


Intercept 


{2° 


Minimum 


(т, -1) 


Intercept 


м.) 


Е 


Maximum 


(2л, 1) 


Because g(x) = 2 + cos x = f(x) + 2, the graph of g(x) is the graph of f(x), but translated upward by two units. Generate 


key points of g(x) by adding 2 to the y-coordinate of each key point of f(x). 


f(x) 


= —COS x 


Period: сЕ = Sm = 27 
b 1 


Amplitude: 1 
Symmetry: y-axis 


Key points: Minimum Intercept 


Ч 


(0, -1) 


Because g(x) = —cos(x – л) = 


Maximum 


(т, 1) 


Intercept 


| 


2 


м) 


Minimum 


(2z, -1) 


f(x — 2), the graph of g(x) is the graph of f(x), but with a phase shift (horizontal 


translation) of л. Generate key points for the graph of g(x) by shifting each key point of f(x) z units to the right. 


у = Ssinx 
Period: 27 
Amplitude: 5 
Key points: 
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PEE 


Period: 


COS x 


2л 


Amplitude: i 


Key po 


ints: 
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35 = cos ^ 
. у = 5 


Period 28 = 47 
1/2 


Amplitude: 1 

Key points: 

(0, 1), (л, 0), (22, –1), 
(зл, 0), (4, 1) 


37. y = cos 27х 


вава" = 1 
2л 

Amplitude: 1 

Key points: 


e(t) 


39. 


Amplitude: 1 


Key points: 


Л 
41. = cos} x — — 
й | 3 
Репо4: 27 
Amplitude: 1 
Shift: Set x - 7 = 0 and x – — 
Л 
х= — х 
2 


л л 
K ints: | —, 1 |, (z, 0), |, -l 
ey points Ё )e 16 


Il 
ы 
aq 
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43. y = 3sin(x + л) 


Period: 27 

Amplitude: 3 

Shift: Setx+2z=0 andx+a=27 
x-2—- хэл 


Key points: (-7, 0), (-2. 3} (0, 0), E -з) (z, 0) 


2zx 


45. ов = 


Period: SM =3 ^ 


Amplitude: 1 
Key points: 


ea (2052) +t 
КОР 


47. y = 2 + 5cos блх 
Period: 20 = B 
блп 3 
Amplitude: 5 
Shift: Set 6zx = 0 and 6zx = 27 
х= 0 1 
х = – 
3 


Key points: 
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49. y = 3sin(x + л) - 3 


Period: 27 
Amplitude: 3 
Shift: Set x +2z=0 andx+a=27 
x-2-—- хэл 
Key points: (-7, »( 2 o} (0, —3), (s. J 
(т, -3) 


2 
51. у= 24а - z) 


3 2 4 
Period: a 4л 
1/2 
: 2 
Amplitude: — 
3 
Shift 5 -Z 2 9 and 7-4 = 27 
2 4 4 
9л 
х = — х = — 
2 2 
Key points: 


2 2 E 0) 2 i 2 0) (2 2) 
27 3 ? 2 > |^ 2 , 3 BJ 2 > ? 2 > 3 


53. g(x) = sin(4x — л) 


(а) g(x) is obtained by a horizontal shrink and a phase 


shift of 2 One cycle of g(x) corresponds to the 
| E 24 
interval | —, — |. 

4° 4 


(b) 


nw ь 


y 
A 
| 
Т 
| 
Т 
4 
| 
+ 


(а) g(x) іѕ obtained by shifting f(x) two units upward 
and a phase shift of 2 One cycle of g(x) 


corresponds to the interval [z, 371, 


(b) А 


(с) g(x) = (x - z) + 2where f(x) = cos x 
57. g(x) = 2sin(4x — л) - 3 
(a) g(x)is obtained by a vertical stretch, a horizontal 
shrink, a phase shift of T and shifting f(x) three 
units downward. One cycle of g(x) corresponds to 
the interval B z| 
4 4 


(b) 


-6+ 


(c) g(x) = 2f(4x — л) — 3 where f(x) = sin x 
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59. y = —2sin(4x + л) 


61. 


63. 


65. 


67. 


69. 


4 


Л 
= cos| 27Х--241 
| ] 


-20 


3 


ГЭ 


20 


-0л2 


f(x) = acos x +d 


Amplitude: 13 - (-] 222 а= 2 


3 
d 


a 


2cos0+d 
3-2=1 
2,d =1 


f(x) = асоѕх +d 


Amplitude: i[8 m 0] =4 


Reflected in the x-axis: a = —4 
0=-4cos0 +d 

d=4 

a=-4,d=4 

у = asin(bx — c) 


Amplitude: |а| = |3| 


Since the graph is reflected in the x-axis, we have 


а = —3. 


Period: Z 0» b = 2 


Phase shift: c = 0 
а--35-2,с-0 
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71. y = asin(bx — c) 
Amplitude: a = 2 
Period: 27 > Б = 1 


! 
© 
БЕ 
2 
© 
Б 
= 
! 
| 

| 


Phase shift: bx — с 


4 
а= 2,Ь = 1,с = -– 
73. у = sin х 2 
1 
773 -2т 27 


In the interval |-2л, 2]. 


5л m Tr lix 


= when x = ——,-—, —, —. 
Xp = V2 6 66.6 


Answers for 75 and 77 are sample answers. 


75. f(x) = 2sin(2x — л) +1 
77. f(x) = cos(2x + 2л) - 3 
79. v = 1.75 sin = 
2 
: 27 
(a) Period = —— = 4 seconds 
л/2 


l cycle — 60 seconds 


(b) = 15 cycles per minute 


1 minute 


4 seconds 


(c) » 


81. Р = 100 – 20 cos > 


2 6 
(а) Репоа: 2 - seconds 


(л) 
1 heartbeat | 60 seconds 
6/5 seconds 


= 50 heartbeats per minute 


(b) 


1 minute 
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83. (a) and (c) 


y 


1 
87. False. у = 2 cos 2x has an amplitude that is half that of 


y = cos x. For y = a cos bx, the amplitude is |a : 


+ 89. These are the key points for у = cos х, not y = sin x. 


Percent illuminated 


05+ 91. 7 


x 
25 30 35 40 45 50 55 60 65 


Day 


The model fits the data well. 


(b) Amplitude: œ 


1 : 
Л [max. percent — min. percent] b 


1 


= 21 0- 0] = 0.5 As the value of b increases, the period decreases. 
Period: p = (2nd day of 1.0% — 1st day of 1%) b= 1 25 Зи 
2 2 
SO SEED b = 2 > 2 cycles 
Bees. 7 b = 3 > 3 cycles 
p 30 15 
Because the zero percent occurs at day 42, x = 42. 93. у= х2 + 4 
bx -c = (a) x 0 1 2 3 4 
(42) -с-л у!141518113120 
E эргэ (6) y=(-x) +4 > у= 2 +4 
5 => y-axis symmetry 
9л 
ua t -у = 02 +45 у= -х? – 4 


The average percent of illumination is = Noas Symmetry 


= 24 ep 
111.0 — 0) = 0.5. So, d = 0.5. So, the model is pest > -y=x +4 
: >y=-x -4 
у = 0.5 oZ y= =) + 0.5. — No origin symmetry 


(d) The period is p = 30 days. 


(e) Because March 28, 2021 is the 87th day of the 
year, x = 87. So, the percent of the moon’s face 
illuminated is 


y =0.5 cos 287) =) + 0.5 = 1, or 100%. 


85. (a) Period = = = 20 seconds 
б) 
The wheel takes 20 seconds to revolve once. 
(b) Amplitude: 50 feet 
The radius of the wheel is 50 feet. 
(c) 110 


0 20 
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[7i 


= 
e 
| 
оо 
e 
=| 
lon 


(b у= (=x) -(-x) > y =-x +x 
=> No y-axis symmetry 
-узх -x> y=- +x 


=> No x-axis symmetry 


y = (х) (-x) > у= =? +x 


= у= х -x 


— origin symmetry 


(c) 1 


Section 4.6 Graphs of Other Trigonometric Functions 


97. y=3* andy = 4^ 


3x 
4* 


RIE] cle 
ы |ы 


(а) 4" < 3* when x < 0. 


(b) 4" > 3 when x > 0. 


Section 4.6 Graphs of Other Trigonometric Functions 


1. odd; origin 
3. damping 


5. The range of both y = csc x and y = sec x is 
(=, —1] U[L, ©). 


7. y = sec 2x 


2 
Period: = = П 


Matches graph (е). 
8 = unl 
ey 1 
Period: mu ы 2л 
b 1/2 
Asymptotes: x --7,Х-7 


Matches graph (c). 
9 = cot mx 
ey 5 


m 
Period: — = 1 
Л 


Matches graph (a). 


10. y = -csc x 


11. 


12. 


Period: 27 
Matches graph (d). 


_ 1 те TX 
2 2 2 
Period: — = 2 = 
л/2 


Asymptotes: x = –1, х = 1 
Matches graph (f). 


TX 
= —2 sec — 
У 2 
Period: 2a = Ed - 
b л/2 


Asymptotes: x = -Lx = 1 


Reflected in x-axis 
Matches graph (b). 


181 
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ут 


------0н--------- 


------wumd--------- 


Y 


— 


Y 


182 Chapter 4 Trigonometry 
13. y= : tan x 
` 3 
Period: 7 
Two consecutive 
asymptotes: 
Л Л 
х= -— апі х = — 
2 2 
m T 
XS ДО 
4 4 
_1 0 1 
| з 3 
AX 
15. y = tan — 
4 4 
Л 
Period: —— = 4 
л/4 
Two consecutive asymptotes: 
Л: 
E et => x = -2 1 
4 2 | 
A. ! 
et ox=2 | 
4 2 | 
| 2 
х|-11011 
уУ1-11011 | 
17. y = —2{ап3х 
Л 
Period: — 
3 
Two consecutive | 
asymptotes: | 
л л | 
= == = | 
6 6 = 
z|o] Z | 
x w — ! 
3 3 | 
у|0 0 | 0 
19. y = 3cot 2x 
Л ! 
Period: -- 
5 
Two consecutive 
asymptotes: -5 
Л Л 
х= -—х = – 
2 2 \ 
Л m m 
x 
6 8 8 6 


у | -3/3 1-3 13 


------юм-—-------- 


1 
21. у= E sec x 


M 
N+ 


Period: 27 
Two consecutive 
asymptotes: 
л л 
х= -—,х =— 
2 2 
л л 
x | == (0 == 
3 3 
1 : 1 
И 2 
23 = csc 2d 
ey 2 
2л 
Period: — = 47 
1/2 
Two consecutive 
asymptotes: 
х= 0, х = 27 
л 5л 
212 л M 
3 3 
у|2 1 2 
25. y= 1 sec TX 
Period: 2 
Two consecutive 
asymptotes: 
sal pa 1 
ge == 
x|-1 0 1 
441 1 21, 
y 2 2 2 


27. y = сѕс zx - 2 
2. 

Period: Aag 
Л 


Two consecutive 
asymptotes: 


х= 0, х =1 


х | 0.5 | 1.5 | 2.5 


у|-1 |-3 1-4 


N 


| 
de 
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29. y = -sec mx +1 1 л 
| 35. y = —cse| x + — y 
2. 24 1 4 4 
Репоф:---2 i i i 1 
л 34 U U Period: 27 
Two consecutive 31.4 | 1 i Two consecutive | [| і 
asymptotes: MET asymptotes: EAD 
1 и 2 m 3a ЭЕ a 
Х---,Х-- 1 1 1 [ : Хэ--,Х--- 4 : d 
СЕ ri AY з tA цэн. 
1 1 Th of Wet л | л | Ir 
x -- 0 - 1 І 1 1 x --- — -- 
3 3 12 4 12 
y|- Joji i, 12214 
AS 4 | 2 


31. y = tan(x + л) 
Period: л 37. y = cot — 


Two consecutive asymptotes: 


E 

І 

| 
NIA 

| 
NIA 
1 
[^] 
а 

| es 
m a 

g 


-1 011 - 
3 39. y = —2sec 4x = 2 


cos 4x 


Z 
E 


i І | -3 2 
Г a т oe \ / 
aM Е ” 
| | [ [ 41. = tan| x — — 
й | A 
33. y = 2sec(x + 7) j З 
Period: 27 ЁС эт 
2 2 
Two consecutive 
asymptotes: 
-3 
л л 
х=——,х = — 
2 2 43. у = -csc(4x - л) 
л л -1 
x | -~ 10 — =— 
3 3 sin(4x — 7) 
у|\|-4 |-—2|- А 


m 
+ 
> 
та 
2 


Ca 


Qoo A 
t 


I 
© 


ii 


3л 
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45. 


47. 


49. 


51. 


53. 


Chapter 4 Trigonometry 


TX 
= 0.1 tan) — + 
› |= 


AIA 
5, N 


1 
o 
о 
о 
Bs 
o 


-0.6 


0 

m 

3 
23 | 

N 

3 


! 
© 


cotx = “4/3 


_ dz m 5z lla 
6' 6 6 6 


1 
m 
E] 
ue 
[^] o 
m 
3 


sec x = 2 
257 л л 5л 
3° 3°3° 3 
3 
-3т 3т 


— 
Z> 
бэ? 
Шинь” 


= 
a 
= 
22» 
Il 
un 
о 
O 
D 
2 
ur 


f(x) 


So, f(x) = sec x is an even function and the graph has 


y-axis symmetry. 


55. The function 
1 


sin 2x 


f(x) = esc 2x = 
has origin symmetry. Thus, the function is odd. 


57. f(x) =x + tanx 


So, f(x) = x + tan x is an odd function and the 


graph has origin symmetry. 


59. g(x) = x csc x = 


ce mum 


! 
Y.. 
а 

1 


1 
03 
л- 

ч 
мал 


So, g(x) = x csc x is an even function and the graph 


has y-axis symmetry. 
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61. 


62. 


63. 


64. 


65. 


67. 


f(x) = |x cos х 
Matches graph (d). 
As x > 0, f(x) > 0. 


f(x) = xsin x 


Matches graph (a) 
As x > 0, f(x) > 0. 


g(x) = |x| sin x 
Matches graph (b). 
As x > 0, g(x) > 0. 


g(x) = |x| cos x 
Matches graph (c). 
As x > 0, g(x) > 0. 


f(x) = sin x + cos + z) 


g(x) = 0 
f(x) = g(x) 
The functions are equal. 


y 
А 
3+ 


ги 
Сэ 
I 
n 
e 


The functions are equal. 
1 
3+ 


N 
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69. 


71. 


73. 


g(x) = eP sin x 


1 
о 


Damping factor: el 2 


As x > œ, g(x) > 0. 


1 
-1 
f(x) = 2759 cos zx T 
Damping factor: y = 27“ 5 La 


As x > оо, f(x) > 0. 


Ф 


6 
y=—+cosx,x > 0 
X 


As x > 0, y > %. 


© 
а 


aes sin x 
x 
As x > 0, g(x) > 1. -6r вт 
-1 
1 2 
77. f(x) = sin — 
x 
As x — 0, f(x) oscillates Е 7 
between —1 and 1. : 
: 2 
79. (a) Period of cos РЕ = 12 
6 2/6 
РенойоГ 4 e *T 210 
6 1/6 


The period of H(t) is 12 months. 
The period of L(t) is 12 months. 


(b) From the graph, it appears that the greatest 
difference between high and low temperatures 
occurs in the summer. The smallest difference 
occurs in the winter. 


(c) The highest high and low temperatures appear to 
occur about half of a month after the time when the 
sun is northernmost in the sky. 
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81. cos x = 2 89. f(x) = x*, g(x) = Vx -1 
27 л (a) (fog)(x) = /Ух-1-(х-1/,хэ1 


m 
= Ld EE «x« 21 
(b) (ge f)(x) = g(x*) = Vx - 1 


Domain of f: all real numbers х 


COS x 


d 


Domains of g and fog: all real numbers x such 
thatx 21 


Distance 


Domain of g o f: all real numbers x such 
x thatx > lorx € -1 


л 0 Л 


Ц 
! 
! 
! 
^ 
! 
Ц 
Ц 
! 
! 
! 
! 
л 
2 


91. f(x) = 9 -x 


Angle of camera 


83. True. Because fis not one-to-one(f(1) = f(-1) = 8). 
y = csc x = ——, No inverse function 
sin x 
for a given value of x, the y-coordinate of csc x is the 93. h(x) = — is one-to-one, so it has an inverse function. 
x 


reciprocal of the y-coordinate of sin x. 


1 
85. f(x) = x — cos x т: 
(a) gad 
у 
-3 3 1 
y= = 
-2 = 1 
Mou xy 
The zero between 0 and 1 occurs at x = 0.7391. x 
1 
(b) Xn = сов(Х,-1) h^ (x) = -үүт 
$ 
xX = 1 Ух 
х = cos 1 = 0.5403 95. f(x) = /Зх nx" 6, x22 
X2 = COS 0.5403 = 0.8576 y= N CNET" 
X4 = cos 0.8576 = 0.6543 
x = ./3y - 6 
X4, = cos 0.6543 = 0.7935 А 
х, = сов 0.7935 = 0.7014 сан аг 
220142 
Х, = cos 0.7014 = 0.7640 Зу = х +6 
ху = cos 0.7640 = 0.7221 yz x! +6 
Xx, = cos 0.7221 = 0.7504 : 3 
X = cos 0.7504 = 0.7314 f(x) =2 Ч б >20 
This sequence appears to be approaching the zero 97. 10e° +2 = 7 
of f: x = 0.7391. 10е" = 5 
1 
87. f(x) = 3/х, g(x) = x? e- 5 
ya 
(a) (feg)x) = f(x?) = (2) = x x= In = —0.693 


(b) (go f)(x) g(x!) (47) NE 
Domains of f, g, fog, gof: all real numbers x 
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Section 4.7 Inverse Trigonometric Functions 


11. 


13. 


15. 


17. 


19. 


21. 


. The inverse cosecant function can be denoted as csc” 


y 


Or агссѕс x. 


= arcsin І = sin y = : for 
ds 2 2022 
л 
-—<у< 2 = 
2 4 2 d 6 
. y = arccos 0 => cos y = 0 for 
0<y<aay=" 
2 
3 V3 
y = arctan — => tan y = — for 
3 3 
S IP тэн. 
2 ^ 2 А 6 
It is not possible to evaluate агсѕіп 3. The domain of 


the inverse sine function is [-1, 1] 


y= arctan(-/3) > tan y = эш /3 for 


2 x 2 с 3 
1 
y = arccos 87 => cosy = —— for 
2 
0<у<т»у= т 
pcs dd ; AE 
y = sin -— > sin y = -— for 
2 2 
л л 
= © «lt. = — 
2 4 2 d 3 
f(x) = cos x 
g(x) = arccos x 
y-x 
4 
8 
-7 jl" 


Function Alternative Notation Domain Range 
А e л m 
. y = arcsin x у = sin! x -15х51 --5ул- 
2 2 
E л л 
. y = arctan x y-tan x —œ < X < о -— < yest 


2 2 


23. arccos 0.37 = cos (0.37) = 1.19 


25. 


arcsin(—0.75) = sin (0.75) = —0.85 


27. arctan(-3) = tan !(-3) = –1.25 


29. 


the inverse sine function is [-1, 1]. 


31. 


of the inverse cosine function is [-1, 1]. 


33. tan! (- 27) = -1.50 


7 


arctan(-./3 ) = – 


35. 


6 
«(7 -1 
4 
37. tan@ =~ 
4 
Ө = arctan х 
4 
. +2 
39, sin Ө = x 
5 
. +2 
Ө = сЕ | 
5 
41. sin(arcsin 0.3) = 0.3 


43. 


‚|. (9л : J2 л 
arcsin| sin = асып = З 
4 2 4 


187 


It is not possible to evaluate sin! 1.36. The domain of 


І А 4 . 
Itis not possible to evaluate wo 3) The domain 


9л. : : 1 
Note: zu is not in the range of the arcsin function. 
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3 
45. Let и = arctan T 51. Let u = шаа(-2| 
3 
{апи =—,0<u<-—, mg eet 2024) 
2 2 
| 1 А 3 
sin| arctan — | = sinu = — 
4 5 
i 
= 21 2 
Bie Ge As 53. Let u = arccos -2} 
2 
tnu =2=%,0<u< 2, 
1 2 2 п 
cosu = ais <и «cz, 
cos(tan"' 2) = сози = S V5 2 ша 
V5 5 tan we z) = tanu = — 5 


y 


49. Let u = arcsin 3 
13 


55. Let u = cos! 

: 5 л 

sinu = —,0 < u < —, 
13 2 


cosu = 


| 


ES 13 
sec arcsin — | = secu = —. 
13 12 
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57. Let и = arcsin(2x). 61. Let u — arccos x. 
: 2x DERE: 
sinu = 2x = —, FORME CT dore 
1 
DUET 2 
cos(arcsin 2x) = cosu = V1 – 4x? sin(arccos x) = sinu = y1 — x 
1 | vi =? 
2х 
х 
Уу! — 4x2 


63. Let u = arccos = 
59. Letu = arctan x. 


x cos и = 


tan u = х = —, 
1 


? 


ЫШ 
3 


X 9- x? 
1 tan| arccos = tanu = 
cot(arctan x) = cot u = — 3 x 
x 
3 
liza 
x 
x 
65. Let u = arctan —. 
a 
x 
tan и = —, 
a 
x х2 +a? 
csc} arctan = cscu = 
a a 
ў 2х 
67. f(x) = sin(arctan 2x), g(x) = ———— 2 
V1 + Ax? 
They are equal. Let u = arctan 2x, t s 
2x 
tanu = 2x = —, -2 
Я 2х 
and sin и = —————. 
1+ 4x? 


oa HY 
с eae f(x) 


The graph has horizontal asymptotes at y = +1. 


69. Letu = arctan e 
x 


9 И 
tan и = > and sin u = 
x 


So, 


9 З 9 
arctan — = arcsin —————, x > 0. 


x М2 +81 
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71. Let u = arccos M Then, 77. h(v) = arccos ч 
Vx? – 2x +10 2 
3 3 Domain: -2 < у € 2 
cosu = = 
Vx? - 2x +10 Jeni +9 Range: 0 < y € я 
| k- 1 This is the graph of A(v) = arccos v with a horizontal 
and sinu = 


af (x - її $ | stretch. 


So, и = arcsin 


79. f(x) = 2 arccos(2x) 
73. g(x) = 2 агсѕіп x 


2т 
Domain: -1 < x <1 
Range: -æ S y € zx 
This is the graph of 4 1 
0 


f(x) = arcsin(x) with a vertical stretch. 


) 81. f(x) = arctan(2x — 3) 


ы 
Y 
1 
№ 
i 
A 


83. f(x) = a — sin"! = + соѕ — 


75. f(x) = 2 + arctan x 


3т 
Domain: all real numbers 
Range: 0 < y € x 
This is the graph of y = arctan x shifted upward -2 : 2 


л/2 units. 
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85. 


87. 


89. 


91. 


93. 


95. 


97. 


99. 


f(t) = 3cos2t + 3 sin 2t = V3? + 3? sin 21 + arctan 3 


The graph implies that the identity is true. 


2 
2 


(а) sin 0 = 5 


5 


25 
Ө = arcsin — 


5 


(b) s = 40: Ө = arcsin 2 
40 


s = 20: 0 = arcsin 5 
20 


5.5 
а) tang = — 
(a) 8.5 


Ө = 32.9? 
h 
b) tan 32.9° = — 
(b) 10 
А = 10 tan 32.9? 
h = 6.49 meters 


u 


u 


3/2 sin(2t + arctan 1) 


3-7 ZE 4 z) 


0.13 


0.25 


The height is about 6.5 meters. 


(а) sin 8 = 5 


x 


. 6 
Ө = arcsin — 


(b) х 


Ф 
Il 


x = 7 mile 


D 
| 


False. The domain of arctan х is all real х, but the 
domain of both arcsin x and arccos x are —1 € x < 1. 


x 


12 miles 


шин = 30.09 
12 


= аып” = 59.0° 


101 


103. 


105. 


107. 


109. 


111. 


Section 4.7 Inverse Trigonometric Functions 


-2т 2т 


. False. 


5л . : : 
гэ is not in the range of arcsin(x). 


21 л 
arcsin — = — 
2 6 


57. : : : 
P is not in the range of the arcsin function. 


y = arccot x if and only if cot y = x. 
Domain: (-өө, со) 


Range: (0, л) 


NIS 


y = arccsc x ifand only if csc y = x. 


Domain: (—ee, — 1] о [1, өө) 


Range: E o) U С а 
2 2 


y 


ыз 


у = arcsec V2 => sec у = \/2 and 


m m m 
О <у< = 0ш= <у< л у= – 
У 2 2 4 4 4 


y = arccot(-1) = cot y = —1 and 


3л 
DEN pn 


191 
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113. 


115. 


117. 


119. 


121. 


123. 


125. 


127. 


Section 4.8 


Chapter 4 Trigonometry 


у = arccsc 2 > csc y = 2 and 


л л л 
-— < у<000<у< — ә у= – 


2 2 6 
24/3 24/3 
y = arccsc csc у = and 
3 3 
л л л 
-— < у<000<у< —– у= – 
2 x d 2 ч 3 
3 = 
уз sel * > cot y = and 


2л 
б< EY UM 


arcsec 2.54 — arccos 28. = 1.17 
2.54 


f(x) = sin(x), f'(x) = arcsin(x) 
(a) f o f^ = sin(arcsin x) 


2 


f^» f = arcsin(sin x) 


2 


1. bearing 


Applications and Models 


129. 


131. 


133. 


135. 


137. 


(b) The graphs coincide with the graph of y = x only 


for certain values of x. 


f/f! = x over its entire domain, 
-l<x<l. 


? 


л л 
f» f = x over the region = <x< 2. 


corresponding to the region where sin x is 

one-to-one and has an inverse. 
Area = arctan b — arctan a 
(а) a=0,b=1 

Area = arctan 1 — arctan 0 = 
(D a =-l1,b=1 


Area = arctan 1 — arctan(-1) 


(с) а= 0,6 =3 


Area = arctan 3 — arctan 0 
= 1.25 – 0 = 1.25 
(d a = -1,b = 3 


Area = arctan 3 — arctan(—1) 


x? + 8? = 12? = 144 
x? = 144 — 64 = 80 


x = 4/80 = 44/5 


х? + 2® = 6 
x? = 36-4 = 32 
х = 4/2 
cos 40° = = = c = 5 cos 40° 
tan 40° = — c= 2 
c tan 40? 


3. No. N 20? E means a direction first of due north, then 20? east of north. 
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5. Given: A = 60°,c = 12 13. Ө = 45°,b = 6 
sin A = 2 > a = csin А tan 0 = h Ка вий 
с (1/2)b 2 
: 12-/3 
= 12 sin 60° = 23 h = E tan 45? — 3.00 units 
= 64/3 = 10.39 
b 
cos А = — = р = ссоѕ А A N 
© me— Lb эа lb — 
= 12 cos 60° = rb =6 H b—_— 
2 
B = 90? — 60? = 30° h 1 
15. tan Ө = h = —b tan 0 
А (1/2)b 2 
7. Given: B = 72.8°,a = 4.4 í 
h = —(8) tan 32? = 2.50 units 
со88-2-с £ ta = 14.88 X 
с cos В cos 72.8? 
tan В = 5 => b = a tan B = 44 tan 72.8° = 14.21 h 
a 0 ЇЕ 6 
А = 90? — 72.8? = 17.2? I — b — <— fh — 
B H b————— 
72.8° c 
1-244 
| 17. tan 25° = 109 
с b A х 100 
10 
Е 22 C 
9. Given: a = 3,b = 4 tan 25 x 
? 2 = 214.45 feet 
ath =P с? = (3) +(4) > с= 5 
Р o h 
tan А = © => A = ап 5. = tan” Z jis 36.87° 13. sin 80° = 20 
b b 4 
B = 90° — 36.87° = 53.13? Е 
F I Min һ = 19.7 feet 08| |” 
а-3 5 Г\ | 
с b=4 2 21. Let the height of the castle = x and the height of the 


castle and tower = y. 
11. Given: b = 15.70, c = 55.16 


tan 35° = S and tan 48° = 2 
a = 45516? — 15.7? = 52.88 50 5 
b x = 50 tan 35° = 35.01 and y = 50 tan 48° = 55.53 
cos A = — 
c h=y—x = 55.53 — 35.01 = 2052. 
cos A = о h = 20.5 feet 
55.15 
A = arccos 207 = 73.46° 
55.15 
b= 15.70 
B = 90° — 73.46° = 16.54° Ї 
JZ | 
LA d 
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23. cot 55 = A — d = 7 kilometers НЕВА 
10 : 4000 
D 880 = 
cot 28° = — => D = 18.8 kilometers 16300 
10 9 = . ( 4000 
Distance between towns: abdo 16,500 
р-а = 18.8 – 7 = 11.8 kilometers Ө = 14.03° 


Angle of depression = œ = 90° — 14.03? = 75.97? 


10 km i 
16,500 mi 1 
Pd M шин 
зо 1 
2 сан 
Not drawn to scale 1 
25. (a) sin@ = ZEE 
hyp 31. tan 8 = 5 > Ө = 563^ 
: 2 Л 
вш 60° = 30 Bearing: N 56.31° 
h = 15\/3 = 25.98 feet i 
25.981 Port 45 
(b tan @ = 598 Е 
а Ji 
W —< SIT »—E 
8- an (2281) Ship 
(c) When @ = 25°, | 
5 
tan 25° = эээ 
4 33. (a) Reno is 2472 sin 10° = 429.26 miles north of 
d= шэн Miami. 
їй 23 Reno is 2472 cos 10° = 2434.44 miles west of 
d = 55.72 feet. Miami 
When @ = 30°, N 
1 
tan 30° = 25.981 
d 100° 
22901 ана | 
d= ‘an 30° в ee 
10° Miami 
d = 45.00 
45 ft 4 < 55.7 feet. Y 
5 
27. tan B z (b) The return heading is 280°. 


Ө = arctan 3 = 56.39 


N 
w 10 | >E 
75 ft 
Y 
8 


50 ft 
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35. (a) Because the airplane speed is 


(260 2 IE 23 = 15,6001, pe a 
S 


ec min min T 


after one minute its distance travelled is 15,600 feet. 


a 
15,600 
15,600 sin 18° = 4820.7 ft 


sin 18? = 


a 


(b) Let ¢ be the time for the plane to reach 10,000 ft. 


2601 | feet 
10,000 
s = ———— = 124.5 seconds 
260(sin 18°) 
37.0 = 322, 0 = 68? 43. Use d = asin wt because d = 0 when t = 0. 


(a) æ = 90° – 32° = 58? Period: 27 "T 
eriod: — = = 
Bearing from w 
Ato C:N 58° E 


N 
A 


So, d = 4sin(zt). 


45. Use d = a cos at because d = 3 when t = 0. 


2л 4л 
à 4 Period: = 1.5 @ = 
(5) 8-0-32 uj w 3 
y =90 -4 = 22° ! ат Am 
S = = 
С=8+у= 54° So, 4 3 cos $2 зіл) 
а о 
HEC Sy A 47. d = asin at 
d ШИ) 
= 50 => d = 68.82 meters Frequency = эл 
Я 262 = 2. 
39. sin 36° = "ns d ~ 14.69 27 


@ = 2n(262) = 5247 
Length of side: 2d = 29.4 inches 


шоог 


28 


41. The diagonal of the base has a length of 


Ма? + a? = А/2а. Now, you have 


tan Ө = n 
2a 472 
1 а 
9 = arctan —— 
V2 
Ө = 35.3°. 2 


JA a 
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49. 


51. 


Chapter 4 Trigonometry 


d = 9 соѕ 22 
5 
(a) Maximum displacement = amplitude = 9 
[24 
22 5 
b) Frequency = — = —— 
(b) Frequency i75. 


3 : . 
- A cycle per unit of time 


(c) d = 9 cos 88) -9 


(d) 9 cos =, =0 


cos on, = 0 
5 
Ол, = arccos 0 
5 
бл Л 
-- Mis 
5 2 
5 
t=— 
12 
1. 
d = —sin 6zt 
4 


(a) Maximum displacement = amplitude = i 


o _6л 


2m 2л 


(b) Frequency 


3 cycles per unit of time 


(c) d = 1 sin 307 = 0 


(4) тэн блі = 0 


0 


блі = arcsin 0 


sin блі 


ale 


1 
53. y= о > 0 


55. 


57. 


59. 


61. 


63. 


(а) 


(5) 


(c) 


(a) 


(b) 


(c) 


(d) 


A 
14 


Регіоа: zd sd 
16 8 


1 
— cos 16¢ = 0 when 16t = ~ > t =~ 
4 2 32 
NT 
330 
о Ө 
фол 9 
КЕ 6 
Е 3 
=. t 
2 4 6 8 10 12 
Month (1 €» January) 
1 
a = (143 - 1.7) = 63 
2 
e ШЕВ 5 
5 6 815 
Shift d = 143-63 430 
= 8 $2? 
S = d + a cos bt 48, 
= | 
5-8- ёз cos] 2 4 6 8 10 12 
6 Month (1 + January) 


Note: Another model is 5 = 8 + 6.3 sin( + z) 


The model is a good fit. 


The period is = 12. Yes, sales of outwear are 


2л 
(2/6) 
seasonal. 


The amplitude is the maximum displacement from 
average sales of $8 million. 


False. The tower isn’t vertical and so the triangle formed 
is not a right triangle. 


60° 


- 2t +100? = (з? + 51 – 1) 


105? -13y - 3 = (Sy + 1)(2y - 3) 


252° – ж? = (52? - xy(5z? + x) 
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65. sin @ = i 67. log; x + log, 5 = log,(5x) 


69. 3logx — log(x + 2) - log(x — 2) 


2 
А 1 15 
(а) sin? 8 + cos? Ө = 1 > cos? 0 = 1 — n - 


16 = logx? - log(x + 2) - log(x - 2) 
/ 3 
=> cos Ө = a = log х 
4 (х + 2)(х - 2) 
4 
(b) шоно, = = 4/15 
sin Ө 1 
4 
(с) csc 0 = Бан 4 
sin Ө 
(d) tan(90° — 0) = cot Ө = v15 
Review Exercises for Chapter 4 
1. The angle is approximately 2 radians. o=- 4л 
шинж 
3. The angle shown is 60°. (a) y 
pga Е 
: -4л 
(a) y 3 
A 
15л (b) Quadrant П 
1 
>x (c) Coterminal angles: 
_4л + 2л = 27 
3 
4л эл = 107 
3 3 
(b) Quadrant IV 
9. (a) 0 = 85? 
(ә PE Lag - 77 
4 4 y 
2. 2л = Е 
4 4 


(0) The angle lies in Quadrant І. 
(c) Coterminal angles: 85° + 360° = 445° 
85? — 360° = —275? 
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11. Ө = -110? 
(a) ) (b) Quadrant III 
A 
(c) Coterminal angles: 
—110? + 360° = 250° 
—110? — 360° = —470° 
^ 110? 
13. 138° = 227 = SE ing 
180 30 
5 = 70 = ЕЗ = 48.17 inches 
30 
15. 150° = 130% = ЭЁ adiens 
180 6 
А = 257 - 520) |37) = 2007 523.6 square inches 
2 2 6 3 
2 
17. t= E corresponds to the point e 2 


19. t= » corresponds to the point (x, у) = Ё 


2 V2 
21. t = = corresponds to the point (x, y) = -2 А 


sin 3% = y = N2 ue elu 
4 2 4 y 
3 
cos 2% жыш V2 wo 2125 
2 4 x 
me ed иш = e 
4 х 4 y 
12 1 
эз. sinl. = sin 3% М 27. sec 2) шаа ЗЭН 
4 4 2 5 (=) 
5 
3 17лх\_ ES 
. COS 6 co 2 29. tan 33 = —75.3130 


31. opp = 4, adj = 5, hyp = V4 + 52 = v41 


віп Ө = SPP = 22222233) ocg = DP а: 
hyp /41 41 opp 4 

авы e e ae scg = BE as 
hyp v41 41 adj 5 

ий = ВЫ PUE -5 
adj 5 opp 4 
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33. tan 33° = 0.6494 


1 


35. cot 15° 14° = ——— —— —— = 


tan 15 + a 
60 


37. sin Ө = 2 
3 


(a) csc 0 = =3 


sin Ө 


(b) sin? Ө + cos? 0 = 1 


1 2 
Ө + соѕ2 Ө = 1 
3 


да 
9 
90:22 
9 
с080 - 2 
9 
24/2 
E 


39. sin1.22 = 


Review Exercises for Chapter 4 


3.6722 


1 3 32 
(c) sec 0 = = = v2 
cos Ө 24/2 4 
(d tng = m9. V3 . 1 x. 
4 


cosÓ | РАЈЕ EP 


3.5 
x = 3.5 sin 1.2? = 0.0733 kilometer or 73.3 meters 


3.5 km << 
ы x 
aa] Г] 


Not drawn to scale 


41. x = 12, у = 16r = /144 + 256 = 4/400 = 20 


digs =o Secs нес 
r 5 y 4 
eee purget cm 
r 5 x 3 
meee as mapas 
xo S y 4 
43. x = 0.3, y = 04 
r = 4|(0.3) + (04) = 0.5 
pee et oye РЕ Ce 
r 05 5 y 04 4 
dios. s g et ii 
if 0.5 5 x 0.3 3 
tno = 2 = 24-4133 ieee 22 2675 
x 03 3 y 04 4 


199 
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6 6 
45. sec @ = Z, tan 6 < 0 = 0 is in Quadrant IV. 51. Ө = = 
r=6,x=5,y = —\/36— 25 = -VIl ET LE 
* /11 
sing = > = -№- ep TU. 
r 6 5 5 
cos ð = Ž = 5 1 
r 6 
tang = = E 
x 3 р 
csc Ө = — = Eo a 
y 11 А 
cot 0 = NH , 
11 
1 
-2 2 in(— БҮ - 2-2 
47. cos 0 =~ = — > у? = 21 53. sin(-150°) = -> 
r 5 
3 
sin Ө > 0 = Ө isin Quadrant II > y = v21 cos(-150?) = = 
sin@ =~ = sal tan(—150°) = -1/2 КА 
r 5 -3/5 3 
tan Ө = Te 22 3 
1 55 sin = М 
epee 52 3 3 
1 
у V2 2 ee 
8ёс0-1- EE. = 
х -2 2 tan $ = 3 
"TREE NEED 
y 2d 21 57. sin 106° = 0.9613 
49. 0 = 264° 
59. tan( -72 = —0.4452 
= 264° — 180° = 84° 15 
1 61. y = sin 6x 
| Amplitude: 1 
Period: Em ut 
6 3 
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63. f(x) - 5 sin * 


Amplitude: 5 


Period: гаж 
2/5 


NIN 
S T ENEE 


65. y = 5 + sin zx 4 
3 [ 
Amplitude: 1 | ЯС | | 
2 1 1 1 1 І 
Period: 22 = 2 redi TERES 
Л ! -27 2л 4л 


5 
1 
ь 


оо 


75. f(x) = x cos x 


Damping factor: x 


As х > œ, f(x) oscillates. 


N 


! 
w 
0 
N 
D 
N 
w 


Ф о 
ЕЭ; 


77. arcsin(-1) = = 
67. g(t) = 3 sin(t -7) 


Amplitude: 3 79. arccot V3 = с 


Period: 27 
81. tan !(-1.3) = —0.92 radian 


83. arccot 15.5 = шиш = 0.06 
15.5 


= |е чаа 
85. f(x) = LH tan B 


2 
69. y = asin bx -4 4 
(a) a = 2, 
zd - 2 => b = 5287 
Ь 264 


87. Let u = arctan 2 then tan u = Е 


y = 2sin 528zx 

1 cos(arctan i =4 
b = — = 264 cycles per second 

(b f 1264 ycles р 
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89. Let u = arctan E 95. sin 48° = E — d, « 483 
then tan и = 42, 13/ |i d dı + d, = 1217 
: 7 сов 25° = с шый = 734 
sec(arctan 2) - B 
"Aun 4, 
5 dus Se Ae = 435 
: y 4,-4, = 93 
91. Let y = шан Then sin 25° = —+ — d, = 342 
2 810 
x B 4-x 
cos y = — and tan y = tan| arccos| — || = ————— 
2 2 x 
— 70 
93. tan 0 = 30 
Ө = arctan( 2?) = 66.8° 
97. False. For each 0 there corresponds exactly one value of y. 
70m 
99, f(0) = sec 0 is undefined at the zeros of 
1 
Ө) = cos Ө because sec 0 = Я 
e H 9 cos 0 


101. The ranges of the other four trigonometric functions are not bounded. For y = tan x and у = cot x, the range is (-сө, ©). 


For у = sec x and y = csc x, the range is (—ee, -1] U [L ©). 
Problem Solving for Chapter 4 


1. (a) 8:57 — 6:45 = 2 hours 12 minutes = 132 minutes 3. If you alter the model so that Л = 1 when ¢ = 0, you 


132 11 | can use either a sine or a cosine model. 
p = d revolutions 


a= ges - min] - 2101 - 1] = 50 


8s D = ЇЇ айап» or 990° | 1 
4 2 d = 7m + min] = 210! + 1] = 51 


(b) s = r0 = 47.25(5.5л) = 816.42 feet Tm 


Cosine model: л = 51 — 50 cos(8zt) 


Sine model: h = 51 — 50 sin + 4 


Notice that you needed the horizontal shift so that the 
sine value was one when ¢ = 0. 


Another model would be: h = 51 + 50 зи вл + x 


Here you wanted the sine value to be 1 when ¢ = 0. 
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5. (a) sin 39? = 3090 
d 
d = 3000 = 4767 feet 
sin 39° 
(c) tan 63° = * 279° 
3000 
3000 tan 63° = w + 3705 


3000 tan 63° — 


7. (a) 


his even. 


9. P = 100 — 20 29 


130 


(а) 


This is the time between 


Problem Solving for Chapter 4 203 


3000 
x 
3000 
tan 39° 


(b) tan 39° = 


= 3705 feet 


3705 = 2183 feet 


(b) h(x) = sin? x 


his even. 

2л 6 3 
b) Period = —— = — = —sec Amplitude: 20 
e 81/3 8 4 (o) Anplitude 


The blood pressure ranges between 
100 — 20 = 80 and 100 + 20 = 120. 


heartbeats. 
70 
6 i : : 0 1 
(4) Pulse rate = бес шш = 80 beats/min (e) Period = 60 = з sec 
64 16 
m sec/beat 
PM NOSE CR 
2n/b 60 15 
11. f(x) = 2 cos 2x + 3 sin 3x 
g(x) = 2 cos 2x + 3 sin 4x 
(b) The period of f(x) is 27. 
The period of g(x) is z. 
(c) h(x) = Acos ax + B sinx is periodic because the sine and cosine functions 
are periodic. 
ERA = (554 
sin 6, 
ый б; eA. ОЕ еу, 
1.333 1.333 
Ө, = 40.5° 
(b) їапб, = - — x = 2 tan 40.52? = 1.71 feet 
tan ө = _ => у = 2tan 60° = 3.46 feet 
(б) d = у-х= 3.46 – 1.71 = 1.75 feet 
(d) As you move closer to the rock, @ decreases, which causes у to decrease, which іп turn 


causes 


d to decrease. 
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204 Chapter 4 Trigonometry 


Practice Test for Chapter 4 


1. Express 350° in radian measure. 


2. Express (5л)/9 in degree measure. 

3. Convert 135? 14’ 12" to decimal form. 

4. Convert —22.569° to D? M'S" form. 

5. If cos 0 = m use the trigonometric identities to find tan Ө. 
6. Find Ө given sin Ө = 0.9063. 

7. Solve for x in the figure below. 


35 


20° 


х 


8. Find the magnitude of the reference angle for Ө = (бл) /5. 
9. Evaluate csc 3.92. 


10. Find sec Ө given that Ө lies in Quadrant III and tan Ө = 6. 
. xX 
11. Graph y = 3 sin 5 


12. Graph y = —2 cos(x — л). 


13. Graph y = tan 2x. 
л 
14. Graph y = E + z) 


15. Graph y = 2x + sin x, using a graphing calculator. 
16. Graph y = 3x cos x, using a graphing calculator. 
17. Evaluate arcsin 1. 


18. Evaluate arctan(—3). 


19. Evaluate si (aco 


A) 


А А 1 oek 
20. Write an algebraic expression for co aes j 


© 2022 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


Practice Test Chapter 4 205 


For Exercises 21—23, solve the right triangle. 
B 


a 


b C 
21. А = 40°, с = 12 

22. В = 6.84%, а = 213 
23. а= 5,6 = 9 


24. А 20-foot ladder leans against the side of a barn. Find the height of the top of the ladder if the angle of elevation 
of the ladder is 67°. 


25. An observer in a lighthouse 250 feet above sea level spots a ship off the shore. If the angle of depression to the ship is 5°, 
how far out is the ship? 
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CHA 


PTER 5 


Analytic Trigonometry 


Section 5.1. Using Fundamental Identities 


1. cot u 
3. csc? и 
5. sec x = ——, tan x < 0 — x is in Quadrant II. 
1 1 2 
cos x = = = 
secx _5 5 
2 
) Iy 4 v2 
sin x = „[1 = [1 -– = 
5 25 5 
AJ 21 
sin x 5 V21 
tan x 
cos x R^ 2 
5 
1 5 54721 
csc x = = 
sinx 4/21 21 
1 2 2/21 
cot x = 
tan x 4/21 21 
: 3 
7. 810 = ——, cos 0 > 0 = Өіѕ іп Quadrant IV. 
cos Ó = ,/1 |l- 
tang = Œ? — T Za 3/7 
cos Ө 5/7 4/7 7 
4 
1 1 4: 4/7 
sec 9 = = 5 B 
cos 0 NT NE) 7 
4 
1 1 
cot 0 = = = v7 
аад — 3. 3 
Jm 
1 1 4 
csc Ө = = = 
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9. 


11. 


12. 


13. 


14. 


2 
tan x = y COS x 


cot x — - 


> 0 => x is in Quadrant I. 


Кыз 
2 
3 


2 4 
secx = , [1 + = 
ү (3) - 9 


3 
cscx = , |1 ВІ 


2 4 
sin x : : 2 
escx 3/3 /13 13 
2 
COS x } : 3 213 
seex 413 43 13 
P 3 
CS Es eis 
tan x 2 
3 
1 
sox cos = [ JE 


Matches (c). 


cot? x — esc? x = 


Matches (b). 


cos x(1 4 tan? x) 


(csc? x- 1) - csc? x 


-1 


= cos x(sec? x) 


ll 
[e] 
© 
a 
+ 
SN 
[e] 
© 
NES 
з 
Vy 


cos x 
= sec x 
Matches (f). 
cos x 1 1 
cot x sec x = — : = - = csc x 
sinx cosx sin x 


Matches (a). 


207 


208 


15. 


16. 


17. 


25. 


27. 


29. 


31. 


33. 


35. 


Chapter 5 Analytic Trigonometry 


ѕес2 х -1  tan?x _ sin? x 1 2 

—3 LX z- `z = 800 x 

sin^ x sin’ x cos’ х 80 x 
Matches (e). 

2 : : 
cos | (2/2) m x] sin? x — sinx . : 
= = sin x = tan x sin x 
COS X cosx cosx 

Matches (d). 


21. 


tan Ө 
tan @cotO _ Е 5) 
sec @ 1 


cot? x + cot? x + cot x +1 = cot? x(cot x + 1) + (cot x + 1) 


(cot x + 1 (cot? x + 1) 


= (cot x + 1)сѕс? x 


3 sin? x — 5sinx — 2 = (3 sin x + 1)(sin x — 2) 37 
cot? x + esc x — 1 = (esc? x — 1) + ese x — 1 

= csc? х + csc x — 2 

39. 

= (csc x — 1)(сѕсх + 2) 

tan Ө csc 0 = ши, 2 = sec 0 
cos@ sin@ cos@ 

sin @(сѕс ó — sin g) = (sin 9) E = sin? @ 


sin 


= 1- sin? ¢ = cos? ó 


sin В tan 2 + cos 2 = (sin 8) sin 2 + cos 8 
cos 8 
_ sin? B | cos? f 
cos 8 cos 8 
sin? В + cos’ B 
i cos 2 
| 1 
© cos В 
= sec B 


19. tan? x — tan? x sin? x 


= tan? x(1 — sin? x) 
= tan? x cos? x 


sin? x 


= —— - cos’ x 
cos? x 
= sin? x 
sec? x -1 _ (secx + 1)(sec x – 1) 
sec x — 1 sec x — 1 
= secx + 1 


2 
23. 1 - 2 cos? х + cost x = (1 — cos? x) 


: 2 
(sin? x) 


= sinf x 


1—sin?x _ cos?x 2 2 ‚у sin?x 
D - 7 = cos x tan^x — (cos x) 7 
esc~x — 1 cot“ х cos’ х 
= sin?x 
1 1 _ l— cosx +1 + cosx 
1+cosx 1-cosx (1 + cos х)(1 – cos x) 


Ш 2 


1 — cos? x 
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41. 


43. 


45. 


47. 


COS Х COS Х 


Section 5.1 


cos x(1 — sin x) — cos x(1 + sin x) 


l+sinx l-sin 


x 


(1 + sin х)(1 — sin х) 


cos x — sin x cos x — cos x — sin x cos x 


(1 + sin x)(1 — sin x) 
—2 sin x cos x 
1 — sin? x 


—2 sin x cos x 


cos? x 
| -2sinx 
cos x 
= —2tan x 
sec? x ап? x — sec? x 49 
tan x - 5 
їап х їап х 
-1 
- = -cot x 
tan x 
sin? y — 1- cos? y 


1— cos y 1- cos y 


(1 + cos у)(1 — cos у) 


tanx + 1 
MS SS ee 
sec x + csc x 


sin x 
+1 


COS x 


1 1 
+ . 
cosx sinx 


sin x + cos x 
cos x 
sin x + cos x 


sin x cos x 


= ] + cos у 


] — cos y 


51. 


sin x + cos x 
cos x 


= sin x 


-2т 


| 


sin x + cos x 


i 53. 
sin x cos x | 


2т 


55. 


sin Ө = 4/1 — cos? 0 


Using Fundamental Identities 


209 


Let y, = sin x and y; = 4/1 — cos? x,0 € x € 2л. 


y = у forO <x Л, 


So, 880-141/1-со8 Ө for 0 < 0 < s. 


2 


Let x = 3 cos б. 
V9 = x? = 4/9 - (3 cos Ө)" 
= 4/9 – 9 cos? 0 


- 9(1 — cos? Ө) 


= J/9sin? 0 = 3sin 0 


Let x = 2 sec Ө. 


Il 
N 
= 
5 
3 
S 


In| sin x|+ In| cot x| = In|sin x cot x| 


= In 


= In|cos x| 


sin x - 


COS x 


sin x 
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210 Chapter 5 Analytic 


57. In| tan t| - ш(1 — cos? t) 


59. UW cos Ө = W sin Ө 
e WsinO _ 
W cos Ө 


61. True for all 0 z nz. 


sinQ · csc = ind 


sin 
63. True. 
sinu 
{апи = 
cos и 
cos и 
cotu = — 
sin u 
1 
secu = 
cos и 
1 
cscu = — 
sinu 


Trigonometry 


Г | tan z| 
= In| — —7— 
| 1 — cos t 
tan і 
= ln — 
sin^ t 
sin ź 1 
= In . 


1 


cos f sin £ 


= Inlsec t csc t| 


tan Ө 


ца 1 
0 


65. Because sin? 0 + cos? 0 = 1, then 


cos? 0 = 1 — sin? 8. 


cos Ө = +~/1 - sin Ө 


cost sin?t 


sin Ө sin Ө 
tan Ө = = 

со80 — +,/1 — sin? Ө 

со89 4541-8420 
cot Ө = — = - 

sin Ө sin 0 
sec Ө = M cs | 

cos 0 £41 — sin? 8 
csc Ө = — ! 

sin 0 


67. Let и = a tan Ө, then 


а? +u’ = ja + (a tan Ө)” 


= Ja? + a? tan? 0 
= а?(1 + tan? 9) 


= „fa? sec? Ө 


= asec б. 


x (X = 16 / (x 4x - 4) 


69. 
x+4 2x (x + 4)(2) 
== 5 x #0, —4 
12 3х-3_ 12 x(x + 1) 
71. = ==" 5 E " 
xX x x+x x(x 1 3(x-1) 
4(х +1) 
(x + D(x — 1)? 
= 1 ‚х #0, -l 
(х -D 


73. (7 + 3i)(7 – 3i) = 49 – 9? = 49 9 = 58 
75. 4/-32 - (-V-32) = (32i)(-32!) = 32 


77. y = —5 cosx 


Period: 27 
Amplitude: 5 
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79. y = 3sin(2x) 81. True. In(xy) = Inx + Iny 
20. 27 
Period: =a = л 


Amplitude: 3 


Key points: (0, 0), B 3} B o} E 3) (т, 0) 


Section 5.2 Verifying Trigonometric Identities 


1. identity is 14500 cosO — (1 + sin ey + cos? 6 
3. Sample answer: Actual equivalence of two expressions cos 0 1+ sin Ө cos Ө(1 + sin 6) 
can only be verified algebraically. _1+2sin 6 + sin? 0 + cos? 0 
e cos 0(1 + sin 0) 
5, отти. Ш 24+2sin0 
cos Ө(1 + sin 8) 
7. 1+ sin? æ = 1+ (1— cos? а) = 2 – cos? 2(1 + sin 0) 
С cos Ө(1 + sin Ө) 
9. cos? 3 — sin? f = (1 — sin? f) – sin? B 22 
=1-2sin? B cos 0 
= 2secÓ 
11. tan| Z — Ø |sin Ө = cot Ø sin ө 
: ап Ака 19 1 x 1 | cosx – 1 + соѕх +1 
sos “cosx+1 cosx—1 (cosx + 1)(cos x — 1) 
-[m7 0 |. 2cosx 
P cos? x — 1 
_ 2cosx 
: Л 2 : 1 -sin? x 
13. sin ź csc| —— t| = sintsect = sin t 
2 cos ¢ 200. 1 ‚ COS x 
sin t sinx sinx 
= = tan t 
cos Г = —2 csc x cot x 
15. : + L.í; BOER ава 21. sec? y cos y = sec? y cos y = sec? y 
tan x cot x tan x cot x cos y 
cot x + tan x 4 
= in Ө O)tan Ө 
1 23. ne (gm TON ) M m sin Ө tan 0 
fan ОЁХ sec Ө l/cos 8 
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212 Chapter 5 Analytic Trigonometry 


1 + tan? 1 
25. + tan f = Le ene 29. sec x — cos x = — cos x 
tan B tan 8 cos x 
sec? f _ l- cos? x 
tan f cos x 
sin? x 
2 2 4 Join? 2 р = 
27. cot“ t _ cos t/sin t cost  l-sin'f cos х 
csc t 1/sin t sin t sin t : 
sin x 
= sin x - 
cos x 
= sin x tan x 
- cotx | (ап х _ cos x/sinx sin x/cos x 
secx csc x 1/со8 x 1/sin x 
cos? х sin? x 
= — F 
sinx — cosx 
1-sin?x | 1—- cos x 
= + 
sin x cos x 
= csc x(1 — sin? х) + sec x(1 — cos? x) 
= csc x — csc x sin? x + sec x — sec x cos? x 
= csc x — csc x Sin x + sec x — ѕесх - < COS x 
csc x sec x 


csc X — sin x + sec x — cos x 


33. sin? x cos x — sin? x cos x = sin? x cos x(1 — sin? x) = sin? x cos x - cos? x = cos? x /ѕіп x 


35. (1 + sin D + sin(-y) | = (1 + sin y)(1 — sin y) 39. tan? x sec? x — tan? x = tan? x(sec? x- 1) 
=1- sin? у = tan? x tan? x 
= cos? y = tan? x 
37 14510 — jl+sn@ 1+ sind 41. (sin? x — sin* x) cos x — sin? x(1 - sin? x) cos x 
'" A1- sin 1-510 1+sin@ 


= sin? x cos? x cos x 


(1 + sin ө) sin? x cos? x 


1— sin? 9 
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43. 


45. 


47. 


49. 


Section 5.2 Verifying Trigonometric Identities 213 
(a) T 
-2т 2т 
-1 Identity 
Identity 
2 2 2 2 1 2 2 
(с) (1 + cot х)(соѕ х) = csc” x COs” X = —5 cos* x = cot’ x 
sin^ x 
(a) 
H--4.71238898038 
Not an identity 
Not an identity 
(с) 2 + cos? x - 3cos* x = (1 — cos? х)(2 + 3 cos? x) = sin? x(2 + 3 cos? x) + sin? x(3 + 2 cos? x) 
: : h ѕіп(90° – 
Let Ө = sin! x > sino x = Š. 51. (a) Це ы (n h cot 8 
1 sin 0 sin Ө 
(5) 0 15? 30° | 45° | 60° | 75? | 90? 
! х 5 18.66 | 8.66 5 2.89 | 1.34 | 0 
(с) Махітит: 15° 
ŽA [| Minimum: 90° 
/1—x2 
Res (d) Noon 
From the diagram, 
53. False. (1 + csc x)(1 — esc x) = 1— esc? x 
i x 
tan(sin x) = tang = : 2 2 
1-x = —cot^ x, not —cot x^. 
Зоо 224 Note: cot? x means (cot x) and 
Let Ө = sin! ——— > sin Ө = ——. 
4 cot x? means cot( x 
55. cot(-x) # cot x 
4 
n The correct substitution is cot(-x) = —cot x. 
+ cot(—x) = cot x – cot x = 0 
tan x 
Vv 16-(x-1)? 
From the diagram, 57. Because tan? @ + 1 = sec? 6, you have 
tai uj siros +L tan Ө = t sec? Ө – 1. 
4 16 - (x - 1) 


59. 


For example, if Ө = z, then 


tan Ө = —land./sec? 0 – 1 = 1. 
х2 – 15x- 34 = 0 
(x - 17)(х + 2) =0 

x = 17, -2 
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61. (x +1) = 64 63. (а) sin 8 = 0 > Ө = 0° = Oand 8 = 180° = л 
x+1= +48 2 3 

(b) sin 0= V2. 9 =45° — 7 and 0 = 135° = 27. 

x = -9,7 2 4 4 


Section 5.3 Solving Trigonometric Equations 


1. isolate 13. V3 свх -2 = 0 
3. quadratic V3 csc x = 2 
2 
5. x = 0 is nota solution of the equation cos x = 0 csc x = o 
because you know that cos 0 = 1 # 0. " 
x= m + 2пл 
7. tanx- /3 = 0 2 


Л 
шаг эж 


(a) x =F: tan М3 = V3 - V3 = 0 


15. cosx +1 = -cosx 
O х= tan - V3 = V3- V3 = 0 2cosx+1=0 
1 
EE 
9, 3tan? 2x -12 0 
27: Л 
x = — + 2пл orx = — + 207 


2 
(а) х Л. 3| tan 28 1 = 3{ап? © —1 
12 6 


12 
17. 3sec? x - 4-2 0 
1 2 
- (= -1=0 2 4 
sec’ x = — 
V3 3 
2 2 
57 10л sec x = +—— 
b) x = 3| tan 1 = 3 tan? — -1 
шлан, | cl v3 
Л 
| | х=—+пл 
-3---1-1-0 
V3 5л 
SEE сар 
11. 25іп2 x -sinx -1-2 0 
19. 4co? x -1-20 
(а) x = —: 2sin? Ge (2) -1 1 
2 2 cos? x = — 
=2-1-1=0 P 
cosx = t— 
(bj 2 sin? (72) - sin (72) -1 2 
6 6 
1 1 х=—+пл or x = + пт 
225 sten 
4 2 
21. sin x(sin x +1) = 0 
snx=0O or sinx =-l 
3л 
xX = ИЛ аа 
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0 25. 3tan? x = tan x 


23. cos? x — cos x 


0 3 tan? x — tan x = 0 


cos x(cos? x- 1) 


tan х(3 tan? x — 1) = 0 


cosx = 0 or cos? x -1=0 
c = +1 = ee m 
его етра cos x tanx = 0 or3tan^x-120 
2 х = пл хээл J3 
v tan x = +— 
Both of these answers can be represented as x = —. 3 
2 л 57 
x= + ит, — + пт 
6 6 
27: sec? x — sec x = 2 
sec? x — secx- 2 = 0 
(sec x — 2)(ѕесх + 1) = 0 
ѕесх– 2 = 0 ог ѕесх +1 = 0 
ѕесх = 2 sec x = -1 
mc 57 хэл-20л 
x = — + 207, — + 207 
3 3 
29. 2 cos? х + созх—1=0 
(2 cos x – 1)(cos x + 1) = 0 
2cosx -1=0 or cosx +1=0 
1 cos x 5-1 
cos x = — 
2 х= п + 20 
ЕЕ СР E oue 
3 3 
31. sin x —2 = cosx - 2 35. sin? x = 3cos? x 
sin x = cos x sin? x – 3 cos? x = 0 
SAN a sin? x — 3(1 — sin? x) = 0 
cos x 
оў 
бах 4sn^x = 3 
x = tan! 1 ree 
2 
дш 2л 4л 5л 
=ч E л 
4 4 р 
3 3 3 3 
E 
ЭЭ, М 37. 2sinx + сѕсх = 0 
2 — 2с052 х = 2 + cos x 1 
250 x + =0 
2 cos? x + cosx = 0 = sin x 
cos x(2 cos x + 1) = 0 2sin2x+1=0 
cos x = 0 or 2cosx+1=0 db m ТАИТИ 
alc ога 2cosx = -1 2 
25-2 1 
cos X = —— 
2 
27 4л 
Xm 
3 3 


© 2022 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


216 Chapter 5 Analytic Trigonometry 


39. csc x + cotx = 1 
(csc x + cot х) zr 

esc? x + 2ese x cot x + cot x = 1 

cot? x + 1 + 2 csc x cot x + cot? x = 1 


2 cot? x + 2 csc xcotx = 0 


2. 
Б 
Б 
SI 
Se 
I 
| 
È 


2 cot x(cot x + csc x) = 0 


Ax Зл 
— = — + 2nī 

2cotx = 0 ог cotx + сѕсх = 0 2 2 

p- 2.37 cox 1 х= 3 + 4п 
2:2 sin x sin x For -2 < x < 4, the intercepts are —1 and 3. 
3л. = – 
Pe 18 extraneous «рей | 51. 5sinx+2=-0 
2 хэл 


(z is extraneous.) 


x = 7/2 is the only solution. ? 


41. 2cos 2x -1=0 


o 
n 


cos 2x = l x = 3.553 and x = 5.872 
2 
53. sin x -3cosx = 0 
зр yag or E 207 
3 3 S 
| : p^ 
х=—+пл х= —- nz 
6 6 0 2r 
43. tan3x - 12 0 l 
ип ЗЭ x = 1.249and х = 4.391 
„д; 55. cosx = x 
л nt 
xXx = — А 
12 3 


45. 2 cos = - V2 = 


o 
ПІ 

m 

3 


x 
cos — = 


2 


un 
[e] 
© 
x 
| 
[>] 
Ш 
© 


A 
м 
чә E 
5 
8 1 
ын NIA AIA 
| 
© 
1 
| 
ё 
fal 
р 


+ 2пл or 5 = — + 217 57. 


+ 4пл x = — + 407 


1 
A 


‚х = 2.186, x = 4.097 and x = 5.328 


вк 
Ww 
Ww 

E 

ü 

e. 

Ne} 

сл 

сл 

E 


! 
| 
+ 
s 
a 


Л 
ОЛОН 
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59. 2 (ап? x = 15 


6 


-18 


x є 1.221, x = 1.921, x = 4.362 and х = 5.062 


61. їап2 х + tanx – 12 = 0 
(tan х + 4)(tan x – 3) = 0 
tanx+4=0 or tanx-3=0 
tan x = —4 tan x = 3 
x = arctan(-4) + nz х = arctan 3 + пт 
63. sec? x — 6 tan x = —4 


] + tan? x — 6 tanx+4=0 


tan? x — 6 tanx + 5 = 0 


(tan x — 1)(tanx - 5) = 0 
tanx -120 tanx —-520 
tanx = 1 {ап х = 5 
л 
сагта x = arctan 5 + ит 
65. 2 sin? x + 5cosx = 4 
2(1 cos? x) + 5cosx -4=0 
2cos?x +5cosx -2=0 
—(2 cos x - 1)(cos x - 2) = 0 


2cosx-120 or cosx-2-20 
1 
cos x = — cosx = 2 
2 
л 5л . 
x= =: + 2пл, юэ + 207 No solution 


cot? x = 9 
1 
— = tan? x 
9 
1 
+— = tan x 
3 


x= arctan + + пл, arctan(- 1) + пл 
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69. 


71. 


73. 


75. 


77. 


sec? x — 4sec x 


sec x(sec x — 4) 


sec x = 0 secx-4=0 
No solution secx = 4 
1 
- = cos x 
4 
1 1 
X = arccos + 2nz, —arccos + 2пл 
4 4 
csc? х 3с6сх-4-0 
(csc x + 4)(сѕсх – 1) = 0 
сѕсх +4 = 0 or сѕсх- 1 = 0 
csc x = —4 csc x = 1 
1 : : 
—— = sinx 1 = sin x 
4 
‚(1 : 1 
x = arcsin p + 2nz, arcsin d + 207: x = — + 207 
12 sin? x -13sinx +3 = 0 
i -(-13) + 4/(-13)? - 4(12)(3) 135 ю 
sin x = = 
2(12) 24 
ee or dh m 
3 4 0 20 
x = 0.3398, 2.8018 x = 0.8481, 2.2935 -10 
The x-intercepts occur at x = 0.3398, 
x = 0.8481, x = 2.2935, and x = 2.8018. 
tan? x +3tanx+1=0 
-3 t 43 - 4(1)(1) -3 t s 
tan x — = 10 
2(1) 2 
255.505 -3 + V5 
PES EE or aS б 2r 
x = 1.9357, 5.0773 x = 2.7167, 5.9183 


3 tan? x + 5 tan x — 4 = 0, „Т 
2.2 


юм 


x = —1.154, 0.534 
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The x-intercepts occur at x 


x 


NIA 


-5 


1.9357, x = 2.7767, 
5.9183. 


= 5.0773, and x 


79. 4cos? x — 2sin x +1 = 0,1-2,2 
2-2 


6 


юм 
юм 
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81. (a) f(x) = sin? x + cos x (b) 2sin x cos x — sin x = 0 
2 sin x(2 cos x — 1) = 0 
sinx =0 or 2cosx-120 
0 2m 
х= 0, л 1 
cos x = — 
7 = 0,3.1416 2 
Maximum: (1.0472, 1.25) ENSE 
3 3 
Maximum: (5.2360, 1.25) = 1.0472, 5.2360 
Minimum: (0, 1) 
Minimum: (3.1416, –1) 
83. (a) f(x) = sin x + cos x (b) cos x – sin x = 0 
3 cos x = sin x 
К sin x 
0 27 cos X 
tanx = 1 
E m 
Maximum: (0.7854, 1.4142) | 4' 4 


Minimum: (3.9270, -1.4142) аан 


85. (а) /(х) = ѕіп х соѕ х (6) -sin? x + cos? х = 0 


ю 


-sin? x + 1 — sin? x = 0 


-2 sin? x+1=0 


2 г 2 


Maximum: (0.7854, 0.5) sin x = + САН 23 
Maximum: (3.9270, 0.5) л Зл 5л 7л 
х = 7,5 —— 
Minimum: (2.3562, —0.5) de A 
& 0.7854, 2.3562, 3.9270, 5.4978 
Minimum: (5.4978, —0.5) 

87. The graphs of y, = 2sinxand у, = 3x + 1 appear to лї 
have one point of intersection. This implies there is one A. Graph pu = a ee cos) 
solution to the equation 2 sinx = 3x +1. jim 

dis. . 


Left point of intersection: (1.95, 75) 


1 1 
89. y ms 8r — 3 sin 8r) 
Right point of intersection: (10.05, 75) 


L (cos 8t — 3sin 8) = 0 : 
12 So, sales exceed 7500 in January, November, 


cos 81 = 3sin 8t and December. 
5 
1 
— = tan 8t 
3 8 100 
8t = 0.32175 + nz 45 s 
23 , 
t = 004 + T7 $i" 


In the interval 0 € ¢ € 1,t = 0.04, 0.43, and 0.83. " 
2.46 8 1012 
Month (1 €» January) 
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93. (a) and (c) 


100 


TE 


1 12 
0 


The model fits the data well. 
(b) C = acos(bt — c) +d 


a= Уна low] = [84.1 31.0] = 26.55 


1 
2 


р = 2[high time — low time] - 2[7 = 1] =12 
dn _2n л 
р 12 6 
The maximum occurs at 7, so the left end point is 
с _7 "-— л) 7л 
b 6 6 
d= Thigh + low] = 493,6 + 62.3] = 57.55 


С = 26.55 co 2 2 = + 57.55 


(4) The average maximum temperature is above 72°F 
from June through September. The average 


maximum temperature is below 70°F from October 


through May. 


95. A= 2xeos x0 < x < 7 


(a) 


2 


-2 
The maximum area of A = 1.12 occurs when 
x = 0.86. 


(0) A21 for 0.6 < х < 1.1 


97. (а) з 


-2 


: m 
The graphs intersect when x — F and x = л. 


©) s 


л 
The x-intercepts are В o) and (z, 0). 


(c) Both methods produce the same x-values. Answers 
will vary on which method is preferred. 


99. f(x) = tan 2 


101. 


103. 


105. 


107. 


109. 


TX 


Because tan 2/4 = 1, x = 1 is the smallest nonnegative 


fixed point. 


True. The period of 2 sin 4t — 1 is 2 and the period of 
2sint — 1 is 27. 


In the interval [0, 27) the first equation has four cycles 


whereas the second equation has only one cycle, so the 
first equation has four times the x-intercepts (solutions) 
as the second equation. 


cot x cos?x = 2 cot x 
cos? x = 2 
cos x = t2 
No solution 


Because you solved this problem by first dividing by 
cot x, you do not get the same solution as Example 3. 


When solving equations, you do not want to divide each 
side by a variable expression that will cancel out because 
you may accidentally remove one of the solutions. 


х2 – 4х = 8 
xX- 45+4= 8+4 
(х = 2)? = 12 


x-2 = 4/12 
х= 2 + 24/3 
CE 
x? + 2x - 20 
x!42x-20-21 
x? + 2х+1=22 


(x +1)* = 22 


xt 

2 

„12+ У80 
2 

"EE BEANS 
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| 2x+2-x1 


m 
x? + 2x 22x) + 2х – 1 
х2 -1= 0 


xml 


113. Let y = arcos? Then cosy = > 


x 


x 
So, tan ar cos | = tany = 
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3 
115. Let y = arccos—. Then cosy = З, 
x x 


2 У х2-9 


x 


————,x >3. 
Vx -9 


3 
So, csc arc COS— | = esc у = 
x 


117. Let y = arcsin?. Then sin y = > 


N 


,O<x <2. 


ll 
A 
| 
E 
N 


Section 5.4 Sum and Difference Formulas 


1. sin u cos v — cos u sin v 


tan и + tan v 


' 1— tanu tan v 


5. cosu cos v + sin u sin v 


л 
b) cos + COS ~ = } 
(b 4 3 


11. (a) sin(135? — 30°) = sin 135? cos 30° — cos 135° sin 30° 


ERA 


1)- 26232 


2 4 


V2 Мз 2442-2513 


(b) sin 135° — cos 30° = : 
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13. sin ша. sin + z) 15. sin IE e Е мэ 
6 6 
: | 5л 9л 5л 
= sin — cos — + cos — sin = sin cos cos sin 
6 4 6 
.N2 X43 {_v2)1 J2( A3) (V2 B 
2 2 2.12, 2 2 2; 2 
522 5/2 
17л 9л 5л 
cos Um s cos ЭР ve 998 9 = zi n =) 
12 4 6 
9л 5л Я 5л 
Са аа ШИЛ = cos —— cos — + sin ^ sin = 
4 6 D^ 6 
ү B I A = 2-43) (1) 
ЕГЕ 0 4 (V3 + 2\2 AG 
2 
dite gan ME at EP EN 
4 4 6 4 
tan T + tan a tan m. tan 9л _ 5л 
= 4 3 6 12 4 6 
л л 
1- tan xd tan © _ tan(9z/4) — їап(5л/6) 
"T 3B 1 + tan(9z/4) tan(5z/6) 
a 3 1 - (-V3/3) 
ts рд 1 + (-V3/3) 
_3+V3 3-43 _3+\3 Зану 
3443 3-3 3-3 34/5 
E 12 + 64/3 
= BANS 22.30 = =2+ V3 
17. sin 105° = sin(60° + 45°) 
= sin 60° cos 45° + cos 60° sin 45° 
5 V2 zu 42 
2 2 2 2 
472 
ч uv +1) 
cos 105° = cos(60° + 45°) 
= cos 60° cos 45° — sin 60° sin 45° 
_1 V2 43542 
2 2 2 2 
42 
sew) 
tan 105° = tan(60° + 45°) 


tan 60° + tan 45° 


1 — tan 60? tan 45? 


Мз +1 4341 14-02 


1-43 1-43 143 


4+ 2/3 — i 


-2 
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19. sin(-195°) = sin(30° — 225°) э їз... ИЕС 
= sin 30° cos 225° — cos 30° sin 225° 12 4 3 
= sin 30°(—cos 45°) — cos 30*(—sin 45°) sin ло (2 | z) 
12 4 3 
SE. v2 Уз v2 Зл Л Зл л 
2 2 2 2 leds ii e 
кє ess E 12 ax v Y us 
4 4 2 2 2:| 3 
cos(—195°) = cos(30° — 225°) J 
2 
= cos 30° cos 225° + sin 30° sin 225° = Ax E V3) 
= cos 30°(—cos 45°) + sin 30°(—45°) 137 Е : 
cos = cos + 
0З. S Рр. V2 12 4 3 
2 2 2 2 Зл Л . 34 . T 
= cos ї cos 5 sin 1 sin 5 
4/2 
ved) 5221. AE. v2 
2 2 2 2 4 
tan(—195°) = tan(30° — 225°) 
13 3 
_ tan 30° — tan 225° tan = = Е } z) 
1 + tan 30° tan 225° 
3 
_ tan 30° — tan 45° 263 + Н 
1 + tan 30° {ап 45° = 37 = 
1 — tan| — | tan| — 
£) е | Р) 5) 
_\3 A ea EN 
2 ас 1-9) 
Яо 1-03 1-7/3 
a - 5 4-3. 155:55/3:541::55:/3 
сг 4-23 
» -2 
22-45 
ЭЛ _ 4 2 
12 4 
. л л л|. л 
sin -— — — | = sin sin 
z 2 (ajeg 90-4) и 2 
J2 J3 x 1 z a Л 1) 
2 2 2 Ё 4 
л л л л л 
cos = cos cos — + sin sin 
бэх шил! шээг 
вул), кес ) 
2 2 2 2 4 
л m 3 
tan| -4 | — tan — x 
(-# z) zl 3 TEE Be -3- V3 
tan - = = 
4 6 л 


293-458 3443  -2-6/3. 


Bus Suse. 6 
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25. 


27. 


29. 


31. 


33. 


35. 


37. 


Chapter 5 Analytic Trigonometry 


285° = 225° + 60° 
sin 285° = sin(225° + 60°) = sin 225° cos 60° + cos 225° sin 60° 


21) 25). SEINS «i 


2 (2 212 4 


cos 285° = cos(225° + 60°) = cos 225° cos 60° — sin 225° sin 60° 


x) | 25 Ж “2072 ) 


22 2 2 4 


tan 225? + tan 60? 
] — tan 225? tan 60? 


tan 285° = tan(225° + 60°) 2 


-144/3 14443 44-21 Ё 
l-43 1+4 D cm V3 = 42+ V3) 


-165° = -(120? + 45°) 
sin(-165°) = sin|-(120° + 45°) | = -sin(120° + 45°) = -[sin 120° cos 45° + cos 120° sin 45°] 


Мз V2 La e dae 1) 


2 2 2 2 4 


cos(—165°) = cos| -(120* + 45°) | = cos(120° + 45°) = cos 120° cos 45° — sin 120° sin 45° 


1 /2 3 ND van, 
2 2 30088 z * УЗ) 


tan 120? 4 tan 45? 
] — tan 120? tan 45° 
-V3 +1 peas Tex 4 - 24/3 
= | = -2-4/3 
1- (-V3)(1) 144/3 1-3 -2 


tan(-165°) = їад|-(1209 + 45°)] = -tan(120° + tan 45°) = 


sin 3 cos 1.2 — cos 3 sin 1.2 = sin(3 – 1.2) = sin 1.8 39. cos 130° cos 10° + sin 130° sin 10° 


cos 130° cos 40° — sin 130° sin 40° = cos(130° + 40°) 
= cos 170° 


tan (2/15) + їац(27/5) 


cos(130° 
cos 120° 


m 


1 
2 


= tan(z/15 + 2n/5) tan(97/8) — tan(z/8) _ tn( > 


a tan(977/8) tan(z/8) 8 
= tan(7z/15) = {апл 
0 


1 – tan(z/15) tan (27/5) 


cos Зх cos 2y + sin Зх sin 2y = cos(3x — 2y) 


‚Л л To. Л ‚(лл 
sin cos + cos sin = sin F 
12 4 12 4 (5 z) 


Л 
= sin — 
3 


8 


| 


- 10°) 
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For Exercises 43—47, you have: 


sinu = -2, u in Quadrant ГУ > cosu = = {апи = -3 
2015 ,; : 228 238 
cos v = 52, у іп Quadrant I > sin v = &,tanv = = 
17 17 15 
y y 
A A 
(15, 8) 
17 
и 
Х Х 
5 
(4,-3) 
Figures for Exercises 43-47 
43. sin(u + v) = sin u cos v + cosu sin v Ї Ї 
( ) 47. sec(v – и) = = 


ЕЕЕ cv 


-1 8 
252 19 (36 36 
45, tan(u x v) - tan u + tan v - 4 15 85 
1— tan u tan v i-(- [= 
4 
_13 
60 | ЭН 13 
1+ 32 60 7 84 
60 
For Exercises 49—53, you have: 
sinu = - и in Quadrant III = cos и = -2, {апи = A 
cosy = —4, v in Quadrant III > sin v = -i, tan v = i 
А À 
u у 
25 
(-24,-7) 5 
(-4,-3) 
Figures for Exercises 49-53 
49. cos(u + v) = cos u cos v – sin u sin v 51:0Ш E tanu — tan v 
_ 24 4 7 3 : 1 + tan u tan v 
25) 5 25Л 5 7 3 .1l 
3 ey ae сс 24.4 
== 7 үз 39 117 
5 1-1--| 
24 A4 32 
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53. сѕс(и – v) = : - : 
: sin(u — v) sin u cos v — cos u sin v 


1 


Caso) C03) 


55. sin(arcsin x + arccos x) = sin(arcsin x) cos(arccos x) + sin(arccos x) cos(arcsin х) 


=x-xtV1l-x-V1-x 
=x +1- x? 
= 1 І 1 1 Jit 
Jia x 
Ө = агсѕіп x Ө = агссоѕ x 


57. cos(arccos х + arcsin x) = cos(arccos x) cos(arcsin x) — sin(arccos x) sin(arcsin x) 
=x-Vl-x -V1l-x?-x 
= 0 


(Use the triangles in Exercise 53.) 


I . 7 T. IA T T. 
59. sin — — x | = sin — cos x — cos — sin x 61. sin — + x | = sin — cos x + cos — sin x 
2 2 2 6 6 6 


(1)(cos x) — (0)(sin x) 21 


= qe x + A3 sin x) 


= COS x 


tan Ө — tan a 
63. 20 т | E z 
4 1 + tan Ө tan B 


. tanQ -1 
1 + tan 0 


65. cos(z - 0) + sin( + 2 = cos л cos Ө + sin z sin Ө + sin - cos @ + cos 2 sin Ө 


= (-1)(cos Ө) + (0)(sin Ө) + (1)(cos Ө) + (sin 010) 
—cos Ө + cos 0 
0 
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67. cos 22 - e| = cos 20 cos 0 4 
2 2 
= (0)(cos Ө) + (-1 
= -sin 0 
2 
-2т 2r 


-2 


The graphs appear to coincide, so 


3 
(27 - 2 = —sin б. 


sin WR sin 0 69. сЕ + 2 = sin л cos Ө + cos ы sin Ө 
2 2 2 2 
Хяш Ө) = (—1)(соз Ө) + (0)(sin Ө) 
= —соз 0 
ын + 2 == : = I = -sec 0 
2 sin(3Z + 8) — —cos 0 
2 
5 
-2т 2т 


The graphs appear to coincide, so 
3 
csc 2 + 2 = —sec 0. 


71. cos(nz + 0) = cos nz cos Ө — sin nz sin Ө 


(71) (cos 6) — (0)(sin Ө) 


(-1) (cos 0), where n is an integer. 


b a 


73. CS duin > sin C = 


a Va? 


Va? + b? sin(B@ + C) = Уа? +b? E B0 · 


75. sin Ө + cos Ө 
a=1b=1,B=1 


,cosC = 


+b? Va +b? 


s t 4 LI) = а sin BÓ + b cos BO 
Ма? + 02 a.p 


77. 12 sin 30 + 5 соѕ 30 
а= 12,6 = 5,В = 3 


b 
(a) C = arctan — = arctan 1 = 2 (a) C = arctan 2 = arctan 2. = 0.3948 
a 


a 


sin Ө + cos = Уа? + D? sin(BO + C) 12 sin 30 + 5 cos 30 = Уа? + D? sin(B@ + C) 


= /2 wo " z) = 13sin(30 + 0.3948) 


(b) C = arctan а = arctan 1 = 2 
5 4 


sin Ө + cos Ө = Уа? + b? cos(BO — C) 


=~/2 coso - а 
4 


(0) С = arctan = = arctan Е = 1.1760 


12 sin 30 + 5 cos 30 = Уа? + P? соѕ(ВӨ - C) 
= 13 cos(30 — 1.1760) 


7. C = асап? = 2 a=b,a>0,b>0 
a 


JI 2227 


8-1 


2sin(@ + 4) = JB sin 0 + JB cos 
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8l. yel b e 83. sin(x + л) - sinx +1 = 0 
3 4 sin x cos 7 + cos x sinwz —sinx+1=0 
ee Ls Ё L 8-2 (sin x)(-1) + (cos x)(0) – sin x +1 = 0 
3 4 —2sinx+1=0 
b 3 1 
С = arctan — = arctan — = 0.6435 Sit ee 
a 4 2 
Dye cp. y7 ME 
y= B + "n sin(2t + 0.6435) 6 6 


3 sin(2t + 0.6435) 
12 


(b) Amplitude: Š feet 


1 
c) Frequency: = = 
©) A d period 27 2л 


1 
= — cycle per second 
л 


85. cos| х + 2 cos} х Е = 1 
4 4 
л 1 ‚л л . 207 
cos x cos — — sin x sin — — | cos x cos — + sin x sin — | = 1 
4 4 | 4 4 
: 2 
au =1 


-V2 sin х 


Il 
um 


: 1 
sin x = ——— 
42 
; 42 
sin x = —~— 
2 
5л 7л 
x = —, — 
4 4 
87. tan(x + л) + 2sin(x + z) = 0 
mn x + am To asin x cos m + cos x sin 7) -0 
1 — tan x tan x 
tanx + 0 . 
1 - tan x(0) | 2[sin x(-1) + cos x(0) | = 0 
ena —2sinx = 0 
“is 2 sin x 
cos x 


sin x = 2 sin x cos x 


sin x(1 — 2 cos x) = 0 


sinx = 0 or cosx = 
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89. 22 + z) + e - z) = 
4 4 


Graph y, = co + z) + CE = z) and y, = 1. 


91. sin + z) + cos? x = 0 
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93. True. 
sin(u + v) = sin u cos v + cos u sin v 
sin(u — v) = sin u cos v — cos u sin v 
So, sin(u + v) = sin u cos v + cos u sin v. 
95. The denominator should be 


Л 
1 — tan x Н = 1 – tan x. 


97. y, = cos(x + 2), y = cos x + cos 2 
2 


-2 


Мо, y, # y, because their graphs are different. 


0 27 
4 
л 3л 
x = >, mT, =— 
2 2 
99. (a) To prove the identity for sin(u + v) you first need to prove the identity for cos(u — v). 1 


Assume 0 « v « u < 27 and locate u, v, and u — v on the unit circle. 


The coordinates of the points on the circle are: 
A = (L0), B = (cos у, sin у), С = (cos(u — v), sin(u — v)), and D = (cos и, sin и). 


Because ZDOB = ZCOA, chords AC and BD are equal. By the Distance Formula: 


V [eost v) Ц | [sin(u v) 


cos^(u — v) – 2 cos(u — v) + 1 + sin? 


u 


| cos? (и - v) t sin?(u - »)] + 1 — 2 соѕ(и 


—2 cos(u 


сои 


( 
( 
2 – 2 cos(u 
( 
( 


Now, to prove the identity for sin(u + v), 


sin(u + v) - 


= sin u cos v + cos u sin v 


| 
[e] 
o 
un 
| 
| 
= 
= 
+ 
© 
„= 
22224 
ll 
© 
o 
un 
L— 
7S 


of Е J (cos и — cos vy + (sin u — sin vy 


cos? и — 2 cos u cos v + cos? v + sin? и — 2 sin u sin v + sin? v 


= у) = (cos* и + sin? u) } (cos? v + sin? v) 2 cos u cos v — 2 sin u sin v 
— v) = 2 — 2 cos u cos v — 2 sin u sin v 

— v) = -2(со8и cos v + sin u sin v) 

— v) = cos u cos v + sin u sin v 


use cofunction identities. 


Л IT B 
co Z = 1 cos V + sn( = 2 sin v 
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(b) First, prove cos(u — v) = cosu cos v + sin и sin v using the figure containing points 
A(L 0) 
B(cos(u — v), sin(u — v)) 
C(cos v, sin v) 
D(cos u, sin u) 


on the unit circle. 


Because chords AB and CD are each subtended by angle u — v, their lengths are equal. Equating 
[d(A, В)| = [a(c. D)| you have (cos(u v) 1) + sin"(u — v) = (cos u — cos DE F (sinu — sin vy. 


Simplifying and solving for cos(u — v), you have cos(u — v) = cosu cos v + sin u sin v. 


Using 880 = cos Z = 2 


р - (u -9| - cos (A 2 ( J = cos 2 2 cos(-v) 4 ДЕ 2 sin(-v) 


sin u cos v — cos u sin v 


sin(u — v) 


101. (a) The domains of f and g are the same, all real numbers h, except h = 0. 


() |, 05 |02 [01 1008 |oo loo | © : (d) As Л > 08, 
f ә 0.5 and 
=з з g > 0.5. 


f(h) | 0.267 | 0.410 | 0.456 | 0.478 | 0.491 | 0.496 


g(h) | 0.267 | 0.410 | 0.456 | 0.478 | 0.491 | 0.496 


107. 2 =0 
103. cos 0 = =. 9 in Quadrant IV ч 


cosx = 0 
аа ee h Z -2 
sin 6 = АД cos 8 = Jl 169 — 13 Bec SOEUR S E ne 
ind sin 0 Р E310 = =2 
cos 0 13 13 109. 1 +sin x = 0 
—" 1 _ 213 sin x = —1 
sin 0 12 
1 Е х = — + 207 
cot Ө = == 
tan 0 12 
1 13 111. 2cos3x = 0 
sec Ө = z 
cos Ө 5 cos 3x = 0 
1 3х шоо 
105. tan Ө = ——, 0 in Quadrant II 2 
2 ШЕЛН , 7 2n 
sec? 0 = 1 + tan? 8 шиг 327 2 3 


гад 


sec 0 = —/l +-+ = 
4 2 


-2 _ -2/5 


cos Ө = —= 


J5 5 


ши 


2 5 5 


„| 2” | X45 


5 
csc @ = —— = 4/5 
4/5 
cot 0 = -2 
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Section 5.5 Multiple-Angle and Product-to-Sum Formulas 


1. cos 2u 11. tan 2x — cot x = 0 
2tanx _ 
3. Sample answer: Product-to-sum formulas are used in а = cot x 
calculus to solve problems involving products of sines : 
and cosines of different angles. 2 tan x = cot х(1 — tan? х) 


2 tan x = cot x — cot x tan? x 


5. sin 2x — sin x = 0 


2 sin x cos x — sin x = 0 2 tan x = cot x — tan x 


3 tan x = cot x 


sin x(2 cos x — 1) 
3 tan x — cotx = 0 


sinx = 0 or 2cosx-1=0 
1 3 tan x — =0 
Kor du дэ tan х 

2 

л 5л 023850 ag 
ху чал ae pe tan x 
3 3 

2 ==, = 
7. cos 2x — cosx = 0 = tn x 1) 0 


2 — 
COR Es THEOS SE cot x(3 tan? x — 1) = 0 
cos? x — sin? x = cos x 


cos? x — (1 — cos? x) - cos x = 0 


cot x =0 or 3tan? x - 120 
2cos? x —cosx - 1 = 0 т Ё 1 
х= — + ил tan x =— 
(2 cos x + (cos x - 1) = 0 2 3 
2со5х +1 = 0 ог соѕх - 1 = 0 ае 
3 
1 
cos x = —— cosx = 1 л 5л 
2. х=— + ИТ, — + ил 
217 6 9 
x = — х= 0 
3 13. 6 sin x cos x = 3(2 sin x cos x) 
9, sin 4x = —2 sin 2x = 3 sin 2x 
sin 4x + 2sin 2x = 0 
| 15. 6 cos? x – 3 = 3(2 cos? x – 1) 
2 sin 2x cos 2x + 2sin 2x = 0 
2 sin 2x(cos 2x + 1) = 0 = 3 cos 2x 
2sin 2x = 0 or cos2x +1 = 0 17. 4 - 8 sin? x = 4(1 - 2 sin? x) 
sin 2x = 0 cos 2x = -1 тэлэн 
2x = пл 2x = п + 2пл 
п л 
х= —- х=—+п7Л 
2 2 
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19. ae e Ae i < 2л 
5 2 


y 


23. cos 4x = cos(2x + 2x) 


cos 2x cos 2x — sin 2x sin 2x 
cos? 2x — sin? 2x 


cos? 2x — (1 — cos? 2x) 


2 cos? 2x - 1 


= 2(cos ох) -1 
= 2(2 cos? x — i) -1 


= 2(4 cos* x - 4cosx + 1) - 1 


3Y4 24 
sin 2u = 2 sin u cosu = 2— =— = Cae 
| ag 25 8cos x — 8 cosx + 1 
ао i ee E IRE E 
5 25 25 
2-3 
2 tan u 4 3(16 24 
tan 2u = = = = 
1 — tan? и 1-2 2\7 7 
16 
21. tanu = 2,0 <и < 2 
2 
у 
Ум, 5 
5 » x 
sin 2u = 2sin u cosu = d ч Ї 2 )-3 
34 A 34 17 
cos 2u = cos? u — sin? u = A e: 
34 34 17 
23 
2 tan u 5 6( 25 15 
tan 2u = = 
1 — tan? u 1-2 5\16 8 
25 
1 + cos 2x Y 1 + cos 2 1 + 2 соѕ 2x + cos? 2 
25. cost x = (cos? xJ(cos? x) Е cos 2x cos 2x) _ cos 2x + cos“ 2x 
2 2 4 
I PEE. Rn 
4 
_ 24+ 4cos 2x + 1 + cos 4x 
8 
_ 3 + 4 cos 2x + cos 4x 
8 
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= EE + 4 cos 2x + cos 4x) 
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27. sinf 2x = 


cole olv Ble |н L| 


29. tant 2x = 


(sin? 2х) 
:( — cos 2) 
La — 2 cos 4x + cos ? 4х) 


|1- 2 oos 4x + sose) 


2 


1 

Р ee о уру 
2 8 8 
1 1 

— — cos 4x + — cos 8x 
2 8 


(3 — 4 cos 4x + cos 8x) 
(tan? 2x) 


2 
1- cos 4x 
1+ cos 4x 


1 — 2 cos 4x + cos? 4x 


1 + 2 cos 4x + cos? 4x 


1 + cos 8x 
2 


1 — 2 cos 4x + 


1 + cos 8x 
2 


1 + 2 cos 4х + 


20 — 4 cos 4х + 1 + cos 8x) 


20 + 4cos 4x + 1 + cos 8x) 


3 — 4 cos 4x + cos 8x 


33. sin 75° = 


3 + 4cos 4x + cos 8x 


Section 5.5 Multiple-Angle and Product-to-Sum Formulas 


(во) = Eneas. er 


AER 


cos 75° = 


tan 75° = tan 


> fl- ши 
дэ 150°) = [1 + cos 150 


= 2473 
л sin 1509 _ 1/2 
2 1+ cos150° — 1- (/3/2) 
EN 253 26А E. 
2-43 2«43 4-3 


31. 


sin? 2x cos? 2x 


Е ( - cos =y + cos =) 
2 2 


2 — cos? 4x) 


ll 


fi 1 + cos "| 
4 2 


1 1 

SSS aS cos 8x 
4 8 

1 1 

— — — cos 8x 

8 8 

1 

—(1 — cos 8x) 

8 


233 
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35. 


37. 


41. 


Chapter 5 Analytic Trigonometry 


5 (-/2 2 
ЫН 225°) = эндээ 229 C a2 2 v2 ENI 
о 1+ 5022: 2 
2Н 225°) = П + cos 225 C /2) Е | б 


o - + == = 
25°) - 812255 -J2h | 2 2442 _-2/2-2_ E 


1 
1 + cos 2259 14(-/22) 2-42 2+ 4/2 2 


sin 112° 30’ 


cos 112? 30’ 


tan 112° 30’ = -2 


| 

S 

|=] 
YET 
юле 


1 + cos — 
1 1 
cos — = zi Bl - = 2242 
2\4 2 2 1— cos и 9 3 
(b) sin – = = 
2323 2 25 5 
ЇН| sin — Е a 
tan tan E - = /2—1 
1+ 
2\4 [Deos = 142 cos 1 + cos u 25 16 4 
2 2 2 25 5 
_7 
и  l-cosu 25 3 
tan = 
2 sin u 24 4 
25 
5 3л 
tanu = -—,— < и < 27 
2-2 


1 26 


26 
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43. sin + cos x = 0 45. cos = — sin x 
2 2 
[1 — cos х [1 + cos x 
XEQ[————— = -cos x +, | — 
2 2 
1 — cos x 2 1 + cos x 
—————— = cos’ x ———— 
2 2 
0 = 2 cos? x + cos x — 1 1+ cos x 
= (2 cos x - 1)(соѕ x + 1) 1 + cos x 
1 2 cos? x + cos x - 1 
cos x = — or cosx 5-1 
2 (2 cos x — 1)(cos x + 1) 
5 
А хэл 2со5х-1= 0 or 
3 3 
1 
2 cos x = — 
2 
л 5л 
0 Qn X. = 3S 
3 3 
л 5л 
-2 x = —, T, — 
3 3 


47. 


49. 


51. 


53. 


55. 


57. 


By checking these values in the original equation, 
x = 2/3 and x = 52/3 are extraneous, and x = л 


is the only solution. 2 


sin 50 sin 30 = 4{cos(50 — 30) — cos(50  36)] = 1(cos 20 — cos 80) 


cos 20 cos 40 = 4{cos(20 — 40) + соѕ(20 + 40)| = 4{cos(-20) + cos 66 | 


sin 50 — sin 30 = 2 cos : 2) сЕ 5 2) = 2 cos 40 sin 0 


6 2 бх — 2 
os 6x + cos 2x = 2 cos = оң E “| = 2 cos 4x cos 2 


sin x 


sin? x 

2 sin? x 

2 — 2 cos? x 
0 

0 


cosx+1=0 


cos x 2-1 


sin 75° + sin 15° = гн > В БЕ шаг | = 2 sin 45? cos 30° = p 


2 2 2 
Зл m 3л л 
3 
cos A cos ^ = —2sin| 4 4 sin| -4 А | — 2 sin ^ sin 
4 2 
3 2 
cos 2 toe v2 v2 = J2 
4 4 2 2 


235 


7/3, л, and 57/3 are all solutions to the equation. 
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59. sin бх + sin 2x = 0 


2 сЕ + =) Е - =) -0 
2 2 


2(sin 4x) cos 2x = 0 


sin 4x = 0 or cos2x = 0 
4x = пл oe РР б 
2 
пл T пл 
х = — х=— + — 
4 4 2 -2 
In the interval [0, 277) 
л л Зл 5л Зл 7л 
x , * x , T, , , 9, 
4 2 4 4 2 4 
61. — cos ae 21240 n 
sin 3x — sin x 
cos 2x 
SSS 1 0 2т 
sin 3x — sin x 
cos 2x 1 E: "ales 
2 cos 2x sin x 
2sinx = 1 
: 1 
sin x = — 
2 
л 5л 
285 
6 6 
1 
63. csc 20 = — 
sin 20 
2 1 
2 sin Ө cos Ө 
_ 1 1 
sin 2cos@ 
|| csc Ө 
2 cos 0 


+ 
: | 2 28 — x) 
sinx siny _ 


65. 
cos x + cosy 4 Е 


27 


(b) When M 


(c) When M 


When M = 4.5, 


speed of object 


' speed of sound 
speed of object 
760 mph 


speed of object = 


speed of object 


=2 


=M 


1520 mph. 


speed of sound 
speed of object 
760 mph 


speed of object 


-М 


- 45 


3420 mph. 
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69. Because ø and 0 are complementary angles, 


sing = 


(а) sin(@ — Ө) = sin 9 cos Ө — sin Ө cos ф 
= (cos 0)(соѕ 0) — (sin 6)(sin Ө) 


(b) соѕ(ф — Ө) = cos $ cos Ө + sin фѕіп Ө 
(sin 0)(сов Ө) + (cos 8)(sin Ө) 


cos Ó and cos @ = sin б. 


= cos? Ө — sin? 0 
= cos 20 


2 sin Ө cos Ө 
sin 20 


ll 


71. True. Using the double angle formula and that sine is an 


odd function and cosine is an even function, 


sin(-2x) 


- sin[ 2(—х) | 


2 sin(-x) cos(-x) 


2(-вш x) cos х 


— —2sin x cos x. 


73, В = 180° —A = С = 180° — 25° — 92° = 63° 


Review Exercises for Chapter 5 


1. cot x 
2 TE 
5. со80 = E. tan Ө > 0,0 is in Quadrant III. 
sec Ө = ! = ES 
cos 0 2 
4 21 J21 
sin Ө = —4/1-— cos? 0 = | = | - 
25 25 5 
1 5 54721 
csc Ө = — = = 
sin @ J21 21 
N21 
iuge. Le 5 _v2l 
cos 0 2 2 
5 
1 2 24/21 
cot 0 = 


75. 


77. 


79. 


81. 


3. 


Review Exercises for Chapter 5 237 


В +С =180°-A 
B + B = 180° — 90° 
2В = 90° 
В = 45° = С 


соѕ28° = 0.8829 


see | EET 
15 cos(117/15) 
N 
A 
Wo > | 
29° 
120/ 1. 
20 b Y 
5 
(a) cos 29° = € — a « 104.95 nautical miles south 
sin 29° = E => b = 58.18 nautical miles west 
120 
b) tano = 22E a BE и сара 
104.95 
Bearing: S 36.7° W 
Distance: d = \/104.95? + 78.18? 
= 130.9 nautical miles from port 
cos x 
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1 1 : 
Ts 5 = in sin? x 
cot x +1 esc^ x 


13. cos? x + cos? x cot? x = cos? x(1 + cot? x) 
= cos? x(csc? x) 
9. tan? x(csc? x-— 1) = tan? x(cot? x) — | 1 ) 


2 
1 
= tan? x T 2 
tan^ x cos” x 


sin^ x 
=] sin? x 


= cot? x 


«(2 = 2 я 

11. = BD" _ tan u secu 15. 1 1 _ (esc 8 – 1) - (esc 0 + 1) 
сози сози cscO+1 cscO-1 (csc Ө + 1)(csc Ө — 1) 
= 

csc? Ө – 1 

EE 

cot? Ө 

= 2 tan? 0 


17. Let x = 5sin Ө, then 


V25 - x? = [25 - (5sin Ө)” = 4/25 - 25 sin? Ө = ./25(1 зіп? Ө) = \/25 cos? Ө = 5 cos 6. 


19. cos x(tan? x+ 1) = cos x sec? x 27. sinx = 4/3 — sin x 
2 | Мз 
= sec” х sin x = —— 
sec x 2 
= sec x хэ ДЭН 
3 3 
‚(л n 
21. ш CERE CONI INE 29, 30/3 tanu = 3 
sin Ө tanu = A 
= cos 0 3 
cos 0 
Л 
= sin Ө u = — + ИЛ 
6 
1 1 5 
23. =. = cos Ө 31. 3esc^ x = 4 
tan Ө csc 0 sin 0 | 1 
со80 sin@ esc? x = 4 
3 
25. sin? x cos? x = sinf x cos? x sin x Р 3 
* 2 


аа as 
(1 – cos х) cos’ x sin x 
л 2л 4л 5л 
2 4 PEU x = — + 2an, — + 2zn, — + 2zn, — + 2лп 
= (1 - 2 cos x + cos x) cos x sin x 3 3 3 3 


= (cos? x — 2 сов“ x + cos? x) sin x These can be combined as: 


л 2л 
МИ шах чад 
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Е 
33. sin? x = sin х 39. эш 2)-1-0 
sin? x — sin x = 0 3 
sin x(sin? x - 1) = 0 tan? Е _1 
3 3 
іпх= 0 х= 0, л 
х 1 
sin? x = 1 HS 3 
: 3 
sinx = +] 2 te qud. 
3 3 
35. cos? x + sin x = 1 Rt DUUM 
| : 3 6 6 6 
l] — sin? x + sinx -1=0 
_ Лл 5a Тл 
-sin x(sin x — 1) = 0 шин 27272. 
sinx = 0 sinx-1=0 5x In 
х=0,л sinx =1 r3 and AT are greater than 27, so they are not 
л : м" л 
x= 2 solutions. The solution is x = 2 
37. 2sin2x - V2 = 0 41. cos 4x(cos x – 1) = 0 
OP cos 4x = 0 cosx -—1=0 
2 
3 
3 4x = Z + 27an, 7. + 27n cosx = 1 
2x = Z + 2an, 2 + 2an 5 1 
4 4 T л Зл л 
x= n, +—n x=0 
л 8 2 8 2 
х= — + лп, —— + лп 
8 л 3m 5л 7л 9л llm 13л 157 
x = 0, 3. , Е] E , x E 
хал 3M Эл Ил 8'8'8 8 8 8 t8 
88 8° 8 


43. tan? x -2tanx = 0 
tan x(tan x — 2) = 0 


tanx = 0 or tanx-2 


ll 
© 


Хх = ИЛ tanx = 2 


x = arctan 2 + nz 


45. tan? 0 + 10-6 = 0 
(tan Ө + 3)(tan 8 - 2) = 0 


tand+3=0 or tand-—2=0 
tan Ө = -3 {ап Ө = 2 
Ө = arctan(-3) + ил Ө = arctan 2 + nz 
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47. sin 75° = sin(120° — 45°) 
= sin 120° cos 45° — cos 120° sin 45° 
_ (V3 \ V2 1\ V2 
2 2 2 2 
/2 
2c 3x1 
1L (8 +1) 
cos 75° = cos(120° — 45°) 
= cos 120° cos 45° + sin 120° sin 45° 
Ё | 3 421 (A3 2 
QoS genes 
42 
5 v3 -1) 
Of 21 o 
tan 75° = tan(120° — 45°) = 122 120° — tan 45 
1 + tan 120° tan 45° 
_ -43-1  -43-1 
1-(-J3 1-43 
_-V3-1 14+ V3 
Pans Te. 
24-243 _ aus 
-2 
. 25m .(lm x 11 л 11 
49. sin = sin + 1 cos S sin 
12 6 4 
-( I (N2), [уз (М? = ) 
2 2 2 2 4 
257m (ur а л т Пл . 
cos = cos + = cos cos sin 
12 6 4 4 6 
Р NES ED) 13522 * IN 1 j 
2 2 2 2 4 
t llz t c 
251 Пл л Ци 5 bd: 
tan = tan + = 
12 6 4 л 
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1 - tan ыг їап 
6 


Review Exercises for Chapter 5 241 


. 19л . (19% 53. sin 60° cos 45° — cos 60° sin 45° = sin(60° — 45°) 
51. sin = —sin 


sin 15° 


Il 

| 

D 

5 
4 — 
E 

+ 
war 
Nae 
| ee | 


" 5л л 5л 
cos Ч cos : sin 7 sin : 
ЧЭ ЭЛ 
2 2 2 2 
- S28 -1) 


M43 41 4341 
EU ES TE 
4 + 24/3 


2 


24 43 


Figures for Exercises 55 and 57 


: : А 3( 4 4( 3 24 
55. sin(u + v) = sin u cos v + cos u sin v = - + = 


: ; 4( 4 3 
57. соци = v) = сози cos v + sin usin v = Sf Ер (2) 1 
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л ло ‚л . А 
59. сох + z) = COS x cos oie sin x sin Э = cos x(0) — sin х(1) = -sin x 
tan л — tan x : 4 3л 
61. tan(z — x) = = —tan x 65. sinu = -=, л <u < — 
1 — tan z tan x 5 


63. 


| 
E 


r -3 

HEN E ша 5 

| z) | | z) cosu = 1 sm” u = 5 
АЫ Sin| x 4 


sinu 4 


tanu 


2 Л cos и 3 
VOUS INE cd 
J2 sin 2и = 2 sin u cos u = 4-2 3 шог 
cos X = — 5 5 25 
2 2 2 
л 7л cos 2и = cos? и — sin? и = 3 : ЕЕ 
T. 5 5 25 
214 
2 tan u 3 24 


tan 2u = 


67. sin 4x = sin | 2(2x) | = 2sin 2x cos 2х = 2 (2 sin x cos x) (cos? x — sin? x) = 4sin x cos? x — 4 sin? x cos x 


Other forms possible. For example, sin 4x = 8 cos? x sin x — 4 cos x sin x. 


] — cos бх 
sod I — cos 6x = 
ih n dps 38.2 2 _ 1 = cos 6x 
cos3x 1+ cos6x 1 + cos 6x 
2 


Tegal eec а Е 
2 
fi 150° ee | 2a dd 
cos(-75*) = -2 = 5 acies 2-8 


3 


tan(-75°) = : 01507 = 2 ша = -(2 +43) = 2-43 


22) 


"r , 


sin 150° 


2 
2 
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73. tanu = $, T <и < — (a) Because u is in Quadrant III, 5 is in Quadrant II. 


у 3 
1 (b) CENE I : Lj. plas 
2 
1+(-2] 
eet = 1 + cosu _ 5 =- J} =-—Ў 
2 2 2 5 5 


2 sin u -A 
5 
2 п i We: 
75. cosu = Б. 7 «ucc (a) Because u is in Quadrant II, — is in Quadrant I. 


77. cos 48 sin 60 = Sina + 60) – sin(40 — 60)| = alsin 108 — sin(-26) | 


79. cos 60 + cos 50 = 2 cos £ 5 2) co % = 2) = 2 cos Lig cos 9 


2 2 


81. ya zv sin 20 85. False. 4 sin(-x)cos(-x) = —4 sin x cos x 


-2(2 sin x cos x) 


range = 100 feet : 
= —2 sin 2x 


vy = 80 feet per second 


хүл E sin 20 — 100 87. Yes. Sample Answer. When the domain is all real 


: ; 1 Л 
numbers, the solutions of sin x = pe wE A + 217 


sin 20 = 0.5 
20 = 30° апа х = E + 2nz, so there are infinitely many 
л 
Ө = 15° or — i 
12 solutions. 
83. False. If 2 < Ө < л, then E ad 2 = 2 апа E is in 
2 4 2 2 2 


Quadrant I. cos >0 


© 2022 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


244 Chapter 5 Analytic Trigonometry 


Problem Solving for Chapter 5 


1 sin Ө = +,/1 — cos? Ө Y ou also have the following relationships: 
— sin Ө М1 - cos? 8 sin Ó = cos Ze) 
an Ө = = + 
cos 0 cos 0 Б 
cos| (77/2) – 0 
сѕс Ө = : = + : tno = =: 
sin Ө i= cos? ө йн 
csc Ө = ———_____ 
sec 9 = cos| (2/2) - 6| 
cos 0 L 
1 
cot 0 = : =+ cos 0 sec Ө = 9 
x cos 
tan 0 A1 — cos? 8 
cot 0 = 220089 006 


cos| (z/2) - 6| 


12n +1 
3. sin ад = sin lainz + л)| = sin| 2nz + fed 
6 6 6 6 


12n +1 
So, шин - 5 for ай integers n. 


5. From the figure, it appears that u + v = w. Assume that u, v, and w are all in Quadrant I. 


From the figure: 


5 1 
tanu = — = — 
3s 3 
5 1 
tan v = — = — 
2s 2 
{апу = > =] 
5 
ши] = tanu + tanv 13-12 _ 5/6 ee 


1-tanutanv  1-—(13)0/2 1- (1/6) 
So, tan(u v) = tan w. Because u, v, and w are all in Quadrant I, you have 


arctan| tan (u + »)] = arctan[tan ији + v = w. 


7. (a) (b A = 50 2 sin g cos 5 
107 8 à 10 2 2 
1 
Е = 50 ZEB 
НЄ--28--94 2 
||) 4 
= 50 sin 0 
1 
2? Дэн B in = = 1i imum, 0 = 2.50, th 
"Lem ow Ан Гай 22 ecause sin y= is a maximum, 0 = ra o, the area 
2 10 2 10 
b = 20 sin Č h = 10 cos Č is a maximum at A = 50 sin = 50 square meters. 
A= ly, 
2 


dm sin 2 [ro cos 2) 
2 2 2 


100 8ш й cos А 
2 2 
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itus 0.6W шэн 90°) LE Л 2) 
йн 13. (а) n= j 
0.6W (sin Ө cos 90? + cos Ө sin 90°) sin — 
(a) F = ELT 2 
нь ‚(0 a 01.(а 
0.6IV (sin 0)(0) + (cos 6)(1) | SIDI ) 008 2 + cos ae) 
sin 12° : (2) 
sin — 
_ 0.6W cos Ө 2 
sin 12° a O\ .(a@ 
= cos 2) + (2) 2Н 
0.6(185 
tej 5:0 с 
sin 12? 


For œ = 60°, n = cos 30? + “(2 sin 30° 


п = КА + 382) 


2 2 


550 


(b) For glass, n = 1.50. 


0 90 
0 
(с) The force is maximum (533.88 pounds) when 1.50 = УЗ + К cat 2) 
Ө = 0°. 2 2 2 
The force is minimum (0 pounds) when 0 = 90°. ois Ш 2 = «(2 
2 
11. d = 35 – 28cos Z—t when t = 0 corresponds to 1 9 
6.2 = w (7) 
12:00 A.M. ас 5 
(a) The high tides occur when cos 7 + = —1. Solvin 0-2 a | 
: 627 š - V3 
yields t = 6.2 or t = 18.6. 9 = 76.59 


These ¢-values correspond to 6:12 A.M. and 6:36 P.M. 
The low tide occurs when cos 24 = 1. Solving 


yields 1-0 and ¢ = 12.4 which corresponds to 
12:00 A.M. and 12:24 P.M. 


(b) The water depth is never 3.5 feet. At low tide, the 
depth is d = 35 — 28 = 7 feet. 


(c) 70 
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15. (a) Let y, = sinx and y, = 0.5. 


2т 


o 
n 


sin x 2 0.5 on the interval B 24 


(b) Let y, = cos x and y, = -0.5. 


2т 


o 
nt 


cos x € —0.5 on the interval Е “| 


(c) Let y, = tan x and y, = sin x. 


2т 


o 
ral 


tan x < sin x on the intervals E z| and ES 22 


(d) Let y, = cos x and y; = sin x. 


2т 


o 
ri 


| 5 
cos x > sin x on the intervals |^ А апа ES 22 
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Practice Test for Chapter 5 


1. Find the value of the other five trigonometric functions, given tan x = E sec x < 0. 


2 2 
| | + 

2s simplify 260 вас & 

csc x(1 + tan x) 


3. Rewrite as a single logarithm and simplify In| tan 9| - In| cot 6|. 


4. True or false: 
er 
cos] — -x| = 
2 csc x 


5. Factor and simplify: sinf x + (sin? x) cos? x 


6. Multiply and simplify: (csc x + 1)(сѕс x — 1) 


7. Rationalize the denominator and simplify: 
cos? x 
1 — sin x 


8. Verify: 
1 + cos Ө sin Ө 
sin Ө 1 + cos Ө 


= 2 csc 0 


9. Verify: 


tant x + 2 tan? x + 1 = вес“ x 


10. Use the sum or difference formulas to determine: 
(a) sin 105° 


(b) tan 15° 
11. Simplify: (sin 42°) cos 38° — (cos 42°) sin 38° 


12. Verify їац 0 + = ee 
4 1 — tan ө 
13. Write sin(arcsin x — arccos x) as an algebraic expression in x. 


14. Use the double-angle formulas to determine: 
(a) cos 120° 


(b) tan 300° 


15. Use the half-angle formulas to determine: 
(a) sin 22.5° 


л 
b) tan — 
(b) 12 


16. Given sin 0 = 4/5, 0 lies in Quadrant II, find соѕ(0/2). 
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17. Use the power-reducing identities to write (sin? x) cos? x in terms of the first power of cosine. 
18. Rewrite as a sum: 6(sin 50) cos 20. 
19. Rewrite as a product: sin(x + л) + sin(x — л). 


1 | + sin 5 
20. Verify «ш эшш оу = —cot 2x. 
cos 9x — cos 5x 


21. Verify: 


(cos и) sin v = Hsin(u + v) – sin(u — »)l 
22. Find all solutions in the interval (0, 27): 
Asin х = 1 
23. Find all solutions in the interval (0, 27): 


tan? Ө + (5/3 – 1) tan 8 - V3 = 0 


24. Find all solutions in the interval (0, 27): 


sin 2x = cos x 


25. Use the quadratic formula to find all solutions in the interval (0, 27): 


tan? x —6tanx+4=0 
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CHAPTER 6 
Additional Topics in Trigonometry 


Section 6.1 Law of Sines 


1. oblique 13. Given: A = 35°, B = 65°,c = 10 


3. The two cases AAS (two angles and one side) or ASA С = 180° - A - В = 80° 


(angle side angle) and SSA (two sides and an angle с : 10 sin 35° 
. 1 : a= (sin A) = — = 5.82 
opposite) can be solved using the Law of Sines. sin C sin 80° 
1 о 
5, С but (sin B) Е 10 ый 65 = 9.20 
2) sin C sin 80° 
b=20 105N. д 
45° 
A c B 15. Given: С = 55°, A = 425, b 
Given: В = 45°, С = 1055, = 20 
л В = 180° – A-C = 83° 
A = 180° -B-C = 30° 5 
: 5 a=— sin 4) = — sin 42°) = 0.51 
ыу ы тү В иша 
sin В sin 45° b 0.75 
П 20 sin 105° c = ——(sin C) = — «(sin 55°) = 0.62 
C = —~(sin C) = 2 22732 sing ER 
sin B sin 45? 
17. Given: A = 36%, а = b = 5 
7. С 1 1 © 
‚ 3 ine = е те. 
2 a 
A N C = 180° — A – В = 180° — 36? — 21.55 = 122.45? 
A с-10 B 
: 8 : » 
Given: А = 35°, B= 40°, c 210 QA (sin C) = — «(sin 122.45 ) = 11.49 
sin A sin 36 
С = 180° – 4 – В = 105° 
А о 19. Given: А = 145°, а = 14, Б = 4 
a= Р MEN эол | | 
sin С sin 105° 4 b sin A 4 sin 145? 
. d sin В = - 14 
с 10 sin 40 a 
b= i = ——— = 6.65 
me e nios = 0.1639 > В = 943? 
С = 180° — А— B = 25.57° 
9. Given: A = 4°,C = 16.7°,a = 21. | 
Given: 4 = 102.4°, С = 16.7°,a = 21.6 1 шиг 14 sin 25.57° NA 
В = 180° —- A - С = 60.9? Doa |  sinld$? 
b= (sin B) = ча ШЕ 60.9°) = 19.32 21 Gi В = 15°30’ = 4.5.b = 68 
sin A sin 102.4° SAMIVell i. цан 
а 21.6 : asinB 4.5 sin 15°30 
eS sin C) = —————(sin 16.7?) = 6.36 sin A = = 
sin 4 ) sin 1024^ b 6.8 


u 


0.17685 = A = 10°11’ 


11. Given: А = 83?20, C = 54.6°,c = 18.1 2 ; 
з i C = 180° — A — B = 180° — 10°11’ — 15°30 
B = 180°— А— С = 180° — 83?20 — 54°36 = 154919 
= 42°4 b 
c = ——(sin C) = —— (sin 154219) = 11.03 
ы. буй - +. 9209) sin B sin 15°30’ 
a ——(sin A) - (sin 83220) = 22.05 
sin C sin 54.6? 
b = © (sin B) = — $} {sin 4294) = 14.88 
sin C sin 54.6? 
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23. 


25. 


27. 


29. 


31. 


33. 


Given: A = 110°, а = 125,b = 100 
А bsin A 100 sin 110° 
sin B = = 
a 125 
= 0.75175 => В = 48.74? 
C = 180° — A — В = 21.26? 
pom шэнэ _ 125 sin 21.26 ~ 4823 
sin A sin 110° 
Given: a = 18,b = 20, A = 76° 


h = 20sin 76° = 19.41 


Because a < h, no triangle is formed. 


Given: A = 58°, a 


114,c = 12.8 


bsinA _ 12.8 sin 58? 


sin В = 
а 11.4 
= 0.9522 = В = 72.21° or B = 107.79? 
Case 1 
В = 72.21? 


C = 180° — A — B = 49.79? 
11.4 sin 49.79? 


c = — (sin С) = —— = 1027 
sin A sin 58° 

Case 2 

B = 107.79° 

С = 180° – 4 – В = 1421? 

Тань: (sin C) В 11.4 ѕіп 14.21° ~ 330 


ѕіп 4 ѕіп 58° 


Given: А = 120%, а = b = 25 


No triangle is formed because А is obtuse and а = b. 


Given: А = 45°, а = Б = 1 
Because а = b = 1, B = 45°. 


С = 180° — А – В = 90° 
1 sin 90° 
еа (ng see 5 2 «141 
sin A sin 45? 
Given: A = 36%, а = 5 
NE 5 
(a) One solution if b < 5 orb = — 5 
sin 36° 
esate. 5 
(b) Two solutions if 5 < b < — ^ 
sin 36? 
dust 5 
(c) No solution if b > — ; 
sin 36? 


35. 


37. 


39. 


41. 


43. 


45. 


Section 6.1 Law of Sines 


Given: A = 105°, а = 80 
(a) One solution if b < 80. 


(b) Not possible for two solutions. 
(c) No solution if b = 80. 


А = 125°,Ь = 9,с = 6 
1 : 
Area = —bc sin A 
2 
- 3919) sin 125° = 221 
В = 39°, а = 25, с = 12 
1 : 
Area = —ac sin B 
2 
= 5052) sin 39° = 944 
C = 103° 15, а = 16,b = 28 
Area = Zab sin C 
= 2019)28) sin 103° 15' = 218.0 


A = 67°, В = 43%, а = 8 


. 8 5іп 43° 
ѕіп 67° 
С = 180° – A – B = 70° 


= 5.927 


—— (sin В) 

sin A 
1 : 

Area = зог sin C 


= $(8)(5.927) sin 70° = 22.3 


Given: A = 15°, B 
С = 180° – A – В = 30° 


135°, c = 30 


From Pine Knob: 

les ын Bat a chee 42.4 kilometers 
sin C sin 30? 

From Colt Station: 

a= esd = Seem dor z 15.5 kilometers 


sin C sin 30? 


251 
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47. Given: c = 100 А 


А = 74° — 28° = 46°, Vie 
(75 
B = 180? — 41° — 74° = 65°, 
C = 180° — 46° — 65° = 69° 
v 
a = ——(sin A) = — (sin 46°) ~ 77 meters e 
sin C sin 69? 
49. (a) C = 180° – 94? — 30° = 56? 
h _ 40 
sin 30? sin 56? 
һ = sin 30° 
sin 56° ( ) 
w 16 
(b) h = – (sin 30°) ~ 24.1 meters sin 32° віп 70° 
sin 56? 
16 sin 32? 
(с) А = сай = 9.0 meters 
sin 70° 
sing sin 
53. (a) 9 ^ n (c) у= п-а- В = nr- В – arcsin(0.5 sin B) 
sin œ = 0.5 sin f c _ 18 
& = arcsin(0.5 sin £) siny sin б 
18 sin y 
Om фе 
sin 2 
Domain: 0 < B « m 
о В _ 18 sin| л — B — arcsin(0.5 sin 8)| 
Range: 0<a< us sin B 
n T7 6 27 
(d) 
Domain: 0 < P< л 
Range: 9 < с < 27 
0 т 
0 
© 81 ол 0.8 12 1.6 2.0 2.4 2.8 
a | 0.1960 | 0.3669 | 0.4848 | 0.5234 | 0.4720 | 0.3445 | 0.1683 
c | 25.95 23.07 19.19 15.33 12.29 10.31 9.27 


As f increases from 0 to л, œ increases and then decreases, and c decreases from 27 to 9. 


55. True. If one angle of a triangle is obtuse, then there is 
less than 90? left for the other two angles, so it cannot 
contain a right angle. It must be oblique. 


57. False. To solve an oblique triangle using the Law of 
Sines, you need to know two angles and any side, 


or two sides and an angle opposite one of them. 


59. False. The sine of the angle included between the two 


given sides is needed. 
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61. (1, —6), (5, 0) 


0-1-66 
Slope = ( 15.43 
5-1 4 2 


63. (—5, 4), (-13, 4) 


Slope = LU =0 
-5-(-13) 


65. h(x) = x? – 10x + 25 


(a) x? – 10х + 25 = 0 
(x - 5) 


x-5=0 


ll 
© 


Zero: x = 5 
(b) x = Sof multiplicity 2 (even multiplicity) 
(c) Turning points: 1 
(d) = 


Section 6.2 Law of Cosines 


1. alternative 


2 2 2 

: + -b 

3. Alternative Form: cos B = есас 
2ас 


5. Given: а = 10, Б = 12, с = 16 


а? + 62 – с2 1004144 — 256 


cos С = 
2ab 2(10)(12) 
= -0.05 — C = 92.87? 
: b sin C 12 sin 92.87? 
sin В = = 


c 16 
= 0.749059 => В = 48.51? 


A = 180? — 48.51? — 92.87? = 38.62? 


7. Given: a = 5,b = 8c = 12 
a+b? -c? 52 + 82 – 122 
2ab 2(5)(8) 


= 23 = -0.6875 > C = 133.43? 
80 


bs {= £) = Е сэн 
c 12 
= 0.48412 = В = 28.96° 
A = 180° — B- C = 17.61° 


67. 


11. 


Section 6.2 Law of Cosines 253 


f(t) = -4t* - 108 + 62 


(a) 0 


-22(22 + 51 – 3) 


0 = -2 (т + 3)(2r – 1) 


Zeros: IIT 


(b) x = -3, х = Sof multiplicity 1 (odd multiplicity) 


x = 0 of multiplicity 2 (even multiplicity) 
(c) Turning points: 3 
(d) 48 


. Given: A = 30°, b = 15,c = 30 


а? = b? + с? — 2Ьс cos A 
= 225 + 900 — 2(15)(30) cos 30° = 345.5771 
a ~ 18.59 
a+b? -c _ (345.5771) + 15? — 30° 
2ab 2(18.59)(15) 
= —0.590681 = C = 126.21° 
В = 180° — 30° — 12621? = 23.79° 


cos C = 


Given: С = 108°, а = 10,b = 7 
с? = а? +b? — 2ab cos С 

10? + 7? — 2(10)(7) cos 108° 
192.2624 — c = 13.87 


sin A = gE el — 0.685896 
С 13.8659 


ll 


u 


There are two angles between 0? and 180? whose sine is 
0.685896, A, = 43.31? and A, = 180? — 43.31? 

= 136.69°. 

Because side c is the longest side of the triangle, C is the 
largest angle of triangle. So, A = 43.31? and 

В = 180°— A — C = 180° — 43.31? — 108° = 28.69°. 
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13. Given: a = 1, b = 15,c = 21 23. С=4з°,а=5ь=17 
asco t) -e _ 121+225-441 xa i 9 
2ab 2(11)(15) c^ = a^ + b^ — 2ab cos C 
= —0.287879 => C = 106.73° Ё | | p BE 43° 
bsinC 15 sin 106.73° 9 9 9 A9 
лесе E 21 = 0.296842 > с = 0.54 
= 0.684051 > B = 43.16° sin 4 = 450C _ (4/9) sin 43° 
A « 180° — 43.16° — 106.73° = 30.11° c 0.544832 


= 0.556337 — A = 33.80? 


15. Given: a = 2.5,b = 1.8, с = 0.9 B = 180° — 43° — 33.8° = 103.20° 


b? +c? -a _ (1.8) + (0:9)? — (2.5)? 


2 = 2 = 2 2 - o 
cos ОБО 2(1.8)(0.9) 25. 4 5° + 8° — 2(5)(8) cos 45 
= –0.679012 = A = 132.77? = 32.4315 > d = 5.69 
20 = 360° — 2(45°) = 270° = ф = 135° 
a? +e -b (2.5)? + (0.9) — (1.8)? (45°) 
соѕ В = = ERE дс Ое 2(5)(8) соз 135° 


2ас 2(2.5)(0.9) 
= 0.848889 => B = 31.91° 
C = 180° — 132.77? — 31.91? = 15.32? 


= 145.5685 => с = 12.07 


17. Given: A = 120°, Б = 6c = 7 
а? = b? + с? — 2bc cos A 
= 364+ 49 – 2(6)(7) cos 120° 
127 > a = 1127 
bsin A — 6sin 120° 


27. 


sinB = 
a 11.27 
= 0.461061 = B = 27.46° 
C = 180° — 120° — 27.46? = 32.54° А : : 
102 + 142 – 20 
.cos @ = 
19. Given: В = 10° 35, а = 40,c = 30 2(10)(14) 
b? = а? + с? – 2ас cos В = 111.8 
= 1600 + 900 — 2(40)(30) cos 10° 35” 20 = 360° – 2(111.8°) 
= 140.8268 — b = 11.87 ЕЕС 
2 _ 192 2 _ о 
| ё Е csin В 7 30 sin 10° 35 d = 10 + 14 2(10)(14) cos 68.2 
= b 11.87 d = 13.86 


= 0.464192 = C = 27.66? = 27° 40 
A = 180? — 10° 35’ — 27° 40’ = 141° 45’ 


21. Given: В = 125° 40, а = 37,c = 37 


b? = а? + с? – 2ас cos В 
= 1369 + 1369 — 2(37)(37) cos 125° 40 
= 4334.4420 = b = 65.84 

А = С = 2A = 180 - 125° 40’ 
= 54°20 > А = С = 27°10 
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29. 


31. 


33. 


35. 


37. 


12.5. + (15. — 102 
T ) + (5 Е 


0.75 a = 41.41° 


Section 6.2 Law of Cosines 


2(12.5)(15) 
102 + 152 — (12.5) 
cos f = 5 сав 0.5625 => В = 55,779 
2(10)(15) 
z = 180° — a — В = 82.82° 
u = 180° — z = 97.18° 
b? = 12.5? + 10? — 2(12.5)(10) cos 97.18° = 287.4967 = b = 16.96 
2 2 _ 172 
Pr UM ОЗЕ 0 вш ажал ний 
2(12.5)(16.96) 
0 = а + 8 = 4141° + 35.80° = 772? 
360° — 2(77.21°) 
20 = 360° – 20 > ф = : = 102.8° 
Given: a = Sc = 5, B = 40° 


Given two sides and included angle, use the Law of 
Cosines. 


b? = a? + c? — 2ac cos B 
= 64 + 25 — 2(8)(5) cos 40° 
= 27.7164 => b = 5.26 
bj +e? а? _ (5.26) + 25 – 64 


cos A = = 
2Ьс 2(5.26)(5) 
= —0.2154 — А = 102.44? 
С = 180° — 102.44° — 40° = 37.56° 


Given: A = 24°,a = 4,b = 18 


Given two sides and an angle opposite one of them, use 
the Law of Sines. 


h = b sin A = 18 sin 24° = 7.32 


Because a < h, no triangle is formed. 


Given: A = 42, B = 355, с = 12 


Given two angles and a side, use the Law of Sines. 


С = 180? – 42° — 35° = 103? 
1 1 о 
P csin A _ 1.2 sin 42 ~ 0.82 
sin C sin 103° 
1 1 о 
b= csing шэнэ 2071 
sin C sin 103? 
а = 6,b = 12,с = 17 
ee a+b+c Е 6 + 12 +17 = 175 
2 2 


Атеа = \/5(5 - ays — b)(s — с) 
= ,/17.5(11.5)(5.5)(0.5) = 23.53 
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39. 


41. Given: a =1,b = 


43. 


a = 2.5,b = 10.2,c = 8 


DESIT 


Area = NEC - ays – Б)(5 — с) 


= ./10.35(7.85)(0.15)(2.35) = 5.35 


1 
Taz 
2 4 


С а+ь+с _} 


2 


Area = \[s(s — a)(s — by(s — с) 
- AGI -*= 


Given: A = 80°,b = 75,с = 41 


5 
T a 11 
2 


а? = b? + с? — 2bc cos A 
= 75° + 41° — 2(75)(41) cos 80° 
= 6238.0637 — a = 78.98 


а+Ь+с 78.98 + 75 + 41 


s= = = 97.49 


2 2 


Area = \/5(5 - ays – b)(s — c) 
4/97.49(18.51)(22.49)(56.49) 
1514.14 


u 
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45. b? = 220° + 250? — 2(220)(250) cos 105° — b = 373.3 meters 


^ B 
v D. 
A 
220m 13, BN 
Lo ,^ 105° ГУ 230 
м Pd bo. y 
, - 2 
C b A 


47. d = J330? + 420? — 2(330)(420) cos 8° = 103.9 feet 


49. N a = 165,b = 216,c = 368 
1 
эг нг 165? + 368? - 216? 
cos B = 
5 2(165)(368) 
216 miles В = 17 2° 
C 165 miles = j 
2162 + 368? — 1652 
cos Á = 
2(216)(368) 
Al 13.1° А = 13.1° 


(a) Bearing of Minneapolis (С) from Phoenix (А) 
N (90° — 17.22 – 13.1°) E 


= 0.9551 


= 0.9741 


(b) Bearing of Albany (B) from Phoenix (4) 
N (90° — 17.2°) E 


N 59.7° Е N 72.8° E 
51. в "m _ 510 + 840 + 1120 _ sage 
2 
16 92 
Area = ,/1235(1235 — 510)(1235 — 840)(1235 — 1120) 
= 201,674 square yards 
: T : 201,674.02 
РЕ Cost = (2267402 Jan) = $83,336.37 
cos A = —— —— = 0.6028 > A = 52.9° 
2(115)(76) 
1152 + 922 — 76 59. False. The average of the three sides of a triangle is 
cos C = A — = 0.75203 > с = 412? а+Ь+с а+Ь+с 
2(115)(92) ; = oS 
53. с 2 


61. c 


B A 


725 


The largest angle is across from the largest side. 


650? + 575? — 725? 


C = 
= 2(650)(575) 
C = 72.39 
55. a = 200 
= 500 
с = 600 = s = 20+ 50 90. 650 
Area = ,/650(450)(150)(50) = 46,837.5 square feet 


а? + b? — 2ab cos C 
а? + b? — 2ab cos 90° 
a? + b^ — 2ab(0) 


а? + Bb? 


When С = 90°, you obtain the Pythagorean Theorem. 


The Pythagorean Theorem is a special case of the Law of 
Cosines. 
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63. (a) jr + cos A) 


(b) sie — cos A) 


65. (1,1), (5,8) 


8-1 
a) Slope = —— 
CDU Slope ee с=т. 


2 Bu. 5 
= yd 3 $ te a 
2 2bc 
1, |2bc + b? +c? а? 
= —bc 
2 2be 
1 2 
= (b+ - 4 
nli cj -a 
1 
= (р + с) + р + с) – 
{lo + 9 + apo +e) - a] 
_b+cta btc-a 
2 2 
_atb с. а+ Б +с 
2 2 


2bc 


EE 
2 


2bc 


1 E + а? – Б? =<] 
= 2 


at (b? — 2bc + c) 


4 
_@ -(b- cy 
4 
[а= (2-с) Ка + (6 – с) 
UR 
2 2 


2 


4 
(b) distance = J/(5 - 1? + (8 - 1} = J£ + 7? 


= \/65 


67. (-7, –4), (-3, -5) 


(a) Slope = = 


(b) Distance = 4 7-( Э| «[ 4-( 5] 
= \/(=4) +1 


= т; 


Section 6.2 Law of Cosines 


69. (1,12), (-5, 12) 
12-12 


(a) Slope = 1-5) =0 

(b) Distance = «t - (CS + (2 - 12! 
= X6 40 
-6 


71. (12,10), (-12, =10) 


257 


10 - (-10 
ases «ш 
12-(-12 24 6 
| 2 2 
(b) Distance = Уг - (-12) |" + [10 - (-10)] 
= \/576 + 400 
= 4/61 
73. (а) (x, у), (-3, 3) 
r=/9+9 = 34/2 
ѕіп Ө 3 І v2 
3V2 2 2 
cos 0 2 = RE 
r 342 42 2 
tn =}? = LE --1 
х -3 
сѕс Ө = шэн 32 = X2 
y 3 
sec Ө = a 32 = -V2 
x -3 
cot 0 = Бос 2 = –1 
у 
(b) (x, у) = (3, -3) 
r= 4/9 + 9 = 34/2 
ѕіп Ө ES x V2 
2 2 2 
cos 0 : v2 
ro GE. x2 
tan@=2 = = =-l 
x 3 
csc Ө = шин эу? = -V2 
y -3 
sec Ө = Z5 32 = /2 
x 3 
cot 0 = La E = –1 
y -3 
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Section 6.3 Vectors in the Plane 


1. directed line segment 17. Initial point: (—3, —5) 
3. multiplication; addition Terminal point: (-11, 1) 
5. Two vectors are equivalent if they have the same у = ( 11 ( 3), 1 ( 5) - ( 8, 6) 


magnitude and direction. 


м1 VES ee = Vio = 


7. || = (6 - 2? + (5 4) = 7 2 
M= VE 0—97 = 47 poem 
slope, = = = 1 v = (8-1,-9 – 3) = C9,-12) 
ee М = C9)" + (-12) = V225 = 15 


u and v have the same magnitude and direction so they 21. Initial point: (-1,5) 


are equivalent. Terminal point: (15, —21) 


9. | |-4/-1-2)/ + (4 - 2) = Ji v = (15 - (21, -21 - 5) = (16, 26) 
[у= Cs = C3Y + (2 - CD. = Vis lv] = 4016) + (26) = 932 = 24/233 
slope, — сЕ 23. -у 

desc А 
А 
slope, = айз 2 
-5 - (-3) 2 
u and v have the same magnitude but not the same ' 
direction so they are not equivalent. / us 
п. || = JG - 2) + (-10 - (-1))’ = V90 = 3/10 
IvI- Vo - 9 «C8 = 1? = Veo = зб 25. u +v 
-10 - (-1) | 
1 = ——— = -3 
slope, =. 
-8 = 1 uctv 
1 - = -3 
slope, "UMP : 


u and v have the same magnitude and direction so they 
are equivalent. 


13. Initial point: (0, 0) 
Terminal point: (1, 3) 27. u- v 


v = (1 —0,3 -0) = (1,3) 


М = v? +3 = /10 >x 
-v 
15. Initial point: (3, —2) d 
Terminal point: (3, 3) 


= 3-3,3-(- = и: 
М = V0? + 5 = = 
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29. u = (2,1), v = (1,3) 


(а) u- v = (3,4) 


Section 6.3 Vectors in the Plane 


(с) 2u – 3v = (-10,6) = 2n 


A 
2+ 
" 
Л 10 + 
5+ gt 
2и = 20 - 3v 
64 
22 
24 
-3v 
}—}-_+_+_++ >r 
-12-10 -8 -6 -4 -2 2 
— х 7 
4 5 
33. u = -—7j,v =i - 2] 
(b) (а) u+v =i-9j 
y 
1 (1, e 
3-4 А 
Al ) 
IT u 345678 
I——3 E x 
-3 -2 -1 1/2 3 
-1Т -y 
-2 Tu- v 
234 
(с) 2u - 3v = (42) – (3,9) = (, -7) 
1 
! (b) 
27 2u 
m >x 
-6 -4 -2 2/4 6 
-2 
-44 -3v 
-64 
-84 20 – Зу 
-10+ 


31. u = (-5,3), v = (0, 0) 


(а) u+ v = (5,3) = 


u=u+v 


(c) 


35. и = (2,0) 


259 
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37. v = +3, 6) 51. u = (-6 — 0,4 - 1) 
-Зү = (9, –18) u= (-6, 3) 
|-sv]= A + (18) = /4б5 = 9\5 w= -6i +3) 
= 3 
39. у = (3, 0) 53. v= 2! 
3 . . 
1 1 1 = 3C - ij) 
u=—v= 3,0 = 26,0 = (1,0 
М rere цан PERE 
Jul- +0 = 1 , 
4. v= (-2, 2) T 
1 1 1 + »--Х 
=v = (-2, 2) = (-2,2) | 3 
Бут jw IN 
1 1 les 
2 [232 N2 55. v = u + 2w 
2. 2 BE "T 
= (2i - j) + 2i + 2j) 
-JY (ay = 4i + 3j = (4,3) 
“= 3] +22) = | 
А 
RI 
43. v = (L-6) 
1 1 1 
u у= 1,-6) = (1, —6) 
“з-с”? уз 


21 1-9) = V37 65/37 ne 
4377 37° 37 
2 2 57. у = и – 2w 
lul- "n ) +32) ә: - (i-i) - x6 2j 
37 37 
= —5] = (0-5) 
1 1 | 
45. у = due = 10 —— (3, 4) = === 
[ul (3) + 4 Бан Д 
u-2w 
= 2(-3, 4) - 
= (-6,8) -3 -2w 
-4 
1 1 9 
47. 9 —u| = 9 2,5) |= 2,5 
(ue) rme) 2505 —M 
. у= 6i — 6j 
-( 18 A) 184/29 454/29 
4/297--/29 29 7 29 IM = Ne + (-6) = V72 = 6V2 
-6 
49. u = (3 – (-2),-2 - 1} ихийг илла! 
= (5, =3) Since v lies in Quadrant IV, Ө = 315°. 
= 5i – 3j 
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61. v = 3(cos 60°% + sin 60°j) " | 1 Р 41 
„у= -————= 1 j 
|| = 3.6 = 60° Ve +42 Ei 
ee : 
63. v = (3 cos 0°, 3 sin 0°) = ro + 4j) 
= 3, 0) 295.0. C 2) й 
y 5 5 5.5 a | н : 
214 


N 


! 69. u = (4 cos 60°, 4 sin 60°) = (2, 24/3) 
c: v = (4 cos 90°, 4 sin 90°) = (0, 4) 


al u + v = (2,4 + 2/3) 


71, v=i+j 


65. v = ¢ cos 150°, sin 150°) w = 2i - 2j 
2 2 : . 
Яс 0 = у-ү = –і + 3j 
7-/3 
Е й 4 i М = v2 
: | | -242 
| |v - | = Vio 


2 2 2 
sa МЭ -1-3 


DOT ANT 
ie id 24 8-10 
— — - x = is =0 


440043) 22721 дайн 24/2-24/2 | 


73. Force One: u = 45i 


Force Two: v = 60 cos ĝi + 60 sin 6j 


Resultant Force: u + v = (45 + 60 cos Ө) + 60 sin 0) 


2 


ju + у| = Jus + 60 cos 0)" + (60 sin 0)? = 90 
2025 + 5400 cos Ө + 3600 = 8100 
5400 cos 0 = 2475 
_ 2475 _ 
cos Ө = aon 0.4583 
Ө = 62.7? 
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75. Horizontal component of velocity: 1200 cos 6° = 1193.4 ft/sec 


Vertical component of velocity: 1200 sin 6° = 125.4 ft/sec 


77. u = 300i 
125 125 
у = (125 cos 45°)i + (125 sin 45°)j = —=i + ——j 
(125 cos 489) + (125 sin 459 = 1284 24 
uty = [о «E 383 
42 2 
2 2 
ju + v| = E * | + 5) = 398.32 newtons 
V2 42 
125 
tan Ө = мэн = 01289 
300 + | —= 
22) 
79. u = (75 cos 30°)i + (75 sin 30°)j = 64.95i + 37.5] 
v = (100 cos 45°)i + (100 sin 45°)j = 70.71i + 70.71] 
w = (125 cos 120°)i + (125 sin 120°)j = —62.5i + 108.3] 
u+vt+w = 73.16 + 216.5] 
ju + у + w| = 228.5 pounds 
tan 0 = 2198 = 2.9593 
73.16 
Ө = 71.3° 
81. Left crane: и = |u|(cos 155.7° + sin 155.7°j) 85. W = 100, 0 = 12° 
Right crane: v = У(сов 44.5°1 + sin 44.5?j) sin 0 = Ён 


W 


Resultant: и + v = —20,240] Е = W sin Ө = 100 sin 12° = 20.8 pounds 


System of equations: 


|Ы cos 155.7° + |М cos 44.5° = 0 87. F = 5000,W = 15,000 
| sin 155.7° + | | sin 44.59 = 20,240 sin Ө = E 

Solving this system of equations yields the following: _ 5000 

Left crane = |u| = 15,484 pounds 15,000 

Right crane = |v| ~ 19,786 pounds Ө = sin! $ = 195° 


83. Horizontal force: u = (uli 
Weight: w = -j 
Rope: t = |t| (cos 135*i + sin 1359) 
u+w+t=0 > Ч + | cos 135° =0 
-1 + || sin 135° = 0 
lel = 4/2 pounds 


u| = 1 pound 
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89. Airspeed: u = (875 cos 58°)i — (875 sin 58°)j 


91. 


93. 


95. 


101. 


103. 


105. 


Section 6.3 Vectors in the Plane 263 


Groundspeed: v = (800 cos 50°)i — (800 sin 50°)j 


Wind: w = v — и = (800 cos 50° — 875 cos 58°)i + (—800 sin 50° + 875 sin 58°)j 
50.5507i + 129.2065j 


u 


2 


Wind speed: |м | = (50.5507) + (129.2065) = 138.7 kilometers per hour 


Wind direction: tan Ө = 129.2065 
50.5507 
Ө = 68.6°; 90° – Ө = 21.4? 
Bearing: N 21.4° E 
True. Two directed line segments that have the same 97. Let v = is ” | ш ái 


magnitude and direction are equivalent (see Example 1). 


М = eos? 0 + sin? 8 = 4121 


True. If v = ai + bj = 0 is the zero vector, then 
a =b = 0. So, a = —b. So, v is a unit vector for any value of Ө. 
The order of subtraction should be switched. T ын б кш 6) E (4, -4) 


u = (6 – (-3),-1 - 4) = (9,-5) у= (0-4,4 - 5) = (5, -1) 
3 


Е = (10, 0), F, = 5(cos 6, sin 0) 


(a) F +F, = (10 + 5cos 6, 5 sin Ө) 


|F, + Е,| = (10 + 5 cos 0) + (5 sin 0)? 


ll 


41100 + 100 cos 0 + 25 cos? Ө + 25 sin? Ө 


54/4 + 4 cos Ө + cos? 0 + sin? Ө 


= 54/4 + 4с050 + 1 
= 54/5 + 4cos 0 
(0) 5 (c) Range: [5, 15] (d) The magnitude of the resultant is never 0 because 
Maximum is 15 when @ = 0. the magnitudes of Е and F, are not the same. 


Minimum is 5 when 0 = л. 


0 2m 
0 
(2, 8), (8, 2) 107. (5, —20), (11, 19) 
Distance = J(2 - 8} + (8 - 2) Distance — Ju = 5} + [-19 - (-20)] 
= 4/36 + 36 = 64/2 = 849 = /36+1 
(-15, 16), (-14, 19) = 37 = 6.08 
Distance = 4-4 - (-15)} + (19 - 16)” 109. (-3, 0), (13, 6) 
= V1+9 = Mio = 3.16 Distance = їз - (3r + (6 – 0) 
= J/16? + 6 
= 4/292 = 17.09 
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- 4 21 
111. cosx = sa) 113. cos eg Ба 
4/10(90) 4 4250 
-9 49 V2 _ 4x «21 
cos x = оу 2 25/2 
cosx = 0 25 = 4x + 21 
л 4 = 4х 
х= = + пт 
2 ts% 
115. Given: а = 9,b = 8,c = 16 
2 22:52 2 2 ag Е 
И В Ы ЗУН cutus ана 
2ab 2(9)(8) 
=> C = 140.43° 
. . b 3 8 
sin В = sin C|- | = sin (140.43) — | = 0.3185 
c 16 
=> B = 18.57° 
A = 180° — B — C = 21.00? 
117. Given: B 59°, С = 84°, с 20 


A = 180° – В – С = 180° — 59° – 


а = sin A £ = sin 37° ES 
sinC sin 84? 


sin 


b=snB 
sin 84° 


£ = sin 59° 20 
С 


84° = 37° 


= 12.10 


17.24 


u 


Section 6.4 Vectors and Dot Products 


1. Sample answer: 


u(v+w)=u-vtu-w 


9.u-4i-2jv-i-j 
u- v = 4(1) + (-2)(-1) = 6 


П. u = (3,3) 
u -u = 33) + 3(3) = 18 


The result is a scalar. 
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13. u = (3,3), v = (4, 2) 

(3-4) + 3(2) (-4, 2) 
-6(-4, 2) 

(24, – 12) 


The result is a vector. 


(u-v)v = 


15. u = (3, 3), v = (-4, 2), ж = (3, 1) 
(v - 0)w = 0(3, –1) = (0,0) = 0 


The result is a vector. 


17. у = (-4, 2) 
ЗҮГ = Ve + @7) 
= 3(20) 
= 60 


The result is a scalar. 


21. 


23. 


25. 


27. 


29. 


31. 


33. 


35. 


. w = 3,-1) 


3 + (-1) -1=~/10 -1 


The result is a scalar. 


In| -1 = 


u = (3,3), у = (4,2),w = (3,-1) 
(u - v) - (w- w) = [3(-4) + 3(2)] - [3(3) + 3(-1)] 
-6-6 
= -12 
The result is a scalar. 


u = (-8,15) 
| = Ju -u = ,/(-8)(-8) + 15(15) = 289 = 17 


u = 20i + 25j 


|u| = Ju -u = 40) + (25)? = 4/1025 = 5/41 


и = ój 
jul = Jaw = (0)? + (6° = 3/38 = 
u = (1,0), v = (0, –2) 
u-v 0 
“5971 М 00) 


0- ud radians 
2 


u = 31 + 4j, v = 2j 
8 


MM 60 


0- aroos{- J 
5 


Ө = 2.50 radians 


cos Ө = 


u = 2i-j,v = бі - 3j 


мийн 
_ X6) * Cic3) 
42 + (-1) Je + (-3)° 
2 15 _, 
225 
0-0 


u = -6i - 3j, v = -8i + 4j 


cosu = BLY = 7868) + C34). 36 сү, 
ММ узо e 


Ө = 0.93 radian 


37. 


39. 


41. 


Section 6.4 Vectors and Dot Products 265 


ES 
| ) | | э) V2. SID 
у = | cos — |і + | sin j= i+ j 
4 2 2 
[ul = |У = 
Уу 
050 = = 
[ul [v] 
- (5) 42 А Мз {52| —/2 + V6 
КЄ 2 2 12 4 
22 + x 57 
Ө = агссоѕ = 
4 12 
u = 3i + 4j 
у = —-7ї + 5j 
u-v 
cos Ө = — — 
ШИ 
_ 3(—7) + 4(5) 
3/74 
-1 
= —— = -0.0232 
54/74 
Q = 91.33? 


u = —5i — 5j 

у = —8i + 8j 
u-v 

cos Ө = — — 
ІМ) 


_ 258) + (-5)8 
4/50-Л128 
-0 
Ө = 90° 
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43. 


45. 


47. 


49. 


51. 


53. 


Chapter 6 Additional Topics in Trigonometry 


P = (1,2), О = (3,4), R = (2,5) 
PO = (2, 2), PR = (1,3), OR = (-1,1) 
cos & = РО. PR = 5 >a 
|РО [РАЈ  (2V/2)(vi10) 
= агссоѕ E = 26.57? 
cos JB = = 0 = 8 = 90 
112 


y = 180? — 26.57? — 90° = 63.43? 


OP = (-5, –2), PR = (3, 6), OR = (-2, 4), 
РО = (5, 2) 
РО . PR 27 

= Am = 41.63? 

"dp 7-75 ^^ 
ОР . QR 2 

сее те = 85.24° 

P р р vsum ^^ 
5 = 180° — 41.63? — 8524? = 53.13? 

М=М= 10,0 = = 
u- v = ЩІ cos 8 

= (4)(10) cos — 

me 

= -20 
[ul = = 250,0 = - 
uv = [ШМ cos e 

= (100)(250) cos £ 

= 25,000 - - 

= 12,500/3 
u = (3,15), v = (-1, 5) 


u # kv => Not parallel 

u-v #0 => Not orthogonal 
Neither 

u = 2i- 2j,v = -i - j 


и. v = 0 > u and v are orthogonal. 


55. 


57. 


59. 


61. 


63. 


65. 


67. 


u = l, v = -2i + 2j 
u # kv > Not parallel 
u- v #0 => Not orthogonal 


Neither 


u = (2,2), у = (6,1) 


: u: v 14 1 
= = = 6,1) = 84,14 
w; = projyu | MP | aa ) ze ) 


461) = (8, s) 
37 37” 37 


w, =u- № = (2, 2) 


10 1 
= 1, 6 10, 60 
376 b 6) = 3,010 60) 
1 1 
u 3584.14) 3 10, 60) = (2, 2) 


u = (4, 2), у = (,— 2) 


р у 
Ww, = proj,u = z 
IM 


w, =u - w; = (4, 2) – (0,0 
u = (4,2) + (0,0) = (4, 2) 
projyu = и because u and v are parallel. 


тшу куи 56.4) 


М (2644) 


proj,u = 


Because u and v are orthogonal, 
и. v = Oand pro,u = 0. 


: u-v 
projyu = ——-v = 0, because и · v = 0. 


M 
u = (3,5) 


For v to be orthogonal to u, и · v must equal 0. 


Two possibilities: (—5, 3) and (5, –3) 


21:24 
uc 73 


For u and v to be orthogonal, u - v must equal 0. 


2; 1 


Two possibilities: v = 2i + Ч and v = “sho 5] 
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69. Work — [ргоў}оУ| Рој where РО = (4, 7) and 71. (а) ч. v = 1225(12.20) + 2445(8.50) 
у = (1, 4). = 35,727.5 


The total amount paid to the employees is 
. PO | 32 $35,727.50. 
УРО Бо - [224.5 
Pol’ 65 
[Po] 


рторрУ = (b) To increase wages by 2%, use scalar multiplication 
to multiply 1.02 by v. 


Work = fri [PO = [5485 | 5) = э: 


65 
65 


73. (a) Force due to gravity: 
Е = —30,000j 
Unit vector along hill: 
v = (cos d)i + (sin d)j 


Projection of F onto v: 


w, = proj,F = Е 2) = (Е. v)v = -30,000 sin dv 
У 


The magnitude of the force is 30,000 sin 4. 


O2 [|o|r |» |* [|^ |* fo |> |$ fo [1 


Force | 0 523.6 | 1047.0 | 1570.1 | 2092.7 | 2614.7 | 3135.9 | 3656.1 | 4175.2 | 4693.0 | 5209.4 


(c) Force perpendicular to the hill when d = 5°: 


Force = «/(30,000)” — (2614.7)? = 29,885.8 pounds 


75. Work = (245)(3) = 735 newton-meters 87. u -u = |ц| 


=l =1 
77. Work = (соз 30°)(45)(20) = 779.4 foot-pounds 


89. In a rhombus, 


№ = IM. The diagonals аге и + v and 


79. Work = (cos 6)|F| [РО| u-v. 
= (cos 20°)(25 pounds)(50 feet) (u + у): (u – v) = (u + v)-u – (u + v): v 
= 1174.62 foot-pounds =u- u+v- u-u: У-У: У 
= 2 2 _ 0 
81. False. Work is represented by a scalar. 5 [ul E IM Е 


So, the diagonals are orthogonal. 


83. u-v = (8,4): (2,-k) = 16 - 4k = 0 


16 - 4k = 0 4 а 
-Ak = -16 TAA 
k=4 k 


91. (0, 9), (3, 13) 
85. The dot product is a scalar, not a vector. 


(5,8) - (22, 7) = (5)(-2) + (8)(7) (a) Distance — JG - oy + (13 - 9) 
= -10 + 56 = A9 +16 
= 46 = V25 = 5 
Pet 053:59:4:13:1:53 
(6) Midpoint = 3 3 5 ]- E п) 
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93. (-2.5, 3.5), (2.5, -3.5) 103. u = (-3, 2), v = (4, -3) 
(a) Distance = Д5 - (-2.5)] + [3.5 – (—3.5)] (a) u* v = (-3,2) + (4 -3) = (,—1) 
= al T y 


A 


= 74 37 


N 


(b) Midpoint = |23 - 25 25+ 25) = (0, 0) id 
заа Ni 237 
В Р : aN, 
95. (6 +110) + (-18 + 3i) = –12 + 14i 


97. (4 – 9i) -(10 — 5i) = —6 + 4i 


99. The complex conjugate of 1 + 3iis 1 — 3i. 


101. The complex conjugate of 4 is 4. 


Section 6.5 The Complex Plane 


1. real; imaginary 13. 1-6 Ї 8) = (в) + 82 


3. To find ће complex conjugate of ће complex number = 4/100 = 10 
a + bi, reverse the sign of the imaginary part 
Imagina 
b:a — bi. axis S 
A 
° (-6. 8) 8+ 
5. 2 = 2 + Oi matches (b) N 61 
6. 3i = 0 + 3i matches (d) БЭМ 
7. 1+ 2i matches (f) ppr N y> Real 
-8 -6 -4 -2 2 и 


8. 3— i matches (a) 


9. —3 + i matches (e) 15. |4 - 6i| = [42 + (-6)° 


10. —2 — i matches (с) = 52 = 24/13 
Imaginary 
axis 
Р 2 A | 
п. |-7i| = Jo + (-7) } Hia A 
4110 2.3 4 5 6 "5 
24/4927 ls 
Te ч 
` 
Imaginary -3 \ X 
аг wal Ч, 
B 
Real -5 + \ 
H H t E axis ` 
ed =2 2 4 -6 9 (4, —6) 
-2 -74 
-44 
-64 
€ (0.—7) 
-84 
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17. 


19. 


21. 


23. 


25. 


27. 


29. 


31. 


33. 


35. 


(3 + i) + (2+5) =5 + 6i 

(8 - 2i) + (2 + 6i) = 10 + 4i 
(-1 + 3i) + (2 + 4) 2 1 7i 
(4 + 2i) - (6 + 4i) = -2 - 2i 
(5 - i) - (-5 + 2i) = 10 - 3i 


2 - (2 + 6i) = —6i 


Imaginary 

axis 

А 

j 

3T e (2.3) 

21 

|. 
ii | А Real 
-2-1{[ 1234556 ms 

-24 

E e(2.-3) 

-4 


The complex conjugate of 2 + 3iis 2 — 3i 


Imaginary 
axis 


The complex conjugate of –1 — 21185 —1 + 2i. 


Imaginary 
axis 
1 
8e (0,8) 


The complex conjugate of 8i is -8i. 


а= i-a + (4 - 2y 
= V8 = 24/2 = 2.83 


37. d = JG -0y «(-4-6y 


= A109 = 10.44 


39. 


41. 


43. 


45. 


47. 


49. 


51. 


Section 6.5 The Complex Plane 269 


Midpoint — E is d p $) 


2 2 
= 4 + 3i = (4,3) 
Midpoint = E + 2 Е ч 
2 2 
29 3,. Ё 3 
2 2 22 
(a) Ship A: 3 + 4i 


Ship B: –5 + 2i 


(b) To find the distance between the two ships using 
complex numbers, you can find the modulus of ће 
difference of the two complex numbers. 


d -41-5-3/ + (2 - 4) 
= 4/68 


= 8.25 miles. 


False. The modulus of a complex number is always real. 


False. The modulus of the sum of two complex numbers 
is not equal to the sum of their moduli. 


1+ 4+1 = 72 + V2 2242 
+101+2+(0-2[=[2|= 2 
The set of all points with the same modulus represent a 


circle in the complex plane. The modulus represents the 
distance from the origin, that is the radius of the circle. 


f(x) = х 4+ 2x7 +x42 


Because i is a zero, so is i. 


f(x) = x(x +2) 4x42 
= (x + 2)(x" + 1) 
zeros: x = —2, ti 
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53. f(x) = х? — 9x? + 28x – 40 
Because 2 — 2i isa zero, so 152 + 2i, and 


[x -= (2 -= 2i) |x - (2 + 23] = [(x - 2) + 2{[(х - 2) - 2i] 


= (x-2Y - (ay 
= x? — 4x + 4- 47 
= х? -4x48 


is a factor of f(x). By long division you have: 


x-5 


x? — 4x + 8 x3 — 9x? + 28x — 40 
X — 4x? + 8x 
—5x? + 20x — 40 
-5x? + 20x – 40 
0 
f(x) = |8? — 4х + 8)(x - 5) 


Zeros:x = 2 + 2i, 5 


55. tan Ө < Oandcos 0 = -3 => 018 ш Quadrant I > x < Oandy > 0. 


све = = 2 5 у --1-25-9-16-у-4 
r 5 
ings = 
r 5 
pet Ss Se 
X 3 3 
meee 
y 4 
C 2020 е8 
X- ow 3 
dudo uas 
y 4 4 


57. tan Ө = 5 andsec Ө < 0 => ð is in Quadrant III > x < 0, y < 0 


-5 
tm@= == >+ ar = 1+ 25 = 26 r = \/26 
mur us 
y = 54/26 
sin Ө = ^ = = 
r у 26 26 
x -1 X 26 
cos Ө == = 
r 4/26 26 
r N 26 
csc Ө = — = ——— 
y 5 
Sea Г 50 „е 
x -1 
cot =~ = ae 
y —5 5 
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59. 1+ 2510 = 0 61. 2 cot? 0-1 = 


5 
шив cot? 0 = 3 
2 
In ilz cot 0 = +/3 
Ө = — + 2nz, — + 2пл Л 
6 6 иас + пл 


Section 6.6 Trigonometric Form of a Complex Number 


1. DeMoivre’s 


9. z = 2L V3] 
(-2)° + (2-3) = V6 = 4 


3. In ће equation z = v(cos 0 + i sin 0) , r is ће modulus 


FK = 
and 018 an argument of z. 
2 4 
5. z=1+i шп 0 = YÈ = 45,6 зїп Quadrant I > Ө = 47, 
r=VP +P = V2 
2 = 4| cos + isin 
23: mT 3 3 
tan Ө = 1, Ө isin Quadrant I > 0 = 4 
Imaginary 
z = А/2| cos © + i sin Z Ї Real 
4 4 433479 
Imaginary 7 4 
ps ra 
2 a | 
LJ 
-20 43) 41 
1 ‚* 1-1 
Pd А , Real п. “а -5i 
i : г = 4102 + (-5) = 4/25 = 5 
. = FS 1 =з 3 
7. 2-1-43 tan @ = — undefined > 0 = ^7 
2 
r= [P + (V3) =V4 =2 
3m .. Зл 
2 = 5 rud ra 
x 5л 
tan Ө = —/3, Ө is in Quadrant IV > 0 = = 
Imaginary 
. 5m 4 
z= (s + isin =) А p Real 
-4 -2 2: up. саха 
Imaginary Е 
pu 244 
6 —5i 
x + + » Real =б6т 
А 1 4 axis 
N -8 + 
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13. z 2 2 19. z = -8 – 54/31 
r=V? + 0 = 4/4 = 2 


1210 = 0 = 0 = 0 


I 
| 
оо 
P 
N 
+ 
| 
Un 
S 
D 
N 
I 
e 
(95) 
Ne} 


z = 2(cos 0 + isin 0) tang = —— 
Imaginary ө = 3.97 
axis 
1 
z = 4/139(со8 3.97 + i sin 3.97) 
T 
Imaginary 
БЕ БЕ . > mi É > d 
2 -10 -8 -6 -4 -2, | 
1 2 m 
2^ | 
^ -61 
2 | 
15. z = -7 + 4i « = 
-8-5ү3: -104- 
r=./(-7) + (4)? = 4/65 
" » ox 
tan Ө = £, 0 is in Quadrant II > 0 = 2.62. 21. 2(cos 60° + i sin 60°) = d; + x 
z = A 65(cos 2.62 + i sin 2.62) = 1+ 43i 
Imaginary nanny 
ча : А 
-7 + 4i 
.. 4-1 2 
ыг 91-43/ 
yp al Rel ИР: 
-8 -6 -4 -2 ын y 
21 ui ‚ Real 
mI 1 2 axis 
17. 2 


| 


md v3i 23. es А +isin x) = 1 v2 + 23) 


4 2 2 
r= {(3) + (V3) = V12 = 24/3 “9.2 + 9.2, 


З л 8 8 


tan 0 = — > Ө = — | 
3 6 Imaginary 
axis 
A 
z= 2N3(00s Z + isin Z) 3+ 
5 
-9y2 * 942, 2+ 
А 8 8 2 
Imaginary е 
ахіѕ N 
A ЫН 1+ 
` 
` 
І : = Real 
+ > n 
-3 -2 21 axis 
5 
F4 Real 
Ф ? axis 
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25. 


27. 


29. 


31. 


33. 


35. 


37. 


39. 


41. 


43. 


45. 


Section 6.6 Trigonometric Form of a Complex Number 


2 


А/48| cos(-30°) + i sin(-30°) | = NES 


Imaginary 
axis 


СЕ + і віп 3 = 4.6985 + 1.7101i 


2(cos 155° + i sin 155°) = —1.8126 + 0.8452i 


л... T T INE: 
2 cos T + isin Z) deos + isin Z) = 
4 4 12 12 


3 = 6 - 243i 


= is а +isin 


[3(cos 120° +i sin120°) | (cos 30° + isin 30°) | 


3(cos 50° + i sin 50°) 
9(cos 20° + i sin 20°) 


cosm + isin л 


= 5(2)[cos(120° + 30°) + г sin(120° + 30°)] 


= T'(cos 150° + i sin 150°) 


= `[соз(50° - 20°) + i sin(50° — 20°) | = (соз 30° + isin 30°) 


| 3 гс z) 2л... 
; = cos| л + i sin| л = cos — + isin 
cos(z/3) + i sin(z/3) 3 3 3 3 


27 .. 27111 л .. T 
2| cos + 7 Sin cos — + і sin 
3 3 2 3 3 


Ё ДО! 


(cos z + i sin 7) 


273 


= -1+ 0 
= -1 
[5(соѕ 20° + i sin 20°) = 5°(cos 60° + i sin 60°) 47. [3(cos 15° + isin 159) = 81(cos 60° + i sin 60°) 
125 | 1254/3. 81, 814/3, 
=— + i = — +—i 
2 2 2 2 


y ANE si 12л .. 127 
cos + 7 Sin = cos + 7 sin 
4 4 4 4 


= cos 3л +isin3z 
= -l 


[5(cos 3.2 + i sin 3.2)] = 5*(соѕ 12.8 + i sin 12.8) 


608.0 + 144.77 


u 


49. (1 if = ЕСЕ + i sin all 


(V2) {eos am +isin 23 
4 4 


E 
е 
ots 


ll 
| 
AR 
| 
Ф 
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s 2 222 
51. (-1+ if = os = + isin 24] 57. (a) Cube roots of Мак - + isin =) 
6 
= (V2) [co 22 + isin =| БЕ Е 23 + isin шижин = 2) 
4 4 3 3 
- scos E + isin 23 k = 0,1,2 
= 8(0 + i) k=0: ds N + isin z) 
= gi 
k = 


1: dos 2 + isin =) 
9 9 


16 
53. 23 + F = 2 dcos Z + isin 3 


ы К = 2: deos E e isin E) 
1 9 9 

E 2"(cos —— +isin ёт) 

L 6 6 (b) 1.5321 + 1.2856i, -1.8794 + 0.6840i, 
Ё 2048{ co 5л iin =) 0.3473 — 1.9696; 

: ? (c) шашин) 
A 
- 2048 1 — УЗ; : 
2 2 


= 1024 – 10244/3i 


55. (a) Square roots of 5(cos 120° + i sin 120°): 


о о о о -3+ 
vs es (Bt +360 £) " re + 360 3l 


2 
59. (a) Cube roots of 1000 = 1000(cos 0 + i sin 0): 


k = 0,1 
К = 0: 4/5(сов 60° + i sin 60°) {Лб es са + isin d 
3 3 
k = 1: /5(cos 240° + i sin 240°) k=0.12 
(b) М5 N15, м5. N15, k = 0: 10(cos 0 + i sin 0) 
2 2° 2 2 
(c) Imaginary К = 1: {ео 2a + isin =) 
zu 3 3 
34 
К = 2:10 aga peg a 
3 3 
гс» Real 
3 3 axis (b) 10,-5 + 5V3i,-5 — 5/31 
(c) Imaginary 
3 | axis 
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61. (a) Fourth roots of —4 = 4(cos л + i sin л): 


: л... 3m 
65. (a) Square roots of -25i = {о +18510 2 | 


2 
|=) {кыш i 
27 4. Dhan Л P kr 
k = 0,1,2,3 v25 cos -23— — + isin] 2 — ! 
К = 0: Vis 2 + isin z) 
4 4 k= 0,1 
k=l: Vif eos °F + isin 27) k=0: d cos 32 + isin Z 
4 4 4 4 
k=2: (eos ŽE + isin 8E) k= 1: J cos Z + isin Z 
4 4 4 
k = 3: 42 cos Z + ус 512 542.542 5/2. 
4 (b) + 1, 1 
2 2 2 2 
(b) 1-1, + 1, i, 1 i (c) Imaginary 
(c) Барын | 
A 
n) 
Real 


-24 67. (a) Fifth roots of 
7л . Tm 
л - 41-41) = os T + їзїп La 
63. (a) Fourth roots of ; — cos * + isin —: 4 4 
7л 7л 
Л z — + 2л — + 2ЯК 
— km — + 287 Sa J2 | во8-2---4 4: isin -4— —— 
iA cos E E +isin == : 5 5 


k = 0,1, 2,3,4 
К = 0: Vis E + 123 


20 

3л . 3m 

k = 1: V2) cos 2 + isin — 
| 4 z) 


k = 0,1,2,3 


К = 0: cos + isin Z 
8 8 


5 : 
К = 1: cos < + isin 


23л 230 
k = 2: V2) cos = + isin 227 
k = 2: cos = + isin Vis 20 то: x 
Іт. 317 
k = 3: cos + isin Z k = 3: нь ЭД + isin 23 
39m  , . 39% 
(b) 0.9239 + 038271, -0.3827 + 0.92301, ves Vif cos 3o m ^) 
-0.9239 — 0.38271, 0.3827 — 0,9239i (b) 0.6420 + 1.26017, —1 + 1i,—1.2601 — 0.64201, 
m E 0.2212 — 1.3968i, 1.3968 — 0.22121 
P (c) m 
21 i A 
А + » Real 
-2 2 э axis , Real 


© 2022 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


276 


12 4 24 
69. (a) Cube roots of -i + КЕ) = ЕС - +isin =} (c) Imaginary 


71. 


Chapter 6 Additional Topics in Trigonometry 


axis 
A 


6 
SM ас Sm 8 


3/125| cos| 2 : + isin| 2 ; „k =0,1,2 


-6- 


> 
1 
© 
чл 
“ш 
© 
o 
un 
+ 
un 
= 
B 
NT 


К = 2: есе 187 +isin =) 
9 9 
(b) 0.8682 + 4.92401, —4.6985 — 1.71017, 3.8302 — 3.21407 
х +i=0 73. х? + 243 = 0 
xt = -i х) = —243 


The solutions are the fourth roots of The solutions are the fifth roots of 


-243 = 243(cos л + i sin л): 


Я 3л a 
i — cos 3 + isin 


2Кл „(л + 2Кл 
3/243 са + шиг А 
52 + 267 on + 287 5 5 
| cos -2— — + isin] -2— — р k = 0,1, 2,3, 4 
oras К 20 dcos Z + isin z) = 2.4271 + 1.7634i 
3 
К = 0: соз 27 + їзїп = = 0.3827 + 0.92391 k=l: feos = + isin x = —0.9271 + 2.85321 
k 2l cos TZ + isin Z = 0.9239 + 0.3827i k = 2: 3(cos z + isin л) = -3 
7л 7л 
Е = 3:3 Lisi = —0.9271 — 2.8532i 
k = 2: cos = + isin E = —0.3827 — 0.9239i Z “занш | ' 
9л .. Ox | 
Rom pee еу NI „00239003825 k = 4: {ооз 27 + isin 2z) = 2.4271 — 1.7634i 
Imaginary imaginary 
axis 1 


^T 
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75. x^ 4 16i 


х“ 


. 37 371, 
The solutions are the fourth roots of —16/ = 16} cos E + isin — 


Section 6.6 Trigonometric Form of a Complex Number 


0 
—16i 


2 
2m + 27К rud + 27k 
4/16] cos 2 + isin 2 | 
k = 0, 1, 2; 3 Imaginary 
EN 
k=0: (s 27 — + isin i). 0.7654 + 1.84787 37 
son ATE А 
k=l: (os 27 + isin z) = —1.8478 + 0.7654i - 
Е 3 axis 
kes 22 dcos 1 + isin uz т). 0.7654 – 1.84781 
8 
-3+ 
тэлэн Tert шар. 1.8478 — 0.7654i 3 
77. x -(1-i) = 0 


x 


11 = ies TE + isin TE) 


The solutions are the cube roots of 1 — i: 


| (72/4) + 2лкү_ 
zE | ) 


k 20,52 


k = 0: $/2 deo 71 “+ isin 21 -0.2905 + 1.0842i 
k=l: У нь?) 2 } 


Е = 2: Vos T7 + isin zd = 1.0842 — 0.2905i 


; СЕЕ a) 


Imaginary 
axis 
A 


2 


isin 2). 0.7937 — 0.79371 


3x 


79. E = IZ = [6(соѕ 41° + i sin 41°) (4[cos(-11°) + i sin(-11*)]) = 24(cos 30° + i sin 30°) volts 
E- 42 | 5 = 124/3 + 12i volts 


81. False. They are equally spaced along the circle centered at the origin with radius 4/7. 


83. 


z _ “(cos 6, + isin 0) 


cos 6, — isin 0, 


Z (cos 0, + i sin Ө,) 


cos 0, — isin 0, 


Hh 


(соз? Ө, + sin 2e) 


[cos Ө, cos 0, + sin Ө sin Ө, + i(sin Ө, cos Ө, — sin Ө, cos 9)| 


n 
Ө 
3 [cos( 1 


0,) + isin(A, 


21 


277 
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85. The quotient is 4| cos(90° — 30°) + i ѕіп(90° — 30°) | 91. x ty -4 
= 4 (cos 30? + i sin 30°). geb 
Because sin 30? = I not ae the standard form should 95,94 99 6 
2 2 -3y 26-5x 
be 24/3 + 21. 5 
уз-х-2 
8. 2x+y=5 3 
2 
2(2) +1= 5 95, 30 + 4х – (2x +1) = 7 
4+1 = 5 3х2 + 2х - 820 
Yes, (2,1) satisfies the equation. (x + 2)(3x — 4) = 0 
x = -2,4 
89. 3y — 2x = -8 3 
31) - 2(-2) = -8 97. P+x4+4=3 
3442-8 xrt+x+1=0 
No, (-2, 1) does not satisfy the equation. = -15М1-4 
2 
хэ ыг £ Уз 
2 2 
Review Exercises for Chapter 6 
1. Given: 4 = 38°,B = 70°,a = 8 9. Given: В = 150°, b = 30, с = 10 
C = 180° — 38° — 70° = 72? i i o 
Nn sin С = 2z " m = 0.1667 
pos amg қ SUR 21221 
sin A sin 38° => С «9.59? 
_ asinC _ 8sin 72° ~ 12.36 A = 180° — 150° — 9.59° = 20.41? 
sin A sin 38° : : : о 
"m But 8 Озщ 20.41 ~ 20.92 
: sin B sin 150° 
3. Given: B = 72°,C = 82°,b = 54 
A = 180° — 72° – 82° = 26° 1. A = 75°, a = 51.2, b = 33.7 
bsin A 54 sin 26? : : о 
a= = = 24.89 : . bsinA _ 33.7 sin 75° — 
sin B sin 72° sin B Р 512 = 0.6358 
эж pause E дый 82 = 5623 => В 3948? 
sin B sin 72? 
C = 180? — 75? — 39.48? = 65.52? 
5. Given: A = 16°, B = 98°, c = 84 : : о 
гэв шинэс _ 512 PH 65.52° — 48.24 
C = 180° — 16? — 98° = 66? sin A sin 75? 
1 1 о 
аа ны = 2.53 13. A = 33°, Ь = 7,с = 10 
sin C sin 66? 
j in 98° Area = tbc sin A = 1(7)(10) sin 33° = 19.1 
p= ESB _ 8.4 sin 98 2911 2 x X ) 
sin C sin 66? 


15. C = 119,4 = 18,b = 6 
7. Given: A = 24°, С = 48°, b = 27.5 


Area = tab sin C = 4(18)(6) sin 119° = 47.2 
В = 180° — 24° — 48° = 108° 


aus реп А _ 27.5 sin 24° 


= 11.76 
sin B sin 108° 
1 1 о 
е bsinC 27.5 sin 48 ~ 21.49 
sin B sin 108° 
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h 
x + 50 


17. tan 17° = >h 


(x + 50) tan 17° 
h = x tan 17° + 50 tan 17° 


tan 31° = Č > л = x tan 31° h 
x 319 179 


x tan 17? + 50 tan 17? = x tan 31? кы 6e- 90 R3 


50 tan 17° = x(tan 31° — tan 17°) 


50 tan 17? E 
tan 31? — tan 17? 


x = 51.7959 
Л = x tan 31° = 51.7959 tan 31° = 31.1 meters 


The height of the building is approximately 31.1 meters. 
19. Given: а = 6,b = 9, с = 14 
a +b? -c 36481-196 _ 
2ab 2(6)(9) 
bsinC _ 9 sin 137.01° 
c 14 
A = 180° — 26.00° — 137.01° = 16.99° 


cos C = 0.7315 = C = 137.01° 


sin B = = 0.4383 > B = 26.00° 


21. Given: a = 2.5, b = 5.0, с = 4.5 


a? + с? – b? 


cos B = = 0.0667 — B ~ 86.18° 
2ac 
2 2_ 2 
ce = — бла — C = 63.90° 
2ab 


A = 180° — В — С = 29.92? 


23. Given: В = 108°,a = 11, с = 11 


b? = а? + с? – 2ac cos В = 112 + 10 — 2(11)(11) cos 108° => b = 17.80 
А = C = 4(180° — 108°) = 36° 


25. Given: C = 43°,a = 22.5,b = 314 27. Given: В = 38,a = 15,b = 6 


es Ja + b) —2abcos C = 21.42 Given two sides and angle opposite one of them, use the 
Law of Sines. 
+e -b o : i o 
cos В = — — —— — = —0.02169 => В = 91.24 А asinB 15 sin 38 
2ас sin A = b = 


A = 180° — B — С = 45.76? 
There is no solution. 


-154» 1 


29. Given: a = 13,b = 15, с = 24 
Given three sides, the Law of Cosines can be used. 
a? +b? -c _ 169 + 225 – 576 2 
245 2(13)(15) 
asinC — 13 sin 117.82? 


c 24 
B = 180? — 28.62? — 117.82? = 33.56? 


cos C = 0.46667 = C = 117.82? 


sin A = = 0.47906 — A = 28.62? 
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31. 5 ft 


2 = 5? + 8? — 2(5)(8) cos 28° = 


= 4.3 feet 


b? = 8 + 5? — 2(8)(5) cos 152° = 


b 


u 


12.6 feet 


33. a = 3,b = 6,с = 8 


а+Ь+с 


3+6+8 


Som = 


2 


2 


= 8.5 


Area = `/5(5 - а)(ѕ – bs — с) 


= ./8.5(5.5)(2 


7.64 


u 


(0.5) 


18.364 


159.636 


t + + + + + 
-6 -4 -2 2 4 6 
uj 


(d) 


35. a = 12335 215.80 = 3.7 


37. 


39. 


a+b+c 


12.3 + 15.8 + 3.7 


= 15.9 


б == = 


2 


2 


Area = NEG - ays — b)(s — c) 


15.9(3.6)(0.1)(12.2) = 8.36 


Ю-414-0 


zn -(6-1) = 


M = JG - 9? 


6-1 


Slope u = 


ll 


Slope v = ——-—— 
P 5-0 


*[4-( 


| бу Alu 


-J8 
-2)| = va 


u and v do not have the same direction, so they are not 


equivalent. 
Initial point: (0, 10) 


Terminal point: (7, 3) 


= (7 – 0,3-10) = 


(б-т) 


[|= 4/7 + (—7)* = Jos = 742 


y 
A 
Зу 18+ 
Su 12 
31528 еы ү 
4 x 
-18 -12 -6 | 6 1 


= (-9, 18) + 


(-5,-15) = 


(714,3) 
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43. u = (-5,2),v = (4,4) 


(a) u*v = (52) + (4,4) = (-1, 6) (b) u- v = (-5,2) – (4,4) = C9,-2) 
А А 
10+ $T 
8T 4 
+ u 2 
y T а x 
u+v -10 -6 prz 
-24 
u av 
OR: 14 EMT 
-24 -6- 
(с) 4u = 4(-5,2) = (-20,8) (d) Зу + 5u = 3(4, 4) + 5(-5,2) = (12,12) + (-25,10) = (713,22) 
| «| 
20+ + 
15 + 301 
3v + 5u Ї 
4u 21 
T 54 3v 
+ + + + 5 » Х + + H> х 
-20 -15 -10 -5 -20 10 


45. u = Zi ј, у = Si+ 3j 


(a) ut v = (2i- j) + (5+3) = Zi-2j (Ы) u-v = Qi- j) - (51 3j) = 3i - 4j 


44 
ot ut+yv 
A n 
+ f + >x 
4 6 8 
u 
224 
-44+ 
(с) 4u = 4(2i - j) = 8i - 4j (d) Зу + 5и = 3(5i + 3j) + 5(2i — j) = 15i + 9j + 10i — 5j 
= 25i + 4j 
y y 
A A 
4 15 
Цаг» 
24 
54 
av + 5а 
T + + + + > x + T n + + {>x 
4 6 8 -5 5 10 15 20 25 
= -5 
-24 
B EU 
-4+ 4u 154 
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47. u = di, v = -i + 6j 


(a) u+v = 4i + (ci + 6j) = 3i + 6j 


u+v 


8+ 
64 
4+ 
| 
24 
| u 4u 
AL 001 ——À x 


3 2 4 6 8 10 12 14 16 
-44 
ce 
-84 


49. P = (2,3), О = (1, 8) 


у= (1-2,8 - 3) 


(1,5) 


-i+ 5j 


У = 


51. Р = (3, 4), О = (9, 8) 
у = (9-3,8 – 4) 
(6, 4) 


6i + 4j 


y= 


< 
Il 


53. v 
3v 


10i + 3j у 
3(101 + 3j) 
30i + 9j 
(30,9) 


20+ 


-10-- 


55 u = 6i — Sj, v = 10i + 3j 


2u + v = 2(6i — 5j) + (10i + 3j) 
= 22i - 7j y 
A 
= (22, -7) 21 
20 2 w 
2u+v 


(b) u-v = 4i- (i+ 6j) = 5i — 6j 


(d) 3v + 5и = 3(-i + 6j) + 5(4i) = 3i + 18j + 20i = 17i +18] 


57. u = 6i — Sj, v = 10i + 3j 

Su — 4v = 5(6i – 5j) — 4(10i + 3j) 
30i — 25j — 40i – 12] 
-10i – 37j 
(-10, -37) 


5u- 4v 
-40-- 
| 
59. v = 5i+ 4j 
М = v5 + 4 = [v41 


tang = 1 > Ө = 38.7° 


61. v - -3i-3j 
М = Vy +3) 


tan @ = 212582225 


3/2 


63. v = "(cos 60° + sin 60°]) 
IM 7 7 
0 = 60° 
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65. v = 8(cos 120? + i sin 120°) 


= E + уз) 
2 


2 


= -4 + 44/31 
= (+) 


67. Еогсе Опе: 

u = 85(cos 45°i + sin 45?j) 

85 v2, + REF 
2 2 

8542. 854/2. 
Si + ——ij 
2 2 
Force Two: 
v = 50(соѕ 60°i + sin 60? j) 


- XE + X 
2 


2 
= 25i + 254/3j 


Resultant Force: 


u+v= £ + 2 + ын + л) 


|ы + у] = Jes | 2s} | 


= 133.92 pounds 


нэ + 254/3 
tan Ө = 
852 + 25 
2 
Ө = 50.5° 


69. u = (6,7), v = (3,9) 


71. u = 3і +7 v = lli — 5j 
u- v = 3(11) + 7(-5) = 2 


22 + AJ 


73. 


75. 


77. 


79. 


81. 


83. 


85. 


87. 


Review Exercises for Chapter 6 283 


u = (42 
2u = (-8, 4) 
2u -u = -8(-4) + 4(2) = 40 


The result is a scalar. 


u = (4, 2) 
4-lul=4-./(-4) +2? = 4-20 
= 4— 24/5 


The result is a scalar. 


Ш 
~ 
-4 
N 
| 
25) 
a 
-2 


u : u) —(u- v) = [-4(-4) + 2(2)] - [-4(5) + 2(1)] 
= 20 - (-18) 
= 38 


The result is a scalar. 


u= (2402, -4), v = (V2, 1) 


О.у -8 
cos Ө = = => 6 = 160.5° 
М> (924149) 
u = cos Ti. sin -0 z) 
J Ge 5 
Л, . SoH, | aff ) 
v = cos —i + sin —j = A 
6 2 2 
cos Ө = ыны Шы. ыр 165° 
ШИШЕ 
u = (—3,8) 
v = (8,3) 


изу = (8) + 8(3) = 0 


u and v are orthogonal. 


u = ~i 

v=i+2j 

и. v #0 => Not orthogonal 
v # ku => Not parallel 
Neither 
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89. u = (4, 3), v= (-8, -2) 105. The complex conjugate of 3 + iis 3-1 
26 4 Imaginary 
u с У 1 axis 
= ju = = 8,—2) = 4,1 1 
w; = proj,u er | EJ ) pi ) : 
13 416 i; вл, 
яг | = jen 1а) EN rw 
E EN 
u = wi ew = 1040) + IS 4) a 
-34- 


91. u = (2,7, v = (1,1) 


107. а = 4/02 - 3)’ +(-1- 2) = Jio 


Ж 5 5 
w; = proj,u үзэ-ш (1011) 
f | 2 : 109. Midpoint = = aoe | 
: : P ES 
w =u- № = (2,7) – Ge. ) = 41, 1) - Ы -— 


93. Р = (53,0 = (8,9) > PO = (3,6) 11. 2-4 


Work = у. PO = (2,7) - (3, 6) = 48 paige calo zd 


95. Work = (18,000)(48) = 72,000 foot-pounds tano = 5 undefined => = х 
97. |4|= 4 2 = cos + isin Z) 
Imaginary 2 2 
ЁЧ Imaginary 
5+ ЛА: 
4T 5+ 
3 44 4i 
2+ 3+ 
di (4, 0) 24 
і 5 o> Real | 
-1 1 2 3 4 5 axis іт 
-14 А | А Real 
ыг 1. 2.3, 87 
99. |5 + 3i|= VS? + 3? 
= 4/34 113. 2 = 7 —- Ti 
i r = Gy «Cy = V5 = 7/2 
A 
8- 
4 tan Ө І -1 0 Ka because the complex 
| (5, 3) 7 4 
: 1 "d number lies in Quadrant IV. 
Pd bx 7-Ti= Hos 22 х i sin т) 
LL TCI axis 4 4 
e 1 2 3 4 S 
Imaginary 
101. (2 + 31) + (172i) =34i it 
Real 
2345678 95 
103. (1+ 2i)-(3+ i) --2-1 саг тате 
-34 E 
44 
254 
-6 E N 
-1- ә 
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115. z = -5 – 12i Imaginary 
A 
r = a/(-5) -(-2) = V169 = 13 sett 


4 


tan Ө = = 0 is in Quadrant Ш -» 0 = 4.32 ! 


z = 13(cos 4.32 + i sin 4.32) "nl 


117. ds Z + isin z) dos Z + isin z) = (2)(2) ed + z) + КЕ + z) = do: 22 + isin z) 
4 4 3 3 4 3 4 3 12 12 


2[cos 60° + isin 60°] 


2 2 
119. — 60° — 15°) + isin(609 — 15°)) = — 45? + i sin 45° 
3[cos 15° + i sin 15°] М ) +i sin( ) 3 (cos i sin 45°) 
A6 Sc NI 
121. ds б + isin 3) = sos = + isin „| 123. (2-3) = Ё 13(cos 56.3? + i sin 56.3 ) 


13' (cos 337.9? + i sin 337.9") 
13°(0.9263 — 0.37691) 


u 


бод өө d +isin z) 
3 3 


= 2035 — 828i 
= 625 E + УЗ, 
2 2 
625 6254/3. 
= —— + і 
2 2 
А . Зп .. 3x 
125. Sixth roots of —729i = 729| cos E + isin Эр : 
3л 3л 
— + 2Кл — + 2Кл 
3472 3472 
(a) £/729| cos -2— — | + isin па ын ! (b) M: " 52, 
—0.776 + 2.8981 
k = 0,1, 2,3, 4, 5 —2.898 + 0.776 
л ..Л -4/72 34/2. 
k = 0: 3| cos — + i sin — — ——Àd 
4 2 2 
ERES 7л рш 7л 0.776 – 2.8981 
a а Е 15 2.898 — 0.7761 
k = 2: 3) cos LE +isin m) (c) Imaginary 
12 12 Ч 
4 
k= 3:3 bee Л 
4 4 
Real 
k = 4: 3| cos — +i л E "nar 
12 
k253 eb +1 zr) : 
-41 
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127. Cube roots of 8 = 8(cos 0 + isin 0), k = 0,1, 2 


(a) БЕ) + | (b) 2 (c) Imaginary 
: | ) -1 + V3i ‚} 
= 0: 2(cos 0 + isin 0 ` 
-1- V3i 


k=l: (s 27 + isin +) 
3 3 


PO oa ZA eee 
3 3 


129. x4 +81=0 Imaginary 
х“ = -81 Solve by finding the fourth 41 
roots of —81. 
-81 = 81(cos z + i sin л) 
+ + »- Real 
-4 4 axis 
4/-81 = 3/81 {27 206 = ан + Е s azt) ! 
4 4 
k = 0,1,2,3 AT 
k=0 [ros + isin Z 2342 342 
4 2 2 
k = 1: 3) cos md - 342 3.2 
4 2 2 
k=2 al epee he in Г” = A2 32 
4 2 2 
k =3 8 соз 2 + isin 22) = A2 3/2 
4 4 2 2 
131. x -4-0 Imaginary 
х? = -8i Solve by finding the cube roots of —87. Mi 
-8i 28 ca гэ” 
2 2 Real 
-3 3 axis 
37 |) 27 + nk 
5/81 = 3/8| сов 2 + isin 


k = 0,1,2 
К = 0: 2| cos” + isin Z = 2i 
2 2 
k=l: dos IE + isin 72) = - 3-1 
6 6 
К = 2: doos + isin HÆ) = 5 -! 


133. True. sin 90° is defined in the Law of Sines. 


135. A vector in the plane has both a magnitude and a direction. 
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Problem Solving for Chapter 6 


1. (PO) = 47° + € - 2(4.7)(6) cos 25° 
PO = 2.6409 feet 
sina іп 25? 
47 2.6409 
Ө + В = 180° — 25° — 48.78° = 106.22° 
(б + B) + Ө = 180° = Ө = 180° — 106.22° = 73.78? 
В = 106.22° — 73.78° = 32.44° 
y = 180° — æ — В = 180° — 48.78° — 32.44° = 98.78° 
ф = 180° — y = 180° — 98.78° = 81.22° 


=> а = 48.78° 


PT __ АЛ 
sin 25° sin 81.22° 
PT = 2.01 feet 
3. (a) A 75 mi B 
SJ =< 
19:59 y 75) 
| 60 Lost party i 
T P TEN 
(b) sinl5? 81135? 
y = 2745 miles z? -(2745) + (20) — 2(27.45)(20) cos 20° 
and z = 11.03 miles 
Yn 1279 sin@ _ sin 20° 
sin 30° 811135? 27.45 11.03 
y = 53.03 miles sin Ө = 0.8511 
Ө = 180° — sin '(0.8511) 
Ө = 121.7? 


To find the bearing, we have Ө — 10° — 90° = 21.7°. 
Bearing: S 21.7? E 


u+ v 
lu + v] 


5. If u = 0, v # 0, and u +v z 0, then = 1 because all of these are magnitudes of unit vectors. 


У 
[ull dM 


(а) и-0,-1, v=(-1,2), u+ v= (0,1) 


@ |u| = vZ Gd || = 5 Git) Ju + v|]21 0415 1-1 (91241-1 (м) E =1 
\ч| M [ч + v] 
(D u=(0,1), у-0,-3, u+v=(3,-2) 
© |u| = 1 GD Iv] = Vis = 342 Gi) Ju + vf v GY) 1 (уре: wi JPY = 1 
lul Ivl lu + v| 
1 7 
(c) we (Leve (3u + v= (e) 
V5 49 4/85 ^ 
@ |u| == Gd) | 2. Git) |+ = 49+ = dv) [S 21 EX 21 wo [V — Y] - 1 
EOM (702 "Ju М "EX 
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(d и-0,-4, у= (5,5), u+v=(7,1) 


(i) |Щ = V20 = 245 (ii) | | = v50 = 5-/2 Gii) Ju + v| = V50 = 5/2 (iv) el =1 (у) M =1 
(vi) [wt v]. 
lu + vl 
7. Letu-v = 0 andu-w=0. 9. (а) д = 2(cos 30° + i sin 30°) 
Then, u - (cv + dw) =u-cv +u- dw Z} = 2(cos 150° + i sin 150°) 
= c(u- v) +d(u - w) 23 = 2(cos 270° + i sin 270°) 
= с(0) + 4(0) (b) д = 3(cos 45° + i sin 45°) 


22 z, = 3(cos 135° + i sin 135°) 


( 
23 = 2(cos 225° + i sin 225°) 
24 = 2(cos 315° + i sin 315?) 


So for all scalars c and d, u is orthogonal tocv + dw. 


11. |u +v | is larger in figure (a) because the angle between u and v is acute rather than obtuse as in figure (b). As the angle 


between the two vectors becomes more acute the magnitude becomes greater. 
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Practice Test for Chapter 6 


For Exercises 1 and 2, use the Law of Sines to find the remaining sides and angles of the triangle. 


1. 4 = 40°, B = 12°,b = 100 

2. С = 150°, a = 5,с = 20 

3. Find the area of the triangle: a = 3,b = 6,C = 130°. 

4. Determine the number of solutions to the triangle: a = 10, b = 35, A = 22.5°. 


For Exercises 5 and 6, use the Law of Cosines to find the remaining sides and angles of the triangle. 


5. a = 49,b = 53,c = 38 


6. С = 29°,a = 100, с = 300 
7. Use Heron's Formula to find the area of the triangle: а = 4.1, b = 6.8, с = 5.5. 


8. A ship travels 40 miles due east, then adjusts its course 12° southward. After traveling 70 miles in that direction, how far is 
the ship from its point of departure? 


9. w=4u — 7v where и = 3i + j and v = -i + 2j. Find w. 
10. Find a unit vector in the direction of v = 5i — 3j. 
11. Find the dot product and the angle between u = 6i 5j and v = 2i — 3j. 
12. v is a vector of magnitude 4 making an angle of 30? with the positive x-axis. Find v in component form. 
13. Find the projection of u onto v given u — (3, -1) and v = (-2, 4, 
14. Give the trigonometric form of z = 5 — 5i. 


15. Give the standard form of z = 6(cos 225° + i sin 2259), 


16. Multiply | 7(сов 23° + i sin 23°) | 4(cos 7° + i sin 7°) | 


| DT ым x 
9| cos — + i sin Эр 
17. Divide - 

3(cos z + isin 7) 


18. Find (2 + 21)“. 
19. Find the cube roots of ds 2 + isin z) 


20. Find all the solutions to x^ + i = 0. 
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CHAPTER 7 
Systems of Equations and Inequalities 


Section 7.1 Linear and Nonlinear Systems of Equations 


1. system, equations 11. | x-—y=-4 Equation 1 


2 = > 
3. substitution x° —y=-2 Equation 2 


5, break-even point Solve for yin Equation 1: y = x + 4 


Substitute for y in Equation 2: x? — (x + 4) = 2 


7. |2х- у= 4 
8+ y= -9 Solve for x: 
х®-х-2=0=(х+1(х-2)=0=—х=-1,2 
(а) 0, -4 
» 5 : Back-substitute x = -1: y=-1+4=3 
gh + НЫР 
Back-substitute x = 2: у= 2+4 = 6 
0, —4) is not a solution. 
Solutions: (—1, 3), (2, 6) 
(b) (3, -1) 
2(3) -(1) # 4 13. | + у = 0 Equation] 
? — 4x — у = 0 Equation 2 
(3, -1) is not a solution. Ч d чай 
(с) Ё ) Solve for y in Equation 1: y = —x? 
с) (3,— 
2? 
(3 Substitute for y in Equation 2: x? — 4x – (=) = 0 
82) - 1+ -9 
í Solve for x: 
(5-1) is not a solution. 2x? -4x =0> 2x(x - 2) = 0 5 х = 0,2 
(4) (-5-5) Back-substitute x = 0: y 2-0 = 0 
7 T M Back-substitute x = 2: y = —22 = —4 
-l)+5 = 
us: k= cm Solutions: (0, 0), (2, —4) 
8-1)-5 = -9 15. [у = х? – 3x? +1 Equation 1 
D LEES у =x? —3x +1 Equation2 


(55, -5) icaisolation: Substitute for y in Equation 2: 
-30412x-3x«41 


9. (2x + y = 6 Equation 1 x!-4x + 3х = 0 
-x+ у = 0 Equation 2 x(x – 1)(х- 3) = 0 = x = 0,1,3 
Solve for y in Equation 1: y = 6 — 2x Back-substitute x = 0: y = 0° – 3(0)* -1-1 


Substitute for y in Equation 2: —x + (6 — 2х) = 0 
BT ( ) Back-substitute x = 1: y = P — 3(1)° -1--1 


Solve for x: -3x +6=0>x=2 


| Back-substitute x = 3: y = 3° - 3(3) «1-1 
Back-substitute x = 2: y = 6 — 2(2) = 2 


lutions: (0,1), (1, —1), (3,1 
Solution: (2, 2) Solutions: (0, 1), (1, —1), (3, 1) 
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1. | х- у= 2 Equation 1 
бх – 5y = 16 Equation 2 


Solve for x in Equation 1: x = y + 2 
Substitute for x in Equation 2: 6(у + 2) - 5y = 16 > бу +12 - 5у = 16 > y = 4 
Back-substitute y = 4: x -4=2 5 х= 6 
Solution: (6, 4) 
19. | x+4y = 3 Equation 1 
b. = 7y = -24 Equation 2 


Solve for x in Equation 1: x = 3 – 4y 


Substitute for x in Equation 2: 2(3 - 4y) - 7y = -24 > 6-8y - 7y = -4 > y =2 
Back-substitute y = 2: x + 4(2) = 3 > x = -5 
Solution: (-5, 2) 
21. 2x - y -* 2-2 0 Equation 1 
4х+ у = 5 = 0 Equation2 


Solve for у in Equation 1: у = 2х + 2 


Substitute for y in Equation 2: 4x + (2x + 2) – 5 = 0 


Solve forx: 6x -3 = 0 > x = 5 


Back-substitute x = 1: у = 2x + 2 = 2(1) +2 = 3 
Solution: (4, 3) 
23. |1.5х + 0.8у = 2.3 Equation 1 
0.3x — 0.2y = 0.1 Equation 2 
Multiply the equations by 10. 
15x + 8y = 23 Revised Equation 1 
3x – 2у = 1 Revised Equation 2 
Solve for y in revised Equation 2: y = Зх = i 
Substitute for y in revised Equation 1: 15x + 8(3х - 1) = 23 


Solve for x: 15x + 12x — 4 = 23 27x = 27 xe 


Back-substitute x = 1: y = 30) 1 -1 


Solution: (1,1) 
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25. 


27. 


29. 


31. 


Section 7.1 


9.0 Equation 1 


0.5x + 3.2y 
0.2x — 1.6у = —3.6 Equation 2 


Multiply the equations by 10. 
5x + 32у = 90 Revised Equation 1 
2x — 16y = —36 Revised Equation 2 


Solve for x in revised Equation 2: x = 8y — 18 


Substitute for x in revised Equation 1: 5(8y — 18) + 32y = 90 


Solve for y: 40y — 90 + 32y = 90 72y = 180 y 3 


Back-substitute y = - x= 8(2) 18 = 2 
Solution: (2, 3) 


1 1 
a *3y 


x+ у = 20 Equation 2 


8 Equation 1 


Il 


Solve for x in Equation 2: x = 20 — y 


Substitute for x in Equation 1: 1(20 = у) + i» = 


Solve for y: 4 + у = 8 уз 2 

Back-substitute y = 30, хэ20-у-20- E = 20 
о. (20 40 

Solution: (2, 2 


6x + 5y = —3 Equationl 
X= iy = —7 Equation 2 


Solve for x in Equation 2: x = 7 — Зу 


Substitute for х in Equation 1: 6(7 = Sy) + 5у =-3 


Solve for y: 42 — 5у + 5у = -3 => 42 = -3 (False) 


No solution 


56 + y=5 Equation 1 
x- i» = 3 Equation 2 


Solve for y in Equation 1: y = 5 — ix 


Linear and Nonlinear Systems of Equations 


i i 1 5 1 I 11 
Substitute for y in Equation 2: x — 45 - ix) =3 gx 
: EN NEUE 1/22) _ 14 
Back-substitute x = D = 5- Ц22| -4 
ганг (22 14 
Solution: (2, 14) 


293 
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12,000 
500 


0.02x + 0.06y 


ut y 


Solve for y in Equation 1: y = 12,000 — x 
Substitute for y in Equation 2: 0.02x + 0.06(12,000 — x) = 500 


Solve for x: 0.02x + 720 — 0.06x = 500 
—0.04x = -220 
x = 5500 


Back-substitute x = 5500: y = 12,000 — 5500 = 6500 
So, $5500 is invested at 2% and $6500 is invested at 6%. 


12,000 
396 


35. x + y 
0.028x + 0.038y 
Solve for y in Equation 1: y = 12,000 — x 
Substitute for y in Equation 2: 0.028x + 0.038(12,000 — x) = 396 
Solve for x: 0.028x + 456 — 0.038x = 396 
—0.01x = —60 
x = 6000 
Back-substitute x = 6000: y = 12,000 — 6000 = 6000 
So, $6000 is invested at 2.8% and $6000 is invested at 3.8%. 


37. |x? – y = 0 Equation 1 " =x + 2y = -2 y 
2х + y = 0 Equation 2 ` | 3x + y = 20 

Solve for y in Equation 2: y = —2x Point of intersection: 
6,2 

Substitute for у in Equation 1: х? — (-2x) = 0 (6,2) А 

Solve for х: 

x + 2x = 0 > x(x + 2) = 0 > x = 0,-2 

Back-substitute x = 0: y = —2(0) = 0 

Back-substitute x = —2: y = -2(-2) = 4 dil Ее A 
5x + 3y = -6 T |x-3y 2-3 


Solutions: (0, 0), (-2, 4 
( ) ( ) Point of intersection: 


: 3 1 j 
39. | х— у =—1 Equation 1 (-3. 1) N 1—1 х 
ПРИН : 1 
х y 4 Equation 2 970468 
Solve for yin Equation 1: у = х + 1 481 


Substitute for y in Equation 2: х? — (x + 1) = -4 


Solve for x: x)-x-12-42 x -x+3=0 s | х+у= 4 y 
The Quadratic Formula yields no real solutions. x!* y — 4x = 0 

Points of intersection: 

(2, 2), (4, 0) 


х2 +у2-4х=0 
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No points of intersection — No solution 


49. | х2 + у? = 25 
3x? -16y = 0 


Points of intersection: (—4, 3), (4, 3) 


2 


57. | x -2y = 4 Equation 1 
х — у = 0 Equation 2 


Solve for y in Equation 2: y = x? 


Substitute for y in Equation 1: x – 2x? = 4 


Section 7.1 


Linear and Nonlinear Systems of Equations 


51. 


53. 


55. 


ll 
S 


y x 
Ld 0-у-х-41 


6 


-2 


Point of intersection: (0, 1) 


-2 + In(x - 1) 


SS 
[85] 

e 

+ 

N 

x х 
1 1 


9 > у= -2х+3 


-6 


Point of intersection: (5.31,-0.54) 


у = 2х 
у= 2 +1 


Substitute for у in Equation 2: 2x = х? +1 


Equation 1 


Equation 2 


295 


Solve for x: 32-25Х41-(х-1 -0-эх-1 


Back-substitute х = 1 in Equation 1: y = 2x = 2 


1+ ./1 — 4(2)(4 
Solve forx: 0 = 2x7 -x+4>5 х= (2)(4) 


The discriminant in the Quadratic Formula is negative. 


No real solution 


Il 


> y e^ + 


59. |y - е" = 1 
y — Inx = 


Point of intersection: approximately (0.287), 


2(2) 


1 


Inx + 3 


(1.751) 


x= 
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61. ху-1-0 Equation 1 
2x —4y + 7 = 0 Equation 2 


Solve for y in Equation 1: y — E 
x 


1 
Substitute for y in Equation 2: 2x — 4) +7 = 0 


х 
Solve forx: 2x7 – 4 + 7x = 0 > (2x - D(x + 4) 20 x = $4 
А 1 1 
Back-substitute x = —: у = — = 2 
2 1/2 
7 1 1 
Back-substitute x = —4: y = = – 
zd 4 
1 1 1 
Solutions: | —, 2 |, | 4, -— 
2 4 
63. C = 8650x + 250,000, R = 9502x 65. C = 9.45x + 16,000; R = 55.95x 
R=C (a) R=C 
9502x = 8650x + 250,000 55.95x = 9.45x + 16,000 
852x = 250,000 46.5x = 16,000 
x = 293 units Kos 344 
About 344 units must be sold to break even. 
(b) P=R-C 


100,000 = 55.95x — (9.45x + 16,000) 
100,000 = 46.5x — 16,000 
116,000 = 46.5x 

x = 2495 


About 2495 units must be sold to earn a $100,000 
profit. 


67. (a) Biofuels: С = —3.250£ + 141.9617 — 1978.3t + 10,874 
Wind energy: C; = 11.20¢? — 162.5t + 1797 
(b) 2800 


Et 


1400 


19 
(c) The graphs intersect at approximately (17.16, 2306.34), which means during 2017, the average rate of consumption of 
biofuels and wind energy were approximately equal to 2306.34 Btus. 


(d) Answers will vary. Sample answer: The model for wind energy consumption is increasing and the model for biofuels 
consumption increases and then decreases. 


69. 2] + 2w = 56 > l  w = 28 71. False. To solve a system of equations by substitution, 
1 = +4 = (w + 4) + у = 28 you can solve for either variable in one of the two 
2w +4 = 28 equations and then back-substitute. 
2w = 24 73. Sample answer: If the result is a contradictory equation 
w = 12 meters such as 0 = N, then you know there are no solutions. 
1 = у + 4 = 12 + 4 = 16 meters When solving a system of equations that is a nonlinear 
Dimensions: 12 meters х 16 meters system, there may be an equation with imaginary or 


extraneous solutions. 
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75. (a) There are 0, 1, or 2 solutions. The horizontal line 91. 2(3y + 2x) = 3(2y + 5x) = 7(2) =3 
x = a passes below the parabola when a < 0, 6y + 4x — бу—15х = 14-3 
through the vertex of the parabola when a = 0, or 4x- 15x = 11 
through two points on the parabola when a > 0. М " 
-llx = 
(b) There is exactly 1 solution. Any vertical line x = a Mr 
intersects the parabola at exactly one point. ы 
77. Answers will vary. 93. 2x -3y = 3 
: -1) (3 
79. 4(5x + y) -4(-1) Intercepts: (0, -1), (5, 0) 
20x + 4y = —4 i 
m 
81. 3(2x — 4y) = 3(14) 21 
бх – 12у = 42 : 
83. 100(0.02x — 0.05y) = 100(—0.38) 
2x — 5y = —38 
Я 5 2у - 2у = 4 +12 
85. 3x + 5x + 2y y + 95. х+2у=5 
8х = 16 
ee Intercepts: (0, 3, (5, 0) 
87. 2x — 4y + 20x + 4y = (-7) + (-4) 1 
44 
22x --11 
g=- 
89. 20x + 12у + бх — 12у = 4(9) + 3(14) 
26x = 36 + 42 | 
26х = 78 
х=3 
Section 7.2 Two-Variable Linear Systems 
1. elimination 7. t + у= 7 Equation 1 
3. equilibrium point k—yc--4 Equation 2 
imi кх ck = 7 
5. A system of linear equations with no solution is засаг 7 
inconsistent. d.c Ec 
3x = 3>x=1 


Substitute x = lin Equation 2: 1- y = -4 > y = 5 


Solution: (1, 5) 


y 
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9. | x + y = 0 Equation 1 13. | 3x -2y = 5 Equation 1 

3x + 2у =1 Equation 2 —6x + 4y = -10 Equation 2 
Multiply Equation 1 by 2: 22x -2y = 0 Multiply Equation 1 by 2: 6x — 4y = 10 
Add this to Equation 2 to eliminate y: Addthisto Equation2: 6x — 4y - 10 
-2Х - 2y = 0 —6x + 4y = -10 

3x + 2y = 1 0 = 0 

и ай The equations are dependent. There are infinitely many 
Substitute x = 1 in Equation 1: 1 + y = 0 > y = -1 solutions. 
Solution: (1, —1) Let x = a, then y = i A E a 2 
А | 3 5 | 
al Solution: | a, а" = 2 , where a is any real number. 


3+ 


27 |3х+ 2у= 1 y 
1-4--4 Т 


11. х- у= 2 Equation | -6x + dy =—10 
-2х + 2у = 5 Equation 2 Т 
Multiply Equation 1 Бу 2: 2х — 2y = 4 15. ( + 2у = 6 Equation 1 
Add this to Equation2: 2x - 2y = 4 х—2у = 2 Bquauon? 


—2х + 2y = 5 Add the equations to eliminate y: 
0 x + 2y = 6 


1 
© 


x= 2p = 2 


There are no solutions. 2x = 8>x=4 


Substitute x = 4 into Equation 1: 
442y 2-62 у =1 


Solution: (4, 1) 


17. |5x + Зу = 6 Equation 1 
3x — y=5 Equation2 


Multiply Equation 2 by 3: 9x — 3y = 15 


Add this to Equation 1 to eliminate y: 


5x + 3y = 6 
9x — Зу = 15 
14x = 2015 х= 


2 


Substitute x = 3 into Equation 1: 


1 
2 


5(3) +3y =6 > у = – 


Solution: (2, -1) 
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19. 


21. 


23. 


2и + Зу = -] Equation 1 
7и + 15у = 4 Equation 2 


—10и —15v = 5 
7и + 15у = 4 
Solve for и: 3и = 9 > и = -3 


Substitute и = —3 in Equation 1: 


2( 3) + 3v = I2v-l 


5 
Solution: E j 


3x + 2y 


10 Equation 1 


2x + 5у =3 Equation 2 


бх + 4y = 20 
-6х-15у--9 


Add to eliminate x: -11y = 11 > y = -1 


Substitute y = —1 in Equation 1: 
3x -2=10 >x=4 
Solution: (4, –1) 


4b + 3n = З Equation 1 


3b + 11т = 13 Equation 2 


122 + 9m 
—12Ь — 44m 


9 
-52 


Add to eliminate b: -35т = —43 — m = 


Substitute m — 2 in Equation 1: 


TE PEETER 
6 43 


Solution: (-£, =] 


Multiply Equation 1 by —5 and add to Equation 2. 


Multiply Equation 1 by 2 and Equation 2 by —3: 


Multiply Equation 1 by 3 and Equation 2 by —4: 
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25. 


27. 


29. 


0.2x — 0.5y = —7.8 Equation 1 
0.3x + 0.4у = 68.7 Equation 2 


Multiply Equation 1 by 4 and Equation 2 by 5: 
0.8x – 2y = -1112 
1.5х + 2у = 343.5 


Add these to eliminate y: 0.8x — 2y = -1112 
15x + 2y = 343.5 

2.3х = 232.3 

x = 101 


Substitute x = 101 in Equation 1: 
0.2(101) — 0.5у = -27.8 = y = 96 


Solution: (101, 96) 


3x + 2у = 4 Equation 1 
9x + бу = 3 Equation 2 


Multiply Equation 1 by —3 and add to Equation 2. 


—9x — 6y = —12 
9x + бу= 3 
Add: 
-9х - бу = -12 
9x + бу = 3 
02 -9 


No solution. 


s + бу 2-3 Equation 1 


20x — 24y = 12 Equation 2 


Multiply Equation 1 by 4: 
s. + 24у 2-12 


20x – 24у = 12 


Add these two together: 0 = 0 
The equations are dependent. There are infinitely many 
solutions. 


Let x = a, then 


5а – 3 5 1 
= —a 


6 6 2 


-5a + бу = -3 > у = 


5 1 
Solution: Ç 20 Е 3) where a is any real number 
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31. 


33. 


35. 


37. 


Chapter 7 Systems of Equations and Inequalities 


+ = = ]  Equationl 
2x = у = 12  Equation2 
Multiply Equation 1 by 12 and Equation 2 by 4: 
3x+4y= 7 
8x — 4у = 48 


Add to eliminate у:11х = 55 > x = 5 
Substitute x = 5 into Equation 2: 
2(5) - у = 12 > y = -2 


Solution: (5, -2) 


-4 
8 


-7х + бу 
14x — 12y 


Multiply Equation 1 by 2: 
—14х + 12y = -8 
14x — 12у 8 


Add this to Equation 2: 0 = 0 

The original equations are dependent. 
Matches graph (a). 

Number of solutions: Infinite 


Consistent 


7x = бу 
—Ix + бу 


Add the equations: 0 = —10 


-6 
-4 


Inconsistent 
Matches graph (d). 


Number of solutions: None 


Inconsistent 


3x —5y = 7 Equation 1 
i + у = 9 Equation 2 
Multiply Equation 2 by 5: 
10x + Sy = 45 
Add this to Equation 1: 
13x = 52 >x=4 
Back-substitute x = 4 into Equation 2: 
24) -у-9-ту-1 


Solution: (4,1) 


39. 


41. 


43. 


45. 


-2х + 8y = 20 Equation 1 
y=x-—5 Equation 2 


Substitute Equation 2 into Equation 1: 
-2x + 8(x – 5) = 20 
—2x + 8x — 40 = 20 


6x = 60 

x = 10 
Back-substitute x = 10 into Equation 2: 
y=10-5=5 


Solution: (10, 5) 


уз-2х-17 Equation 1 
у= 2-3x Equation 2 


Use substitution because both equations are solved for y, 
set them equal to one another and solve for х. 


-2x -17 = 2 – 3x 

x =19 
Back-substitute x = 19 into Equation 1: 
y = —2(19) - 17 = —55 


Solution: (19, —15) 


Let л =the air speed of the plane and 

r, =the wind air speed. 

3(n = n) = 1500 Equation 1 

n + on) = 1500 Equation 2 
Simplify: 

Л = % = 500 Revised Equation 1 

| +n = 600 Revised Equation 2 
Add to eliminate n: 27 = 1100 > л = 550 
Back-substitute into revised Equation 2: 

n = 600-7, > = 50 
The air speed of the plane is 550 miles per hour and the 


speed of wind is 50 miles per hour. 


Let x =the number of calories in a cheeseburger. 
Let y =the number of calories in a small order of french 
fries. 
2x + y = 1460 Equation 1 
ie + 2y = 2350 Equation 2 


Solve for y in Equation 1: y = 1460 — 2x 


Substituting for y in Equation 2: 
3x + 2(1460 — 2x) 22350 > -x 2-570 x = 570 


Back-substitute x = 570: y = 1460 — 2(570) = 320 


The cheeseburger contains 570 calories and the fries 
contain 320 calories. 
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47. 500 — 0.4x = 380 + 0.1х 53. | 5b + 10a = 202 > b+2a= 4.04 
120 = 0.5x | + 30а = 50.1 => -b-3a = —5.01 
x = 240 units -а = —0.97 
р = $404 а = 0.97 
Equilibrium point: (240, 404) b + 2a = 4.04 
b + 2(0.97) = 4.04 
49. Let x = the amount of money invested at 3.5%. b=21 


Let y = the amount of money invested at 5%. 
3 d И Least squares regression line: у = 0.97х + 2.1 


24,000 Equation 1 8 
930 Equation 2 


x+ y 
0.035x + 0.05y 


Solve Equation 1 for x: x = 24,000 — y 


Substitute this into Equation 2 to eliminate x: 0 5 
0.035(24,000 — у) + 0.05y = 930 | 
840 + 0.015y = 930 55. (a) M + 70a = 174 => 28b + 49.0а = 1218 
y = $6000 Tb + 13.5а = 322 = -28b — 54.0a = -1288 
Back-substitute y = 6000 into Equation 1: —5a = -70 
x + 6000 = 24,000 a= 14 
x = $18,000 4b + 7.0a = 174 
$18,000 should be invested in the 3.5% bond. 4b + 7.0(14) = 174 
51. (a) (3.00b + 3.70a = 105.00 Equation 1 тоо 
ek + 4.698 = 123.90 Equation 2 ы 


Least squares regression line: у = 14x + 19 
3.70 


Solve Equation 1 for b: b = 35 — (b) Substitute x = 1.6 into y = 14x + 19. 


Substitute this into Equation 2 to eliminate 5: J= TAL 6) +19;= А14 


3.70 


The wheat yield is about 41.4 bushels per acre. 
2 а | + 4.69a 


ass = 123.90 


57. False. Two lines that coincide have infinitely many 


а = -4421 points of intersection. 


Back-substitute a = —44.21 into Equation 1: 


59. [4x - 8y --3 Equation 1 
3.00b + 3.70(—44.21) = 105.00 = b = 89.53 


2х + ky = 16 Equation 2 


Least squares regression line: Multiply Equation 2 by 2: —4x — 2ky = -32 
= —44.21x + 89.53 
5 С Add this to Equation 1: 4x - бу = -3 
100 
-4х - 2ky = -32 
-8у = 2h = -35 


The system is inconsistent if -8y - 2ky = 0. 
0 2 


This occurs when k = —4. 
(b) у = —44.21х + 89.53 


y = —4421(1.75) + 89.53 
y = 12.16 


When the price is $1.75, the demand is about 
12 units. 
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61. у = 4 


5х —2y = 12 
2y = -3х + 4 
у= -іх+2 


5x – 2(-4x + 2) = 12 
5х + 3х – 4 = 12 


8х = 16 
х= 2 
Back substitute x = 2: 3(2) + 2y = 4 
6+2y=4 
2y =-2 
y= -l 


Solution: (2, —1) 


Answers will vary: Sample answer: If the equations can 
be added or subtracted without having to multiply by any 
coefficient, elimination of variable may be preferred. If 
one or both of the equations is already solved for one of 
the variables, the method of substitution may be more 
efficient. 


67. | sinx +vcosx = 0 Equation 1 


и cosx — v sinx = secx Equation 2 


63. 


65. 


100у = х = 200 Equation 1 
| 99у — x = —198 Equation 2 
Subtract Equation 2 from Equation 1 to eliminate х: 
100y = x = 200 
-99у + x = 198 
y = 398 


Substitute y = 398 into Equation 1: 
100(398) — x = 200 = x = 39,600 


Solution: (39, 600, 398) 


The lines are not parallel. The scale on the axes must be 
changed to see the point of intersection. 


No, it is not possible for a consistent system of linear 
equations to have exactly two solutions. Either the lines 
will intersect once or they will coincide and then the 
system would have infinite solutions. 


Multiply Equation 1 by cos x and multiply Equation 2 by —sin x. Then add the equations to eliminate и. 


и sin x cos x + v cos? x -0 


—u sin x cos x + v sin? x = —sin x sec x 
. 2 2 "- . 
v(sin X + cos x) = —sin x sec x 
: . 1 
y = —sinxsecx = —sin x = —tan x 
cos x 


Back substitute v into Equation 1 


u sin x + (—tan x) cosx = 0 


А sin x 
u sin x — cosx = 0 
cos x 


u sinx — sin x = 0 


u sinx = sin x 


и = 1 
The solution of this system is: и = 1, у = —tan x. 
69. 252 - 3х = шанаа, 
4 
2x? - 3x = 2x? +3 
—3x = 3 
x=-l 


71. 


6x + 5 = x(2x + 3) 
6x + 5 = 2x? + 3x 
2x? —3x-5=0 
(x + (2х – 5) = 0 


x--L$ 
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73. 5x? —6 – 3x4 = 3x - 5x? - 2x4 79. f(x) = x? – 12х + 24 = 0 
10x? - 9 - x* = 0 2128 VCI? - 404) 
xt —10x7 +9 = 0 2 
(22 – 90° - 1) = 0 = С 
x = +3, +1 2 
= 6 + 24/3 
75. llx — 4y = 19 
-4y = -llx + 19 81. f(x) = 6x3 — 7x? + 6x +7 = 0 
(6x — 7) - (6x - 7) = 0 
yee Ө x^(6x — 7) — (6x — 7) 
4 4 (x? – 16x — 7) = 0 
x=412 
77. M 9 
5 2 5 
2x +10 = 5x + 2y 
-3х +10 = 2y 
-3 
=—x4+5 
pei 


Section 7.3 Multivariable Linear Systems 


1. row-echelon 9 | 4х + у —-z- 0 
232127 
3. Gaussian хол асан 2 
3x — y = -5 
5. To produce an equivalent system of linear equations, you : 
can interchange two equations, multiply one of the (a) (1) + (-3) Е (-2) #0 
: : 2 4 4 
equations by a nonzero constant, or add a multiple of one 
equation to another equation to replace the linear equation. (1, -4, -1) is not a solution. 
7. {6x - y + z= -l 3 2 3 
(0-454|-1-21-12| 4 0 
сийлэх 8)-14-0) 
2y + 5z = 25 (3, 2 i is not a solution. 
@ (032 “Жу ee pedem. 20 
6(0) — (3) + (I) #1 1 ТИГ 53 7 
C | 2 8) i (=) 4 
0, 3, 1) is not a solution. 
on (ed ^ s 
(b) (-3, 0, 5) 
13 5); : 
6(-3) эй uen (-4, D -i is a solution. 
(—3, 0, 5) is not a solution (d) 4(-1) + (i) = (-3) #0 
(с) (0, –1, 4) (5 a -i is not a solution. 


4(0) — 3(4) # -19 
(0, —1, 4) is not a solution. 
(d) (-1,0,5) 
6(-1)- 0+5 = -1 
4(-1) - 3(5) = -19 
200) + 5(5) = 25 


(-1, 0, 5) is a solution. 
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П. x — y + 5z = 37 Equation 1 


y + 2z = 6 Equation 2 
8 Equation 3 


N 
Il 


Back-substitute z = 8 into Equation 2: 


у + 2(8) = 6 
y =-10 
Back-substitute y = —10 and z = 8 into Equation 1: 
x — (-10) + 5(8) = 37 
x +10 + 40 = 37 
x = —13 


Solution: (-13,-10, 8) 


13. [x + y = 32 = 7 Equation 1 
y + z = 12 — Equation 2 
z = 2 Equation 3 

Back-substitute 2 = 2into Equation 2: у + 2 = 12 > у = 10 


Back-substitute у = 10 and z = 2into Equation 1: 


x + (10) - 3(2) = 7 
х+4= 7 
х = 3 
Solution: (3, 10, 2) 
15. |x - 2) + 2 = -1 Equation 1 19. x + y= 0 
y = z = -4  Equation2 -2x + 3y = 10 
z = ]l Equation 3 x + y= 0 
Back-substitute z = 11 into Equation 2: 5y = 10 2 Eq.1 + Eq. 2 
y-ll=-4 x + у = 
yc у = 2 + Eq. 2 
Back-substitute у = 7and z = 11 into Equation 1: p= 0 
x — 2(7) + (1) = -1 TNE 
cup eo 
та Solution: (—2, 2) 
х= 
7 21. | х - 2y = -2 
Solution: (4. 7,11) Back E 
17. [x - 2y + 3z = 5 Equation 1 x - 2y = -2 
-x + Зу - 52 = 4  Equation2 5y = 15 (-3)Eq.1 + Eq. 2 
2x = 3z = 0 Equation 3 x my SES 
Add Equation 1 to Equation 2: y= 3 i Eq.2 
x - 2y + 32 = 5 
"D ee x — 2(3) = -2 
2x - 3:2 = 0 аж: 


This is the first step in putting the system in row-echelon Solution: (4, 3) 


form. 


© 2022 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


23. | x + y + z= 7 Equation 1 
2x — y + z = 9 Equation 2 
3x = z = 10  Equation3 
x + y + z= 7 
3x + 2z = 16 Eq. 2 + Eq. 1 
3x - z = 10 
X + у + z= 7 
3x + 2z = 16 
9x = 36 Eq. 2 + 2Eq.3 
X + у z= 7 
3x + 2z = 16 
x = 4 1 Eq.3 
3(4) + 22 = 16 
22 m4 
z=2 
4+у+2 = 7 
у=1 
Solution: (4,1,2) 
25. [2х + 4y - z 7 
2х — 4y + 22 -6 
x + dy + 2 0 
x + 4y + z = 0 Interchange equations. 
2x — 4y + 22 = -6 
2x + 4y —- z= 7 
x + 4y + z= 0 
-12у = -6 (-2)Ва.1 + Eq.2 
-4у = 32 = 7 (-2)Ед. 1 + Eq. 3 
хэй. 4y + z= 0 
a* al EXE 
У ЯГ 129: 2 
-4у - 32 = 7 


x 
ll 


Solution: (1, z -3) 
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27. 


Inconsistent, no solution 


-9 Interchange equations. 


—2Eq.1 + Eq.2 
—3Eq.1 + Eq.3 


—Eq. 2 + Eq.3 
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29. [3x — 5y + 52 = 1 Equation 1 
2x - 2y + 32 = 0 Equation 2 
Tx- y + 3z = 0 Equation 3 

x - 3y + 22 = 1 Eq. 1 — Eq. 2 
2x = 2y + 32 = 
7x — y + 32 = 
x - Зу + 22 = 1 
- 4у + 2 = 2 2Eq. 1 – Eq. 2 
7х — y + 32 = 
x — Зу + 2z = ] 
-4у + z= 2 
-20у + 112 = 7 7Eq. 1 — Eq. 3 
x - Зу + 22 = 1 
-4у + z = 2 
6z = -3 —5Eq. 2 + Eq. 3 
6z = 3 > Z = => 
1) _ 205 2015 
bises) 2 @ gm 78 
х-3(-3|-21-1) = 1 х+1 = 15 х= } 
Solution: (3, = -5) 

31. {2x + 3y = 0 Equation 1 33. | x Ag Sr cd Equation 1 
4x + Зу - 2 = 0 Equation 2 x + y + 102 = 10 Equation 2 
8x + Зу + 32 = 0 Equation 3 2x - y + 22 = -5 Equation 3 
2x + 3y = 0 х + 42 = 

-3y - 2 = 0 —2Eq.1 + Eq. 2 y + 62 = 9 —Eq.1 + Eq. 2 
-9y + 32 = 0 —4Eq.1 + Eq. 3 -y - 62 = —7 —2Eq.1 + Eq. 3 
2x + 3y = 0 X + 47 = 1 
-3y - z = y 6z = 
6z = 0 —3Eq. 2 + Ед. 3 0 = Eq. 2 + Ед. 3 


б2= 0 5 = = 0 No solution, inconsistent 
3y-0=0> у= 0 
0 


2х + 3(0) 209 х = 


Solution: (0, 0, 0) 
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35. 3x - 3y + 62 = 6 Equation 1 
x + 2y - z= 5 Equation 2 
5x — 8y + 132 = 7 Equation 3 
x- y+ 22 = 2 +Eq. 1 
X + 2y - z= 5 
5x — 8y + 132 = 7 
X e у + 22 = 2 
Зу - 32 = 3 —Eq.1 + Eq. 2 
-3y + 3z = -3 — SEq.1 + Eq. 3 
x — у + 22 = 
ўз йш 1 ТЕд.2 
0-2 0 Eq. 2 + Eq.3 
x + z= 3 Eq. 2 + Eq. 1 
yor 2 = 1 


Let 2 = a, then: 


y= atl 


х= -а+3 


Solution: (-a +3,а +1, а) 


37. | x + 2у - Fz = -4 Equation 1 
2x + у + z= 13 Equation 2 
3x + 9y - 362 = -33 Equation 3 
x + 2y - 72 = -4 
-Зу + 152 = 21 —2Eq.1 + Eq. 2 
3y = 152 = -21 —3Eq.1 + Eq. 3 
x + 2y- 72 = -4 
-3y + 152 = 21 
0 = 0 Eq. 2 + Eq.3 
x + 2y — 72 = -4 
y- 52 = -7 —1Ед.2 
x + 3z = 10 —2Eq. 2 + Eq. 1 
у — 52 = -I 
Let 2 = a, then: 
у = ба - 7 
x = -3a + 10 


Solution: (-3a + 10, 5а — 7, a) 
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39. | х + 3w = 4 Equation 1 
2y — z- жю = 0 Equation 2 
3y - 2w = 1 Equation 3 
2x — у + 42 = 5 Equation 4 
x + 3w = 4 
2y — z- w= 0 
-y + 4z — 6w = -3 —-2Eq.1+ Eq. 4 
x + 3w = 4 
y = 42 + бу = 3 —Eq. 4 and interchange 
2y - z- w=0 the equations. 
3y - w = 1 
x + 3w = 
y- 42 + w= 3 
7z — 13и = -6 -Egq.2 + Eq.3 
122 - 20w = -8 -3Eq.2 + Eq. 4 
x + 3w = 4 
y- 42 + w= 
z =- 3w = -2 -38q.4+ Eq.3 
122 - 20w = -8 
x + 3w = 
y- 42 + би = 
Zz 3w = -2 
l6w = 16 —12Eq.3 + Eq. 4 
low = 16 > w= 1 
2 3(1) = -2 z= 1 
у- 401) +61) = 3 > у = 1 
х+3()" = 42 x = 1 


Solution: (1, 1, 1, 1) 


4. x - 2y + 52 = 2 43. | 2x - Зу + z = -2 Equationl 
4x - 2 = 0 -4х + 9y = 7 Equation 2 
Let = а, then: х = 1a. 2x - 3y + z= 2 
Та -2y + 5a = 2 Зу + 22 = 3 2Eq.1 + Б. 2 
a – 8у + 20а = 8 2х + 3z = 1 Ед.2 + Ва.1 
-8y = 21а + 8 3y + 22 = 3 
— 21 
y= а-1 Let 2 = a, then: 
Answer: (2а, 2а -1, a) y= -2a +1 
To avoid fractions, we could go back and let of Se qo 
z = 8a, then 4x – 8a = 0 > x = 2a. 2 2 
2a — 2y + 5(8a) = 2 Solution: (-3a + - -2a +1, a) 
-2y + 42а = 2 
у = 21а -1 


Solution: (2а, 21а — 1, 8а) 
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45. 


47. 


49. 


s = Ja? + vot + so 


(1, 128), (2, 80), (3, 

128 = ja + v 
80 = 2а + 2v 
0 = 2a Зуу 


0) 


5) — ad 
So — 2a 


So — 9a 


0 


F 2v + 25) = 256 
2v, Sy = 8 
буу + 259 = 


Solving this system yields a = —32, уу = 0, sọ = 144. 


So, s = 1(-32)" + (0)г + 144 = –160° + 144. 


s = Ja? + vot + so 


(1, 352), (2, 272), (3, 160) 


352 = 1a Vo 
272 = 2a 2у, 
160 = 2a Зу, 


50 
50 


50 


> а+2у + 25) = 
=> 2а + 20 +s = 
= 9а + буу + 25) = 


Solving the system, a = —32, vj = —32, sọ = 400. 


Thus, s = 1(-32)^ 
= —16? — 32t + 400. 


— 32t + 400 


y = ax’ + bx + c passing through 


‚ 0), (2, -2). (4, 0) 


, 0): 0 


(0 
(0 
(2, -2): -2 = 4a + 2b + c > -1 
( 


= 2а +b 


4,0): 0 = 16a + 4b + c => 0 = 4a + b 


Solution: a = 4, 


b= 


-2,с = 0 


The equation of ће parabola is у = 23: — 2x. 


5 


704 
272 
320 
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51. y = ax? + bx + с passing through 


2, 0), (3, -1), (4, 0) 


2,0): 0 = 4a + 2b + с 
3,-1:-1-9а4354с 


( 
( 
( 
( 


4,0: 0 = 16a + 4b + c 


0 = 4a + 2b + c 

-1 = 5a + b —Eq.1 + Eq. 2 
0 = 12a + 2b —Eq.1 + Eq.3 
0 = 4a + 2b + c 

-1 = 5a + b 
2..2 2a —2Eq.2 + Eq. 3 


Solution: а = 1,b = -6,c = 8 


> 


The equation of the parabola is у = х2 —6x +8. 
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53. y = ax? + bx + c passing through (1, 1), (1, 3), (2, 13) 


а + 2Ь + Ас = 4 
ач b+ с = 
4а + 2b + c = 13 >з 3 


Solution: a = 4,b = 2,0 = 1 


The equation of the parabola is y = 4x? — 2x +1. 


55 x? + y? + Dx + Ey + Е = 0 passing through (0, 0), (5, 5), (10, 0) 5 
(0, 0): 0? + 0? + D(0) + E(0) +F =0 > F =0 Н . 
(5, 5): 5? + 5? + D(5) + ES) + F = 0 = 5D + 5E + Е = —50 
(10, 0): 102 + 0? + D(10) + E(0) + F = 0 = 10D + F = -100 E 


Solution: D = -10E = 0, Е = 0 


The equation of the circle is x? + у? – 10x = 0. To graph, complete the square first, then solve for y. 
(x? -10x + 25) + y? = 25 
(х-5)' + y? = 25 
у? -025-(х-5) 


у = +425 -(x-5) 
Let yı = 4/25 – (х — 5) and y, = 0р5 - (x 5). 


57. x? + y? + Dx + Ey + Е = 0 passing through (—3, –1), (2, 4), (-6, 8) 
(-3, 1):10 3D-E+F=0>10=3D+E-F 
(2,4): 20 + 2D + 4E + F = 0 > 20 = -2D - 4E- F y Я 
(-6, 8): 100 - 6D + 8E + F = 0 = 100 = 6D - 8E — F 2 


Solution: D = 6, Е = -8,F = 0 
The equation of the circle is x? + y? + 6x — 8y = 0. To graph, complete the squares first, then solve for y. 
(x? + 6x + 9) + (y? -8y +16) = 049 +16 


(x +3) + (у = 4 = 25 


(у - 4) = 25 - (x +3) 
у-4 = +425 - (х + 3) 
у= 4+ 425 - (х + 3) 


Let y, = 4+ 425 - (x + 3)? and у, = 4 - 425 - (x +3). 
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13 
4 


13 Interchange Eq. 1 and Eq. 2. 


59. Let x = pounds of brand X. 
Let y = pounds of brand Y. 
Let z = pounds of brand Z. 
Fertilizer A: iy + 22 = 
RE 204 eee CP NE 
Fertilizer B: 25 + Sy 52 
ЯГ Цан! 4 2 = 
Fertilizer C: 2Х 92 = 
1 2 5 А 
оа regt 
1 25.22: 
QU куне 5 
=x + 22 - 4 
1 2 520025 
aX + ЗУ + 92 13 
1 p 
3X + 92 = 5 
Зу iz = -9 -Eq.1+ Eq.3 
1 2 S5 ou 
25 + ЗУ + 92 13 
1 Di ea 
ЗУ + 92 = 5 
iz = 1 289.2 + Eq.3 
m em 
2/9) = = 
37 209) з у=9 
2 ‚ 5/0) = = 
5х + 319) + 39) 213 x = 4 


61. 


4 pounds of brand X, 9 pounds of brand Y, and 9 pounds 


of brand Z are needed to obtain the desired mixture. 


Leo poe 
2x + 7 + 
y + 2х = 
x у 
2х + 
2x + y 
-х + y 
2x + 
2X- Sp dy 
-х + y 
2x + 
3x 

x = 60° 


2 


2 


180 
180 
180 


180 


2(60) + 2 = 173 > z = 53° 


60 + у = 


75 у= 67° 


—Eq. 2 + Eq.1 


—Eq.1 + Ед. 3 
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63. |1 - L 
3 + 21 
21, 

fps, Vis 
5L, 

21, 

L=- h 
101, 

1075 

de. de 
107; 

261, = 

107, - 6(1) = 
hore te 
Solution: Л = 


+ 1; 
+ Al, 
+ 1, 
- 3h 
+ Ah 
+ 1, 
- 61; 
+ 201, 
+ 1, 
- 61; 

261, 
26 © 1, 
142 1, 
021 
11, = 2, 


ll 
oo 


Equation 1 
Equation 2 
Equation 3 


(-3)Eq.1 * Eq.2 


(-1)Eq. 2 + Eq. 3 
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65. | 4c + 9b + 29a = 20 
9c + 295 + 99a = 70 
29c + 99b + 353a = 254 
9c + 295 + 99a = 70 Interchange equations. 
4c + 9b + 29a = 20 
29с 995 - 353а - 254 
c + llb + 41а = 30  —Eq.2 + Eq.1 
-35b — 135a = -100  -4Eq.l + Eq.2 
-2208 — 836a = -616  -29Eq.l + Eq.3 
c + Пр + 4la = 30 
15405 + 5940a = 4400  -44Еа.2 
-1540b - 5852a = -4312 7Eq. 3 
c + 115 + 4la = 30 
1540b + 5940a = 4400 
88a = 88 Eq. 2 + Eq. 3 
88a = 88 > a= 1 
15405 + 5940(1) = 4400 > b = -I 
e+11(-1)+ 411) = 30 > c= 0 


Least squares regression parabola: y = xr -х 


67. (a) 5c + 250b + 13,500a = 923 
250c + 135008 + 775,000a = 52170 
13,500с + 775,000b + 46,590,000a = 3,101,300 
5c + 250b + 13,500a = 923 
10000 + 10060008 = 6020 (—50)Eq. 1 + Eq. 2 


100,000b + 10,140,000a = 609,200 (—2700)Eq. 1 + (3)Eq. 3 


5c + 250b + 13,500a = 923 
1000b + 100,000a = 6020 
140,000a = 7200 (—100)Eq. 2 + Eq. 3 
140,000a = 7200 > a = 0.0514 
10006 + 100,000(0.0514) = 6020 = b = 0.8771 
5c + 250(0.8771) + 13,500(0.0514) = 923 — c = 1.8857 


Least-squares regression parabola: y = 0.0514x? + 0.8771x + 1.8857 
(b) 350 


20 L 
50 


480 


The model fits the data well. 
(с) When x = 75, у = 0.0514(75) + 0.8771(75) + 1.8857 = 356 feet. 
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69. | 2x - 2x) = 02 2x(1-A) 202 A = 1огх = 0 
-2y + X20 
y- № =0 
1 
If, =1 шээж ЭШ 
х? = у х= + 1.2 
2 2 
If x 0 vr=ayay=0 
2y2 4220 
42 
Solution: Эван or x=0 
1 
Бэр -0 
2 у 
А = 1 4-0 


71. False. For example, refer to Example 6 on page 495, 
x- 2у + 222 
2x — у- 72 = 1 

has the solution set of all ordered triples of the form 


(a, a-l, a) where a is a real number. Therefore, it is 


not an unique solution. 


73. Answers will vary. Sample answer. 
x+3z= 1 
у – 42 = -2 


75. Answers will vary. Sample answer: 


x y 2 = 1 
(2, 0, —1) is a solution to 4 3x y ee 5 
x 2y 32 = —5 
77. Answers will vary. Sample answer: 
(4, -3, 0) is a solution to 
2x + у + z = -2 
4x + у + z= -l 
-2х + 2y + 32 = -7 
2 сан! - m 
тө, X *2* 8 (x*4x-2) 2 222 4 
-20 – 5x —5(х + 4) 5 
3x? + 9x + 6 3(x? + 3x + 2) 


81. 


х — 2x7 -x-2 
3(x + I(x + 2) 


»-2x)-x-2 


x -2x-x-2 
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83. -3x+lor 6 -3 19 -6 
x = 6N-3x? + 19x - 6 -18 6 
-3x? + 18x 23 1 0 

х-6 

x-6 

0 


(=3x? + 19x -6 + (x — 6) = -3x + 1x £6 


85. xX +x+2 or3/1 2 -1 7 
х-3/2-25 -х47 з 3 6 
x -3x I T 2 8 
х2-х 
х? = 3x 
2x+7 
2x - 6 
13 
(х? — 2x? -x + 7) + (х у= tat 


87. у = 2tan лх 


Asymptotes: лх = 


= аы РЕ 


1 
1 
1 
1 
1 
1 
1 
1 
t »-Х 
1 
1 
1 
1 
1 
1 
1 
1 


SS ae Nee чы дА айлы» эй ча са 
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Section 7.4 Partial Fractions 


1. improper F 3 3 A, B 
. 2 m = ї чи 
Ясыг X 23. AE) ж 3-2 
бх + 5 6x + 5 A B С D 
- - + + + 


(x42)  (x42(x42(x*42(x*42) x*2 (x«e2y (x42) (x +2) 


8x A B Cx + D Ех + Е 3 А В 
9. > = dug + 5 13. = + 
x(x? + 3) Bee х? +3 (x? + 3) xX +x-2 х-1 x-*2 
3 = A(x + 2) + B(x - 1) 
it = 24, L eE И a 
+ + 
ui qu Ж: Let x = -2: 3 = -3B > B--1 
1 = A(x +1) + Bx 
$c 124 1 
Letx=0:1= 4 xX +x-2 х-1 х-2 
Let x = -l:1=-B В = –1 
1 А В 
15. = п 
2 21 1 x -1 x+1 x-1 
x +x x x«l 1 = A(x - 1) + B(x +1) 


Let x = —1: 1 = -24 А = – 


M undo PIU PNE RET. 
x? – 4x xX x«*2 х-2 
x? + 12x + 12 = A(x + 2)(x — 2) + Bx(x - 2) + Cx(x + 2) 
Let x = 0:12 = -4A 4-- 
Let x = -2:-8 = 8B B--1 
Let x = 2: 40 = 8C C=5 
х2 жї2Х41203 1 , $ 
x! - 4x X. XR X22 
ю 5.4.8. UR d o LU E EO 
(x — 3) х-3 (x-3) x°(x + 1) x x x«l 
3x = A(x - 3) + B 4x? + 2x - 1 = Ax(x + D) + B(x + 1) + Cx? 
Letx = 3:9 = В Let x = 0: -1 = В 
Letx 20: 0 = -34A + B Let x=-1:1 =C 
0 = -34A +9 Let x =1: 5=24+2B+C 
2 =A 5-24-2-1 
эх 03 | 9 6 = 24 
(x-3) x-3 (x-3 3-4 
4x? «2-1 3 1, 1 
x^(x + 1) x x x«l 
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23. 


25. 


27. 
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2x A Вх +С 


x'-1 х-1 а“ +х+1 
= A(x? + x +1) + (Bx + C)(x - 1) 
(4+ B)? +(A-B+C)x+(A-C) 


N 
з 
| 


2x 


Equating coefficients of like terms gives 4 + B = 0, 


A-B+C=2and A-C=0. 


Let x = 1: 


34-2-4-2 


729725: eco ese 
3 3 
Ханги гай ges" 
3 3 
205 2 1 х-1 
x -1 3lx-1 x 4x41 
x Xx A Bx +С 


2A + Bx? - Bx + Cx - C 
= (A + B)? + (C - By - (24 + C) 
Equating coefficients of like terms gives 0 = A + В,1 = C — В, and 0 = 24 + С. So, А = -LB = 1, and C = 2. 


Il 

a 

+ 
N 


x 1 _ x t2 


х= х2 - 20+ 2 x-1 2302 


х = х 2 х _ A " B А Сх + р 
16х*-1 (4x? =1)(4x? +1) (2x +1)(2x - 1)(4x? +1) 2541 25-1 4741 


А(2х – 1)(4x? + 1) + В(2х + 1)(4x? + 1) + (Сх + D)(2x + 1)(2x — 1) 


ll 


x 


1 


A(&x? — 4x? + 2x — 1) + B(&? + 4x? + 2x + 1) + (Cx + D)(4x? – 1) 
= 84x) — 4Ax? + 2Ax — А + 8Bx* + 4Bx? + 2Bx + В + AC! + 4рх? - Cx - D 
= (84 + 8B + 4C)? + (-44 + 4B + 4D)x? + (24 + 2B – С)х + (-A+ B - D) 


Equating coefficients of like terms gives 0 = 84 + 8B + 4C,0 = —4A + 4B + 4D,1 = 2A + 2B - C, and 


0=-A+B-D. 


Using the first and third equations, 24 + 2B + C = 0 and 24 + 2B — С = 1; by subtraction, 2С = -1, so C = - 


Using the second and fourth equations, -A + B + D = 0 and -4 + B — D = О; by subtraction 2D = 0, so D = 0. 


Substituting E for C and 0 for D in the first and second equations, 84 + 8B = 2 and -44 + 4B = 0, so A = там В = : 


1 1 EM 
x 8 8 2 1 1 x 1( 1 1 Ax 
= H F = | = | 
lex -1 ^ 2x41. 2х-1 4x +1 &(2х+1) &(2х-1) 2(4x? +1) 8\2х+1 2х-1 4? +1 
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х2 +5 _ A Bx + С 


29. + 
(x + (à - 2x +3) х-1 х -2х-3 


х? +5 


A(x? — 2x + 3) + (Bx + C)(x + 1) = Ax? — 24x + 34 + BÓ + Bx + Сх+ C 


(4 + В)х? + (-24 + B + C) + (34 + C) 
Equating coefficients of like terms gives 1 = А + B, 0 = 24 + B + С, and 5 = 34 + С. 


Subtracting both sides of ће second equation from the first gives 1 = 34 — С; combining this with the third equation gives 
А = 1 апа С = 2. Because А + В = 1, В = 0. 


х2 + 5 1 2 


= + 
(x + 1)(x? - 2x + 3) х+1 x-2x 43 


2x? +х+8  Ax*B | Сх + D 


31. 
(x? + 4) PEA (x2 4 4) 


2x! + x +8 = (Ax + B(? +4)+Cx+D 


2x! + x +8 = Ax! + Bx? + (44 + C)x + (4B + D) 


Equating coefficients of like terms gives 
0-4 

2-8 

1=44+C>Ce=l1 
8=4B+D>D=0 


2x! +х+8 _ 2 x x 
(x? + 4) х +4 (x + 4) 


33. 8x — 12 Шээс ал ge 


х(22)р x x х 2 (242) 


8x — 12 = Ax(x? + 2) + B(x? + 2) + (Cx + Dy? (x? + 2) + (Ех + Ерд 
= AX + 44x? + 4Ax + Вх? + 4Bx? + AB + Cx? + 2C + х! + 2Dx? + Ex? + Ех? 
= (А + C)? + (B + D)x* + (44 + 2€ + E) + (4B + 2D + Ер? + 4Ах + AB 


Equating coefficients of like terms gives 
А+С = 0, 
Вв+р = 0, 
ДА+ 2С +E = 0, 
4B +2р + Е = 0, 
4А = 8, апа 
4B = -12. 
So, A =2,B = -3,C = -2,D =3,E = —4,andF = 6. 


8x -12 2 3 2x+3 | -4x +6 


х(22) х “ £42 (22) 


35. -14 -1- 
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42: T ML ME d MN 7 18x + 19 
х? + 3х 42 (х + I(x + 2) 
18x+19 4 B 


+ 
(x + (х + 2) xctl x+2 
18x +19 = A(x + 2) + B(x +1) 


Let x= -1:1 = A 
Let x = -2:-17 = -B > В = 17 


2x! =x +xt5 02 24 1 , 17 
х2-3х-2 x+1 х-2 
x* m x* = | ‚6х°-8х+3 
39. 5 MENU. x X - 34 1 
(х-1) xX – 3х? + 3х – 1 (х-1) 
6x? – 8x +3 A B С 


(red. "же deed deed 


6x? – 8x +3 = A(x - 1) + B(x-1)4C 
Letx =1L1=C 


Lex =0: 3 = A - B + ЦА - В = 2 
Letx = 2: 11 = A+ В + ЦА + B = 10 
So, A = 6 and B = 4. 
Хо 6 4 1 
т=х+3 + + zb 3 
(x — 1) х-1 (х-1) (х-1) 
x4 + 2x3 + 4x? + 8x + 2 3x7 + 8x + 2 3x? + 8x +2 
41. = Xd = х + 2 
х +202 +x A Dy? by x(x + 1) 
3x? + 8х+2 A Вв. С 
2 T ^ 2 
x(x +1) x x*l (x«l) 
3x? + 8x +2 = A(x + 1) + B(x)(x +1) + C(x) 
3x? + 8x +2 = Ax? + 2Ах + А + Bx? + Bx + Cx 
3x? + 8x +2 = (А + By? + (24+ В + С)х + А 


Equating coefficients of like terms gives 4 + B = 3, 24 + В + C = 8, and А = 2. 
So, A = 2, В = 1, арас = 3. 


х! + 2х + Ax! + 8x £2. 2. 1 3 
x + 2x? +х ох xl (хар 
mE 2.2-24:32-28 
2x) +х-1 2x-1 x41 
-x+5 = A(x + 1) + B(2x - 1) 
Meee ш 3 4-3 
2.22 2 


Let x =-16=38 > B=-2 


5e - 3 2 
2x? +x-1 2x-1 x41 
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ds 322 -7€-2 2A, B e X*xt2 Ax*B C+D 
х= х x х-41 х-1 47. (2-2) x42 (2-2) 
3x? – 7x - 2 = A(x? – 1) + Bx(x – 1) + Cx(x + 1) 


x +х+2 = (Ах + Bx? +2)+ C+D 


Let x = 0: -2 = -A > A = 2 


x? +x+2 = AX + BÓ + (24 + Ox + (2B + р) 


Let x = -1:8 = 2B > В = 4 


Equating coefficients of like terms gives 


Let x = 1: -6 = 2C C=-3 
0-4 
352-7х-2 2 4 3 
- = = + 1= В 
x —x x x-*l x-1 
4 1=24+С=5С=1 
2=2B+D>D=0 
3s 6 x-x42 _ 1 x 
M (P42) X62 (2 42) 
-4 
2 
-3 3 
-2 
eee ee 
49. 2x 4x 15x + 5 де х +5 
x —2x-8 (x + 2)(x — 4) 
x+5 A . B 
(x+2)(x-4) x42 x-4 
x +5 = A(x - 4) + B(x + 2) 
Let x = -2: 3 =-64 > А = 
2 1: 
Ї угсаа Ул = ш | ami 
2x? — 4x? — 15x +5 | 3 1 | 
= 2х + = -20 
x? – 2х -8 2x-4 х-2 
120p 120p A B 
51. C= — = П 
10,000 - p? (100 + р)(100 – p) 100+ р 100-р 


120p = A(100 — р) + B(100 + p) 


Let p = 100: 200B = 12,000 
в = 6 ips ge 
Let p = -100: 2004 = -12,000 
х=й 
А = —60 
" 120p Ё 60 4 60 
10,000 — p? 100-p 100-p 
120 60 60 
Let y = Рап y, = + : 
10,000 - p 100 + р 100-p 


53. True. The expression is an improper rational expression. 
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55. 


57. 


59. 


2 2 


ee шэн 


The expression is improper, 2 
x(x - 1) х^ -=x 


divide the denominator into the numerator to obtain 


х-1 
х(х-1) 


х +1 
5 -14- -1- 
x^ x^ y 


x41 


Then find the partial fraction decomposition of 
x+1 A B 
= + 


x(x x 1) x 


х-1 


Answers will vary. Sample answer: One way to find the 
constants is to choose values of the variable that eliminate 
one or more of the constants in the basic equation so that 
you can solve for another constant. If necessary, you can 
then use these constants with other chosen values of the 
variable to solve for any remaining constants. Another 
way is to expand the basic equation and collect like terms. 
Then you can equate coefficients of the like terms on each 
side of the equation to obtain simple equations involving 
the constants. If necessary, you can solve these equations 
using substitution. 


x-y=2 
у= х- 2 
Intercepts: (0, —2), (2, 0) 


y 


63. 


65. 


67. 


69. 


71. 
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x=-2 


Vertical line 


2x - y? =0 


Parabola that opens to 
the right 


Intercept: (0, 0) 


Points on graph: 


(-1)(5-1) 


(x + 2)? + (у - 2)? = 16 
Circle with center (—2, 2) 


and radius 4 


12x?-1 
22x 
2 
(a) x = -k 221(-1) 
x = —] isa solution. 
5 j 
(b) x = V2: 2 > (V2) 
x = \/2 isa solution. 
|х-1< 2 
( x20:  |o-1«2 
Н| «2 
1«2 
x = 0 isa solution. 
(b х-4 |4-1<2 
13| «2 
3x2 


X — 4 is not a solution. 
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Section 7.5 Systems of Inequalities 
1. graph 


3. The graph of an inequality with a < sign does not 
include the points on the graph of the corresponding 
equation. The graph of an inequality with a < sign does 
include those points. 


5. у<5- х? 


Using a dashed line, graph у = 5 – x, and shade the 
region inside the parabola. 


$ 
6+ 
eT. 
4h s 
a4 ` 
3 ` 
1 
5 
г 2+ 1 
П 
4 ` 
П ! ` 
+—_+—_4—+ 1—9 IA х 
-4-3 EE 1 2,3 4 
П -1Т " 
! -24 ` 
1 z 3 
7. x 2 6 


Using a solid line, graph the vertical line x — 6, and 
shade to the right of this line. 


1 
ко 
ю 
at 
оо 


9. у> —7 


Using a dashed line, graph the horizontal line у = —7, 
and shade above the line. 


ll. y<2-x 


13. 


15. 


Using a dashed line, graph y = 2 — x, and then shade 
below the line. (Use (0, 0) as a test point.) 


x A 
- 44 
^ 
* 
b 3+ 
N 
24% 
^ 
DES. 
х 
-- St 
=) c 1 2.3 4 
+ х 
х 
x 
BE 5 
^ 
2у/-х24 


Using a solid line, graph 2y — x = 4, and then shade 
above the line. (Use (0, 0) as a test point.) 


+—+—+ 
Z4 -3 -2 -1 


х? + (у – 3) <4 


Using a dashed line, sketch the circle 
х? + (у – 3) = 4. 


Center: (0, 3) 


Radius: 2 
Test point: (0, 0) 


Shade the inside of the circle. 


A 
7+ 
6+ 
"s Cw 
^ 4 | 
03 Ч 
1 
k 2 , 
ba ad 
Ї 
++ 4—4 А » x 
-4 -3 -2 -1 1234 
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17. у> = 


х? +1 


: РЕ 2 
Using a solid line, graph у = — 
x 


test point. Then shade above the curve. 


y 


IN 
r ш 
IV IV 
t3 [oo Nn 
— 
eA | 
| ы 
N 5, 
E 
N 
— 


ХЕ 
IV 
Ia 
| 
шә 
з 
N 


| 
N 


23. y 2 -In(x - 1) 
5 
-5 

25. y < 2* 


1 
a 

1 

ю o 
a 


Ї Use (0,0) ава 
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27. The line through (-5,0) and (-1,0) is y = 5x + 5. 
The shaded region below the line gives y < 5x + 5. 


29. The line through (0, 2) and (3,0) is y = зай + 2. 


The shaded region above the line gives у = -2x +2. 


IA 


31. | x+y 


^ 


-х+у < 
y 


IV 


First, find the points of 
intersection of each pair 


of equations. 


Vertex A 
х+у=1 


Il 
Юн 


-x+y 


(0, 1) 


1 
1 
0 


-14 


Vertex B 
х+у=1 
у= 0 


(1, 0) 


33. |-3x + 2y < 6 


Vertex C 
-х+у = 1 
у= 0 


(-1, 0) 


x = 4y > -2 eT, 
‘ie 
2x + y< 3 A 
ХХ (2 2) 
| TO 9) ee 
First, find the points of (-2,0),4 1-0“ 
intersection of each pair бүхи) : Р E iut 
of equations. p 3 
4 
a sea 3 
Vertex A Vertex B 
-3х + 2y = 6 —3х + 2y = 6 
x - 4y = 2 2x + y = 3 
(-2, 0) (0, 3) 
Vertex C 
x - Ау = -2 
2x + y = 3 


EE 
9'9 


Note that B is not a vertex of the solution region. 


© 2022 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


322 Chapter 7 Systems of Equations and Inequalities 


35. (2x + y > 2 39. (2 + ys 7 
6x + 3y < 2 x > -2 
The graphs of 2x + y = 2 and 6x + 3y = 2 are у> 0 
parallel lines. The first inequality has the region above First, find the points of intersection of each pair of 
the line shaded. The second inequality has the region equations. 
below the line shaded. There are no points that satisfy y 


both inequalities. 


No solution 


aud 
ys 
SMe 
х» 
E 
an x 
N Я | 
х» 
ttt А 
-2 a | Я 5 2 3 4 Vertex В 
10 
о} AN g3yshg-ü 
2 = 7 
37. (2x - 3y > 7 х 
5x + у < 9 х= 37 
2x =3y=7 (-2, 3) (V7, 0) 
5x * y=9 > y=-5x+9 Vertex C 
2x -3(-5x + 9) = 7 x=2,y=0 
2x+ 15х- 27 = 7 (-2, 0) 
17x = 34 
x=2 41. |x - y? > 0 
у = —5(2) +9 =-1 x-y > 2 
Point of intersection: (2, –1) Points of intersection: 
y y? -у-ч 2 


y-y-2=0 
(у + (vy - 2) = 0 
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43. [C + у? < 25 51. Line through points (6, 0) and (0,6): y = 6 – x 
4x - Зу < 0 х> 0 
2 > 0 
3 3 j у> 
= — - + = 2 
x v-(») y 5 у<6—х 
9 2 2 1 
T + у? = 25 53. (8, 0), (0, 8) 
9y? + 16у? = 25(16) x20 
у? = 16 у2 0 
у= +4 Е x? + y? < 64 
3 І : : 
x= 20) >x=3 55. Rectangular region with vertices at 
3 (4, 3), (9, 3), (9,9), (4,9), 
х = га, = х= -3 A 
x24 Цагт” (9,9) 
Points of intersection: (3, 4), (-3, —4) x<9 8+ 
82 23 6+ 
45. р СН +1 у<9 jl 
2 ? 4 1 E 
У " This system may be 24 09 9,9 
- written as: аааз 
2 4 6 8 10 
4<xs<9 
3<ys<9 
-5 7 
л 57. Triangle with vertices at (0, 0), (6, 0), (1, 5) 
47. p < -x + 2x + 3 (0, 0), (6,0): y = 0 > 
y» x - 4 + 3 (0, 0), (1, 5): у = 
: (6, 0), ( 5): у = 
у > 0 
-4 8 
y 5 5x 
-3 у 5 -х + 6 (00| 1234567 
2 1 
49 ху 21> у>—- 
x 
О<х € 4 
y < 4 
5 
-2 7 
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59. (a) | Demand = Supply (b) The consumer surplus is the area of the triangular region 
50 — 0.5x = 0.125x defined by 
50 = 0.625x p < 50 - 05x 
80-х p 2 10 
10 = p x 2 0. 
Point of equilibrium: (80, 10) Consumer surplus = 4(base)(height) = 4(80)(40) = $1600 
1 зо ыг - producer surplus is the area of the triangular region 
m efined by 
"m p =50-0.5x р 2 0.125х 
304 p =0.125x pos 10 
20+ x 20. 
10 иг (0010) Producer surplus = 4(base)(height) = 2(80)(10) = $400 
1—31—3—3—34—3—3—39- x 
10 20 30 40 50 60 70 80 
61. (a) Demand = Supply (b) The consumer surplus is the area of the triangular region defined by 
140 — 0.00002x = 80 + 0.00001x p « 140 - 0.00002x 
60 = 0.00003x p = 100 
2,000,000 = x x 2 0. 
100 = p 


Consumer surplus = 4(base)(height) 
Point of equilibrium: (2,000,000, 100) 


= 4(2,000,000)(40) 
р onsu F Irplus 
ш} [Pedes Surplus = $40,000,000 
ui р = 140 — 0.00002х The producer surplus is the area of the triangular region defined by 
120-4 (2,000,000, 100) p 2 80 + 0.00001x 
m A p 5 100 
30 х > 0. 
p = 80 + 0.00001x 
| x = Ц i 
a en Producer surplus = 5(base)(height) 
21 
= 5(2,000,000)(20) 
= $20,000,000 
63. x = amount in smaller account 65. x = number of tables 
y = amount in larger account y = number of chairs 
Account constraints: х + Зу < 12 Assembly center 
x+y X 20,000 ix t Зу < 15 Finishing center 
y 2 2x " > 
x > 5,000 y 2 
y 2 5,000 
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67. (a) x 


y = number of ounces of food Y 


number of ounces of food X 


180x + 100y 2 1000 (calcium) 
6x + y 2 18 (iron) 
220x + 40у 2 400 (magnesium) 
x 2 0 


y > 0 


(b) Answers will vary. Some possible solutions which would satisfy the minimum daily requirements for calcium, iron, and 
magnesium: 


(5,10) = 5 ounces of food X and 10 ounces of food Y 
(4,12) = 4 ounces of food X and 12 ounces of food Y 


Either of these will satisfy the minimum daily requirements of the dietician's special dietary diet plan. 


69. (a) Let x = number of bags of gravel y 
1 


Let y = number of bags of stone. ! 


The delivery requirements are: 201 
x 2 50 
y 2 40 


55x + 70у < 7500 


+ L—- x 


20 40160 80 100 120 


(b) The points (60, 60) and (70, 52) lie in the solution region. These values would represent the number of bags of each 
type of fill while maintaining the maximum weight capacity of the truck. The first (60, 60) is to ship 60 bags of gravel 
and 60 bags of stone. The second (70, 52) is to is to ship 70 bags of gravel and 52 bags of stone. 


71. True. The figure is a rectangle with a length of 9 units 79. 8x + 2y = -3 
and a width of 11 units. 2y 2 -8x -3 
73. False. For example, (0, 0) satisfies both inequalities. y = -4х - - 
Slope: —4 


75. Test a point on each side of the line y = —x + 3. 1 
ЭР Хор ; : -int t: (0, –= 
Because the origin (0, 0) satisfies the inequality, ће y-intercept: (0, —5 


solution set of the inequality lies below the dashed line. 


TT. y =-3x +6 
Slope: —3 
y-intercept: (0, 6) 


! 


81. f(x) = 2x? + 5x 


Relative minimum at (—1.25, —3.13) 


34560 83. v(x) = xvx +1 


Relative minimum at (—0.67, —0.38) 
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о 


85. 15° = — angle is in Quadrant I. 


1- £0830" E 24/5 
sin15? = duc - 
2 
mui prc HET N24 A3 
9 


c o 1- №3 
ange ee > 2 edes 


sin30° 3 
87. e 2. — angle is in Quadrant IV. 
12 2 
Мз 
1 — соз(—5л7/6) | йн (2) _ 24 43 
2 2 2 
(2228 pas | 4 
Note: = 
2 
Мз 


_ [A + eos( = Бор? — 
= 2 


3 


Е _ 1-cos(-5a/6) 17 (^5) zum 


12 в8ш(-57/6) -4 


2 


о 


89. —22°30/ = —22.5° = — 


angle is in Quadrant IV. 


*j 
p S 1-4 342 = 
sin(-22.5*) = 1 — cos(-45°) | 2) N2 
ү 2 2 2 
V2 
-459 1+% 
cos(-22.5°) = Im =ч 459) | > _ V2 : V2 


E —459 1-22 
tan (-22.5°) -1 Биг 25 3--1-47 
sin(—45°) -72 


RI 


Section 7.6 Linear Programming 


1. objective 5 z = 4x+3y 

3. To find the vertices of the region corresponding to the At (0,5): z = 4(0) + 3(5) = 15 
system of constraints in a linear programming problem, E a 
find the points of intersection of the graphs of the AGO Doe ахлан! 
equations. At (5,0): z = 4(5) + 3(0) = 20 


The minimum value is 0 at (0, 0). 


The maximum value is 20 at (5, 0). 
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T7. 


11. 


z = 2x + 5у 
At (1,0): z = 2(1) + 5(0) = 2 
At (4,0): z = 2(4) + 5(0) = 8 
At (3, 4): z = 2(3) + 5(4) = 26 
At (0,5): z = 2(0) + 5(5) = 25 


The minimum value is 2 at (1, 0). 


The maximum value is 26 at (3, 4). 


. z=10x + 7y 


At (0, 20): z = 10(0) + 7(20) = 140 


At (30, 45): z = 10(30) + 7(45) = 615 


At (60, 20): z = 10(60) + 7(20) = 740 


( 

( 

At (60, 0): z = 10(60) + 7(0) = 600 
At (0, 45): z 


10(0) + 7(45) = 315 
The minimum value is 140 at (0, 20). 


The maximum value is 740 at (60, 20). 


z=3x+2y 
At (3,0) z = 3(3) + 2(0) = 9 
The minimum value is 9 at (3, 0). 


The maximum value is 24 at any point on the line 
3x + 2y = 24, that is any point on the line segment 


between (0, 12) and (8, 0). 


| 2M 6 8X10 12 14 


13. 


15. 


17. 
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z = 4х + Sy 

At (10,0): z = 4(10) + 5(0) = 40 
At (5,3): z = 4(5) + 5(3) = 35 
At (0, 8): 2 = 4(0) + 5(8) = 40 
The minimum value is 35 at (5, 3). 


The region is unbounded. There is no maximum. 


N 
ll 


3x+y 


At (16,0): z = 3(16) + 0 = 48 

At (60,0): z = 3(60) + 0 = 180 

At (7.2, 13.2): z = 3(7.2) + 13.2 = 348 
The minimum value is 34.8 at (7.2, 13.2). 


The maximum value is 180 at (60, 0). 


The minimum value is 7.2 at (7.2, 13.2). 


The maximum value is 60 at (60, 0). 


© 2022 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


328 Chapter 7 Systems of Equations and Inequalities 


27. Objective function: z = 2.5x + y 


Constraints: 
20,y 2 0, 3х + 5y < 15, 5х + 2y € 10 
At e 0): z=0 
At (2,0): z = 5 
At (0-3) 2 = 8 = 5 
At (0, 3) 2 = 


Figure for Exercises 19-21 


19. z = х + 5у The minimum value is 0 at (0, 0). 


(0, 5): z = 0 + 5(5) = 25 The maximum value of 5 occurs at any point on the line 
НЫ 20 45 
At (22, 19): > = 22 4 і} = 139 segment connecting (2, 0) and (2, s), 
3? 8): DE SR | ) = 6 


The minimum value is 0 at (0, 0). 


The maximum value is 25 at (0,5). 


21. z = 4х + 5y 


At (0, 5): z = 4(0) + 5(5) = 25 29. Objective function: z = —x + 2y 

At (2, 9) z = 4(2) + : 2) = m Constraints: x 0, y 2 0, х < 10,x+y <7 
At (0, 0): z = -0 + 2(0) = 0 

At (3.0) = (8) + 5(0) = e а. 
At (0,7): z = -0 + 2(7) = 14 

At (0,0): z = 4(0) + Өд 
At (7,0): z = -7 + 2(0) = 


The minimum value is 0 at (0, 0). 
( ) The constraint х < 10 is extraneous. 
22 2) 


The maximum value is E at ( =). 


336 The minimum value is —7 at (7, 0). 


y The maximum value is 14 at (0, 7). 


Figure for Exercises 23-25 


23. 2 = x + 2y 31. Objective function: 2 = 3x + 4y 
At (4, 3): 2= 4+ 2(3) = 10 Constraints: х 2 0, у 2 0, х + у <l, 2х +у>2 4 
At (12, 5): 2 = 12 + 2(5) = 22 The feasible set is empty. 


y 


The minimum value is 10 at (4, 3). 


There is no maximum value, the region is unbounded. 


25. т=х-у 
At (4,3): 2= 4-3 =1 
At (12, 5): z = 12-5 = 7 


There is по minimum value. 


The maximum value is 7 at (12, 5). 
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33. Objective function: z = х + у 37. x = number of bags of Brand X 
Constraints: x 2 9,0 < y < 7,-x + 3y < -6 y = number of bags of Brand Y 
At (9,0): 2-9-40-9 Constraints: 3x + 9y > 30 
At (9,1); 2 =9+1=10 3x + 2y >16 
7x + 2y 2 24 
At (27,7): 2 = 27 +7 = 34 
x20 
The solution region is unbounded. pet 


Цана ангал га Objective function: C = 25x + 15у 


There 1 lue. 
EOM ERO IE Vertices: (0, 12), (4, 2), (2, 5), (10, 0) 


At (0,12): C = 25(0) + 15(12) = 180 


( DC 
At (4,2): C = 25(4)  15(2) = 130 
(2,5) C 


At (2, 5): C = 25(2) + 15(5) = 125 


At (10, 0): C = 25(10) + 15(0) = 250 


T To minimize cost, use two bags of Brand X and five bags 


on 15 20 25 30 35 40 45 of Brand Y for a minimal cost of $125. 


y 


35. x = number of audits 


y = number of tax returns 


Constraints: 

60x + 10y < 780 

16х + 4y < 272 
x20 x 
y20 


Objective function: 
R = 1600x + 250y 


Vertices: (0, 0), (13, 0), (5, 48), (0, 68) 
At (0,0): А = 1600(0) + 250(0) = 0 
At (13,0): R = 1600(13) + 250(0) = 20,800 
At (5, 48): R = 1600(5) + 250(48) = 20,000 
At (0, 68): R = 1600(0) + 250(68) = 17,000 


A maximum revenue of $20,800 occurs when the firm 
conducts 13 audits and 0 tax returns. 
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39. 


41. 


43. 


45. 


47. 


Chapter 7 Systems of Equations and Inequalities 


x = number of model X 
y = number of model Y 
Constraints: 
3x + 4y € 6000 Assembling 1500 ф(0, 1500) 
3x + 2.5у € 4200 Finishing (200; 1200) 
0.8x + 0.4y < 950 Packaging 
x20 500 


1000 


(868.75, 637.5) 


y20 (1187.5, 0) 
Objective function: P = 300x + 375y | | | 
Vertices: (0, 0), (1187.5, 0), (868.75, 637.5), (400, 1200), (0, 1500) 
0, 0): P = 300(0) + 375(0) = 0 
1187.5, 0): P = 300(1187.5) + 375(0) = 356,250 
868.75, 637.5): P = 300(868.75) + 375(637.5) = 499,687.5 
At (400, 1200): P = 300(400) + 375(1200) = 570,000 
At (0, 1500): P = 300(0) + 375(1500) = 562,500 
For a maximum profit of $570,000, the company should produce 400 units of model X and 1200 units of model Y. 


True. The objective function has a maximum value at any point on the line segment connecting the two vertices. Both of these 
points are on the line y = —x + 11 and lie between (4, 7) and (8, 3). 


The solution region is unbounded (x + y 2 1), so no maximum value exists. 


Ifa linear programming problem has an objective function z = 3x + 5y and an infinite number of optimal solutions then 


3 1 
the slope of the line connecting two points is m = E. thatis z = 3x + 5y > у = a m ra 
-x + y + z = -3 Equation 1 4. [x - у — 2 = 0 Equation 1 
2x — Зу + 22 = -4 Equation 2 x + 2y — z = 8 Equation 2 
x = y = 22 = 7 Equation 3 2x - z= 5 Equation 3 
x + y + z= 3 x- y- 2 = 0 
- y + 4z = -10 2(Eq. 1) + Eq.2 3y = 8 -Eq.1-*Eq.2 
x-y- 22 = 7 2y + z = 5 -2Eq.1+Eq.3 
z = _ 8 
X + у + 2 3 у= 5 
- y + 42 = -10 
e = 5 — 2/8) = 1 
- z= 4 Eq. 1 + Eq. 3 ыы ee 
—— хэужиз8-1-1 
—y T 4(-4) = -10 7 1 
Solution: |—,—,—— 
-y =6 3 3 
y= -6 
-x-6-4=-3 
-х=7 
х= –7 


Solution: (—7, —6, –4) 
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51. |-x 
4y - 2 
У 
3X 02)» + 32 
=x 
y 
4y — z 
-2y + 3z 
x 
y 
- 2 
32 
х 
У 
2 
у = 1 


2= 2 + 3 = 1 
у= № = 1 

х= 20-1 = 1 
Solution: (1, 1, 1, 1) 


2w 
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Equation 1 
Equation 2 
Equation 3 
Equation 4 


Interchange Eq. 2 and Eq. 3 


3Eq. 1 + Eq. 4 


—A4Eq. 2 + Eq. 3 
2Eq. 2 + Eq. 4 


—Eq. 3 
3Eq. 3 + Eq. 4 


Review Exercises for Chapter 7 


1. |х+у= 2 
х-у= 0 х= у 


x+x=2 
2x = 2 
x=1 
y=l 


Solution: (1, 1) 


E 1-0 = у= 4х -1 


& +у- 17 = 0 


8х + (4x - 1) - 17 = 0 


12х = 18 

х= 2 
&-›-1-о 
-y+5=0 
y-5 


5. (05x + y = 075 => y = 0.75 - Ox 
L25x — 45у = -2.5 


1.25x — 4.5(0.75 — 0.5x) = -2.5 


1.25x — 3.375 + 225x = -2.5 
3.50x = 0.875 

x = 0.25 

y = 0.625 


Solution: (0.25, 0.625) 


7. |x? - y? =9 
x — y =l>x=y+l1 


(+1 -y= 
2у+1= 

у = 

x= 


Solution: (5, 4) 
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11. 


13. 


15. 


Chapter 7 Systems of Equations and Inequalities 


х= 2:у = (2) = 
Solutions: (0, 0), (—2, 8), (2, 8) 
2x — y = 10 
x + Sy = -6 


Point of intersection: (4, —2) 


Points of intersection: (1.41, —0.66), (—1.41, 10.66) 


y 


1 3. 4.5 
=3 1(1.41, —0.66) 


y2-2e* 
2e* + y =0> у = -2e* 


Point of intersection: (0, -2) 


2 


- 
г 
Үг тэг 
5e 
1 
кә 
+ 
Er 
S 
© 
= 
" 


19. 


21. 


23. 


25. 


хи 
ll 
вэ 
Р 
+ 
Un 


No Solution -8 7 


0 26 


8 

0.68a + 13.5 > 0.78a + 11.7 
1.8 > 0.la 
18 >a 


The BMI for males exceeds the BMI for females after 
age 18. 


Ш 
е 
бо 


21 + 2w 
w = 8/ 


21 + 25) = 68 


347 _ 
591 = 68 


The width of the rectangle is 16 feet, and the length is 
18 feet. 


2x — y = 2 =>lox - 8y = 16 
бх + 8y = 39 > бх + 8у = 39 
22x = 55 

= 455425 

oS ыг 


Back-substitute x = - into Equation 1. 
5 = 
20) -у-2 
уез 
TE 
Solution: (. 3) 


3x —- 2y = 0 
3x + 2y 0 
Add the equations 6x = 0 > x = 0. 


Back-substitute into Equation 1. 


3(0) - 2y = 0 
2y = 0 
у= 0 


Solution: (0, 0) 
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27. |1.25х – 2y = 3.5 > 5x-8y = 14 39. x + 2у + 62 = 4 Equation 1 
5х -8y = 14 >-5x+8y = -14 3x + 2y = 2 = -4 Equation 2 
0 = 0 4х + 2z = 16 Equation 3 
There are infinitely many solutions. x + 2у + 62 = 4 
Let y = a, then 5х – 8а = 14 > х = 8а + 1, 8y + 172 = 8 3Eq. 1 + Eq. 2 
-8у — 222 = 0 -4 Eq. 1 + Eq. 3 
Solution: (ŝa + 0 а) where а is апу real number. 
x + 2y 6z = 4 
29. Ix - 5y = 45 x+5y = 4 8у + 172 = 8 
x-3y=6>-x+3y = -6 -5z = 8  Eq2-*Eq3 
8y = —2 = у = m X + 2у + 62 = 4 
Matches graph (d). The system has one solution and is 8y Hz = 8 
consistent. тов -3 -1 Eq. 3 
жю y=7> 6x-2y = 14 8у + 17-8) =8 > у= 2 
-6x + 2y=8>-6x+2y = 8 БЭР: 2(22) 6( 8) 4 3 ч 
0 = 22 
Solution: (23, 22, -8 
Matches graph (b). The system has no solution and is данс | 33^ 5) 
inconsistent. 
41. |2x + 6z = -9 Equation 1 
33. 22 + 0.00001x = 43 — 0.0002x Зх - 2y + lliz = -16 Equation 2 
0.00021x = 21 3x — у + 72 = -ll Equation 3 
x = 100,000, p = 22 
-x + 2y = 52 = 7 (-DEq.2 + Eq. 1 
Point of Equilibrium: (100,000, 23) 3x — 2y + 112 = -16 
àx — y 72 = -ll 
35. |х - 4y + 32 = 3 
-y + z= -l Ey + 2y - 5z = 7 
ZR 25 4y - 4 = 5 ЗЕ. 1 + Eq. 2 
5y = 82 = 10 3Eq.1+ Eq.3 
-y+(-5) = -1>у = 4 2 p. 
x-4(-)43(5) = 32x = 2 -~x + 2y- NC 
4y - 4z = 
Solution: (2, —4, —5) 
-Зу = 0 (-2)Eq. 2 + Eq. 3 
37. (х - Зу - 22 = -65 -x + 2y- 5 = 7 
- E = 5 1 
е »-or- P (фы? 
gH 
мэ 
8y-7(0 = -14 > y =7 
255 222225 
4x — 3(7) - 2(10) = 65 > x = —6 цөс иж 
5) _ = £3 
Solution: (—6, 7, 10) x + 2(0) s( 3) 7 * 4 
Solution: (-3, 0, -3) 
43. [5x — 12у + 7z = 16>5/ 15x - 36y + 21: = 48 
3x — Ty + 42 = 9-|-15х + 35у - 202 = -45 
-у + z= 3 


Let z = a. Then y = a – 3 and 5x – 12(а - 3) + 7a = 16 = x =a-4. 


Solution: (a — 4, a — 3, a) where a is any real number. 
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45. y = ax? + bx + c through (0, —5), (1, –2), and (2, 5). 


(0, —5): -5 = с > с = —5 
(L-2:)-22 аж b+ c>fa+b = 3 
(2, 5: 5= 4a+ 2b+ En + b= 5 

» + b= 5 к 

-a - b = -3 

a = 2 -5 5 
Bes 

The equation of the parabola is y = 2x? + x — 5. ны 


47. x? + y? + Dx + Ey + Е = 0 through (-1, –2), (5, -2), and (2, 1). 


(-1,-2): 5 D Е +Е= 05| р+ 2Е-Е = 5 
(5-2) 29+ 5D- 2Е-Е-0-э450- 2E+F = —9 
(2, 1): 5+ 2D+ Е+Е= 05 (2р+ E+F= -5 
From the first two equations 
6D = -24 
D= -4. 
Substituting D = —4 into the second and third equations yields: 
20 2E + F = -29>/-2F + Е = -9 
8+ E+F= 5 >] E Е = -3 
-3E = -12 
E = 4 
Е = -1 


The equation of the circle is x? + y? - 4x + 4y -1 = 0. 
To verify the result using a graphing utility, solve the equation for y. 
(x? -4x + 4) + (52 +4y+4)=1+4+4 
(x 2) + (у + 2) = 9 
(y +2) = 9 = (х - 2) 
ИЕ а ЕУ : 
Let y = -2 + 4/9 — (x — 2} and y; = -2 - 4/9 (х -2/. 


49. From the following chart we obtain our system of equations. 


A B C 
Mixture X i Ё 2 
Mixture Y 0 0 1 
Mixture Z + + + 
Desired Mixture 2 i 3 


1 di m 67 
X32 = 57 


5 zs РНЕ Г 
Е 98 192/93 
5 35-7769] 

2 iA. 13 _ 5 
st TV + 32 = 57 ә У = 5 


To obtain the desired mixture, use 10 gallons of spray X, 5 gallons of spray Y, and 12 gallons of spray 7. 
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51. Let x = amount invested at 7% 
y = amount invested at 9% 
z = amount invested at 11%. 
y = x — 3000 апа z = x — 5000 > y + z = 2x — 8000 


x+ yt 2 = 40,000 
0.07х + 0.09у + 0.112 3500 
ул z= 2x — 8000 


x + (2x - 8000) = 40,000 > x = 16,000 
y = 16,000 – 3000 = y = 13,000 
z = 16,000 — 5000 => z = 11,000 
So, $16,000 was invested at 7%, $13,000 at 9%, and $11,000 at 11%. 


53. s = та + vo + So 


When ¢ = 1: s = 134: тай) vo(1) + Sy = 134 а + 2v + 28) = 268 


When t = 2: s = 86: la(2) + w(2) + so = 86 > 2a + 2v + sy = 86 


When / = 3: s = 6: 4a(3)” + v9(3) + so = 6 => 9a + бу + 2% = 12 
а + 2w + 25у = 268 
2a + 2v + 5) = 86 
9a бу + 2s) = 12 
а + 2у,) + 2s% = 268 
-2w - 3s = 450 (-2)Eq. 1 +В. 2 
-12w = 16s) = -2400 (-9)Eq. 1+ Eq. 3 
а + 2% + 25) = 268 
-2У,) - 359 = -450 
Зур + 4s) = 600 (-1)Eq. з 
a+ 2v + 259 = 268 
—-2w = 35) = -450 
-so = -150 3Eq. 2+ 2Eq. 3 


-so = -150 > 
-2w -3(150) = 450 > vw» =0 
a + 2(0) + 2(150) = 268 = 


The position equation is s = ip? + (0) + 150, or s = —16t? + 150. 


3 3 A B 4-х A B 
55. = = } 59. = Н 
х? + 20х х(х + 20) х x + 20 xX +6x+8 х-2 х-4 


4-х = A(x + 4) + B(x + 2) 


3х-4 3-4 A B c 
57. 5 = bs Let x = -2:6=24 > А = 3 


x? = 5х? x? (x — 5) x x х-5 


Let x = -4:8 = -2B B--4 


4-х & 73 4 
x? + 6x + 8 x+2 х-4 
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2 эн 
61. x =] 2х — 15 
x? + 2х — 15 x? + 2x — 15 
—2x +15 _ A B 


(x + 5)(х – 3) x+5 x-3 


-2х +15 = A(x – 3) + B(x + 5) 
Let x = —5: 25 = -8A A ES 
Let x = 3:9 = 8B B : 

x: 25 9 


=1 + 
x? + 2x — 15 8(х + 5) 8(x-3) 


x? + 2x Ш xX + 2x 


бз; x -x-x-1 (x pp? + 1) 


A Bx + C 
+ 
х-1 x +1 
A(x? + 1) + (Bx + C)(x - 1) 


x? + 2x 


Ax? + А + Bx? – Bx + Сх – С 
(A + B)? + (-B + Ox + (A - С) 


Equating coefficients of like terms gives 1 = А + B, 2=-B+C,and0=A-C. 


3 1 3 


Adding both sides of all three equations gives 3 = 24. So, A = =, B = > and C = 7, 


2” 
3 1 3 
x? + 2х 2 En 
»)-x-x-1 x-1 x41 
1 3 х-3 
- 1-2 =) 
65. с рт у К 67. у> 5 
(x +1) x +1 (x? +1) s 
Зх? + 4x = (Ax + B)? +1) + Cx +D »i 
= AX + Bx’ + (A + С)х + (8 + D) DEUS EN 
Equating coefficients of like terms gives 2 1 
0-4 zc = =. 
3=8 uc * * 
4-04С-эС-4 | 
0=B+D>D=-3 69. y € 5 - 2x 
3x? + 4x 3 4x - 3 у 


(x? + її x +l (x? + i) 
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71. 


73. 


79. 


(x -1) + (y - 3 «16 
А 
s+ 
4 | ‘4 
П 4T 4 
‹ i 
21 | 
, 
+ T ж »-Х 
-4 -2 “ИНЭЭ 4 6 
x + 2y 5 
-x + 2y S 
y 2 
Vertex A 
x + 2y = 
-х + 2y = 
4у-4-у-1 


х+ 20) = 25 х= 0 
(0,1) 
Vertex B 
x+2y=2 
| peu 
x + 2(0) = 2 
x=2 
(2, 0) 
Vertex C 
-х + 2у = 2 
| Уд) 
-x + 2(0) = 2 
x= -2 
(-2, 0) 


х + у? > 4 > у? > 4 - xh 
< < 9 3 


Vertices: 4 — x? = 9 — x? 
025 


The circles do not intersect, so there are no vertices. 
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75. | 2x — y < -=l 1 
6+ v 
-3х + 2y > i 
y» 2 Eo» 
3 o 
E 
(-3:9) 4 
м- ов ээ -Ü = æ = е == \ 
-4-3 9 / 12 3 4 
oe 
, 98-24. 
4 + 
Vertex A 
2x — у = -l > 4% - 2y = -2 
-3x + 2y = 4 > -3x + 2y = 4 
x = 2 
2(2) - y 1 y 5>y=5 
(2, 5) 
Vertex B 
—3х + 2y = 4 
y= 0 
-3x + 2(0) = 4 > x = -4 
4 
(-3.0) 
77. 


y< x + 1 

ИН х2 = 1 

Vertices: 

х+1= х2 -1 

0 =x? -х-2 = (х + 1)(х - 2) 
-lorx = 2 

у= 0 у= 3 

(-1,0) (2,3) 


x 


The region outside the circle centered at (0, 0) with radius of 2. 


— x°: The region inside and on the circle centered at (0, 0) with radius of 3. 


y 
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81. Rectangular region with vertices at: 87. Objective function: z = 3x + 4y 
(3, 1), (7, 1), (7, 10), and (3, 10) Constraints: x > 0 
x23 1 y 2 0 
x <7 10 LG: 10) (7, 10) 2x+ 5y < 50 
y > 1 841 4x + 82 < 28 
y £10 6T At (0, 0): z = y 
This system may be ^T At (0,10): z — 40 
written as: 27 
(3,1) (7,1) - 
3€x€7 А E yy At (5,8): z = 47 
2 4 6 8 10 
1<у<10 At (7,0): z = 21 
The minimum value 
83. (a) р | Œ Consumer Surplus А 
© Producer Surplus is Oat (0, 0). х 
175 
= p = 160 — 0.0001x Themaximuntvalue 
125 is 47 at (5, 8). 
100 (300,000, 130) 
75 89. Objective function: 2 = 1.75x + 2.25y 
504. [р =70+0.0002x : 
Constraints: x 2 0 
100000 200,000 300000 ` y = 0 
160 — 0.0001x = 70 + 0.0002x 2x+y 2 25 
90 = 0.0003x 3x+2y > 45 
x = 300,000 units At (0,25): z = 5625 
p = $130 


Point of equilibrium: (300,000, 130) ( ) 
Аї (15,0): 2 = 26.25 


b) С lus: 1(300,000)(30) = $4,500,000 
COUN и 2 X | 5 The minimum value is 


Producer surplus: 2(300,000)(60) = $9,000,000 26.25 at (15, 0). 
Because the region is 
85. x = number of units of Product I unbounded, there is no x 


1 3 6 9 12 15 18 21 24 27 
y = number of units of Product II maximúm valus. 


20x + 30y < 24,000 91. x = number of haircuts 
12x+ 8у < 12,400 y = number of permanents 
x20 Objective function: Optimize R = 25x + 70y subject to 
y20 the following constraints: 
x 2 0 
1600 у> 0 
- (2) + (0) < 24 22x «7» < 144 
800 А (0, 0): R20 y 
400 At (72, 0): R = 1800 
— i At (0, 145): R = 1440 


The revenue is optimal if 
the student does 72 haircuts 
and no permanents. 

The maximum revenue 

is $1800. 
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93. True. Because y = 5 and y = —2 are horizontal lines, 


exactly one pair of opposite sides are parallel. The 
non-parallel sides of the trapezoid are equal in length. 
Therefore, the trapezoid is isosceles as shown below. 


y 


A 


The distance from (-4, 5) to (2, -2) is equal to the 
distance from (6, 5) to (8, –2). 


d, = Je – 2) + [5 - C2)] = v53 
дуг А 8-6 (2-5 2/3 


95. There are an infinite number of linear systems with the 


solution (—8, 10). One possible system is: 


s 
1 
ax ty 


-22 
6 


Problem Solving for Chapter 7 


97. 


99. 


101. 


103. 
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There are infinite linear systems with the solution (4, 3) : 


One possible system is: 
3x + у = 7 
-6бх + 3y = 1 


There are an infinite number of linear systems with the 
solution (4, –1, 3). One possible system is as follows: 


x + у + 2 = 6 


х + у- 250 


There are an infinite number of linear systems with the 


solution (5, 3, 2), One possible system is: 


2x + 2y - 32 = 7 
x - 2у + z= 4 
-x + 4y - z= -l 


A system of linear equations is inconsistent if it has no 
solution. 


1. The longest side of the triangle is a diameter of the circle and has a length of 20. 


The lines y = ru + Sand y = —2x + 20 intersect at the point (6, 8). 


The distance between (-10, 0) and (6, 8) is: 

4, = Js (10) + (8 – 0) = 320 = 8/5 
The distance between (6, 8) and (10, 0) is: 

d, = (l0 - 6? + (0 -= 8}? = V80 = 44/5 
Because (/320) + (80) 


400 = 400, 


1 
— 
N 
о 
22 


the sides of the triangle satisfy the Pythagorean Theorem. So, the triangle is a right triangle. 


. The system will have exactly one solution when the slopes of the line are not equal. 


ax + by = е > m = ж © 

4 й b b 

с f 

cx + dy = = -—x + 

ly f y 1 F 
a c 
—— X —— 
b d 
a с 
— Ф — 
b d 
ad # bc 
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5. (а) [x - 4y 2-3 Eq.1 (b [2x-3py = 7 Eq.1 
Sx — бу = 13 Ба. 2 -4x + бу = -14 Eq. 2 


x- 2x — 3y = 
14y = 28 —5Eq. 1 + Eq. 2 0= 2Eq. 1 + Eq. 2 
| = рс The lines coincide. Infinite solutions. 
1 
y= 2 —Eq. 2 
" Let y = a then2x = 34 =7 > x За + 2 
1 
41 
3+ Solution: E t А a) 
2 2 
ue T The solution(s) remain the same at each step of the process. 
34f[i23456 7° 
-14 
224 
-34 
-4-+ 
x =5 4Eq. 2 + Eq. 1 
у =2 


Solution: (5, 2) 


7. The point where the two sections meet is at a depth of 10.1 feet. The distance between (0, —10.1) and (252.5, 0) is: 


d \/(252.5 - oy + (0 - (-104)) = ./ 63,858.26 
d = 252.7 
Each section is approximately 252.7 feet long. 


y 


u 


2x — 50у = 505 


2x + 50у = -505 | -20 
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9. Let x = cost of the cable, per foot. 


Let y = cost ofa connector. 


6x + 2y =15.50 => бх + 2y = 15.50 
ls +2y = 10.25 —-3àx - 2y = -1025 
3x - 5.25 

x = 1.75 

y = 2.50 


For a four-foot cable with a connector on each end, the cost should be 4(1.75) + 2(2.50) = $12.00. 


1 
11 ie ee ee айй = 
x y 2 
e 12. 17-4 2X- 2Y=7> a Sey = 7 
x У 
3 4 
>- —202 3X + 4Y-0— 9X + 127 = 0 
x y 
21X =. 4 
D E 
3 
үнээг 
4 
50, ee usd ads : y = —4. 
x 3 y 4 
Solution: (3, —4) 
2 3 
(9) + = 4 2X + Y - 3Z= 4 Eq.1 
x y 2 
4 2 
— + == 10 > 4X + 27 = 10 Eq.2 
x 2 
2 + 2 i 8 2X + 3Y - 13Z = -8 Eq.3 
x y 2 
2Х + Ү- 3Z= 4 
-2Y + 8Z= 2 —2Eq. 1 + Eq. 2 
4Y — 16Z = -4 Eq. 1 + Eq. 3 
2X + Y- 3Z=4 
-2Y + 82-2 
0=0 2Eq. 2 + Eq. 3 
The system has infinite solutions. 
-а + 5 
Let Z = a, then Y = 4a – 1 and X = = 5 
Then + a 2 Lal 4а – 1 y : duda ы ea ОЧ 2 : 
2 ay 4а-1 х 2 -а + 5 
Solution: л сс 
-а +5 4a-la 4 
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13. Solution: (1, —1, 2) 


4x — 2y + 52 = 16 Equation 1 
x+ у - 0 Equation 2 
-х- Зу + 22 = 6 Equation 3 


(a) (4х- 2y + 5z = 16 


x+ y = 0 Interchange the equations. 
4x- 2y + 5z = 16 


-6y + 5z = 16 —4Eq. 1 + Eq. 2 


Let z = a, then y = 218 and x = 2116 


: —5a +16 5a — 16 
Solution: | ———— —, ‚а 
6 6 


When a = 2, we have the original solution. 


(b |4x - 2y + 52 = 16 
-x - Зу + 2z 6 
-x - 2y + 22 = 6 Interchange the equations. 
4x — 3y + 5z = 16 
-x - Зу + 22 = 6 4Eq. 1 + Eq. 2 
-14у + 13z = 40 


Let z = a, then y = Du 49 and x = E 26 
14 14 
: —11а + 36 13a — 40 
Solution: 4 ‚а 
14 14 
When a = 2, we have the original solution. 
(c) х + у = 0 
-x - 3y + 22 = 6 
x + y = 0 
-2у + 22 = 6 Eq. 1 + Eq. 2 
Let z = a, then y = a-3 and x = -a + 3. 


Solution: (—a + 3,a — 3, a) 


When a = 2, we have the original solution. 
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15. 1 = amount of terrestrial vegetation in kilograms 


a = amount of aquatic vegetation in kilograms 


lA 


a+t < 32 
0.15a 2 1.9 
193a + 772t 2 11,000 


IV 


17. x = milligrams of HDL cholestrol 
y = milligrams of LDL/VLDL cholestrol 


(a) 10 < y < 130 
x = 60 
x + y 200 


(c) у = 120is in the region because 0 < y < 130. 
x = 90 is in the region because 60 < x < 200. 
x + y = 21015 not the region because x + y < 200. 
(d) Sample answer: If the LDL/VLDL reading is 135 and the HDL reading is 65, then x 2 60 and x + у < 200, 
but y x 130. 
+ 
BM dig 
x 
x+y < 4х 


(е) 


y < 3x 


165 
Sample answer: The point (75, 90) is in the region, and = = 22 < 4. 
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344 Chapter 7 Systems of Equations and Inequalities 


Practice Test for Chapter 7 


For Exercises 1—3, solve the given system by the method of substitution. 


l.|x + у = 1 
3x — y = 15 


3. x+ y+ z= 
0 
-3 


2x- yt 32 


5х+ 2у- z 
4. Find the two numbers whose sum is 110 and product is 2800. 
5. Find the dimensions of a rectangle if its perimeter is 170 feet and its area is 1500 square feet. 
For Exercises 6—8, solve the linear system by elimination. 
6. 2x + 15у= 4 


x - 3y= 23 


7. x + y= 2 
38x - 19y = 7 


0.112 
-0.131 


8. 1(04х-40.5у 
0.3x — 0.7y 


9. Herbert invests $17,000 in two funds that pay 11% and 13% simple interest, respectively. If he receives $2080 in yearly 


interest, how much is invested in each fund? 


10. Find the least squares regression line for the points (4, 3), (1, 1), (-1, –2), and (—2, -1). 


For Exercises 11—12, solve the system of equations. 


1. | x + y = -2 
2x — y + z= ll 
4y - 3z = -20 
12. [3x + 2y - z = 
бх — y + 52 = 2 


13. Find the equation of the parabola y = ах? + bx + с passing through the points (0, –1), (1, 4) and (2, 13). 


For Exercises 14-15, write the partial fraction decomposition of the rational functions. 


10x — 17 


14. —— — —— 
x? — 7х — 8 


2 

x +4 
15. ——;} 
х* +x? 
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16. Graph x? + y? > 9. 


17. Graph the solution of the system. 


20. 


x+y 


x 


У 


< 
> 


2 


6 
2 
0 


Practice Test for Chapter 7 345 


. Derive a set of inequalities to describe the triangle with vertices (0, 0), (0, 7), and (2, 3). 


. Find the maximum value of the objective function, z = 30x + 26y, subject to the following constraints. 


x 
У 
2х + 3y 
5х + 3y 
x 
(x - 2) 


2 


IA IV 


IA 


Graph the system of inequalities. 


4 


For Exercises 21-22, write the partial fraction decomposition for the rational expression. 
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CHAPTER 8 
Matrices and Determinants 


Section 8.1 Matrices and Systems of Equations 


1. row-equivalent 
3. The coefficient matrix is the 2 x 2 matrix 
-2 3 
6 7f 
5. Because the matrix has one row and two columns, its 
order is 1 x 2. 


7. Because the matrix has three rows and one column, its 
order is 3 x 1. 


9. Because the matrix has two rows and two columns, its 
order is 2 x 2. 


11. Because the matrix has three rows and three columns, its 
order is 3 x 3. 


13. |2x - у = 
x + уз 
2 -l 7 
[1 1 2 

15. | x - у + 22 = 2 
4x - Зу + z = -l 
2x + y = 0 


25. 


27. 


29. 


31. 


20 5: -12 
0 1-2: 7 
63 0: 2 
2x + 5z = -12 
y = 2z = 7 
6x + 3y = 2 
9 12 3 0 0 
-2 18 52 10 
1 7 -8 0 -4 
3 0 20 -10 
9x + 12у + 32 = 0 
-2x + 18у + 52 + 2w = 10 
x Ty - 82 = 4 
3х + 22 = -10 


1-2 5-11-113 0 -39 
| 3 -1 -8 3-1 -8 


Add 5 times Row 2 to Row 1. 


0 -1 -5 5 E 7: 86 
1 3 -7 615910 -i 3v 5 
4—5 13 0 7 -27 27 


Interchange Row 1 and Row 2. Then add 4 times the new 
Row 1 to Row 3. 
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1 
33. 0 
0 


5 
1 
0 

-5R +R 3-1 0 E 
| | 
0 


0 -2 2 
] wj 

| 1 1 4 -1 

35. 38 10 3 
-2 1 12 6 
1 1 4 -I| 

-3R + R > |0 5 |2 

2R +R > |0 3 [20] [А] 

1 1 4 -1 

1 2 6 

«5: = 0 1 T5 5 

jo з [20] (4 


[3 о -6 
(1) -2Rı+ R, > |0 -4 : Pi 

3 

0 


© 
| 
nN 
pe ol] 


(iii) -IR> |0 1: 4 
(iv) iR, > [1 0 : -2 
0 1: 4 
The solution is x = —2 andy = 4. 
(b) |-3х + 4y = 22 
бх - 4y = -28 
3x = -6 
x=-2 


Back-substitute x = —2 into —3x + 4y = 22. 
-3(-2) + 4y = 22 

4y = 16 

y=4 


The solution is x = —2 andy = 4. 


(c) Answers vary. Sample answer: In this case, solving 
the system of linear equations using the elimination 


method was more efficient. 


39. 


41. 


43. 


45. 


47. 


49. 


51. 


1 10 5) 
-2--1 2 -10 
3 6 7 14 


0 

2R +R ee |0 12 

-3R +R ә |0 3 7 -1 
0 
2 
1 


-3R, + R —> |0 0 


1 -1-1 1 
5.-4 1 8 
-6 8 18 0 


1 
-5R +R > |0 1 63 
6R+R |0 2 12 6 


-2R +R > |0 0 00 


Use the reduced row-echelon form feature of a graphing 
utility. 


1 2 3 -$ 12 0 0 

1 2 4 -9 0010 
> 

-2 -4 -4 3 000 1 

4 8 11 -14 0 0 0 0 


utility. 


= 22> 10 0 
3 4 9|-10 10 
1-2 0 0 I 


Use the reduced row-echelon form feature of a graphing 
utility. 


3 51 12 1 0 3 16 
> 
1 -l1 1 4 0 12 12 
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53. |х - 2y = 4 
y = =1 
x- 2(—1) = 4 
х=2 


57. 


59. 


Solution: (2, –1) 


ор 


x + у = 8 


12 
R +R, |0 3 
2 
1 


1 
iR, > 10 


PW 
у = 


х + 2(5) =7 = х = -3 


Solution: (—3, 5) 


3x – 2y = -27 
х + 3у 


13 


у= 6 
у= 6 


Section 8.1 Matrices and Systems of Equations 


61. | x + 2y - 3z = -28 
4у + 22 = 0 
-х + y- z= -$ 
Г -3 : -28] 
0 2 0 
1-1 1 5| 
12 -3 i -28] 
lg, а а 2 0 
4 2 


0-1 = 0 
2 
11. 
3R +R > |00 = i -33 
12 -3: -28 
0 1 - 0 
2 
7 -2R > |00 ı 6 
8 11 
7 x + 2y - 32 = —28 
d жээ 0 
7 
; 2 = 6 
2= 6 


y+) =0= у= -3 
x + 2(-3) – 3(6) = -28 > x = —4 


Solution: (-4, -3, 6) 


х + 3(6) = 13 > x-2-5 


Solution: (—5, 6) 


349 
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350 Chapter 8 Matrices and Determinants 


63. |-3х + 2y = -22 69. |-2Х + бу = —22 
3x + 4y = 4 pu v 
4x - 8y = 32 [2 6 : -22] 
-3 2:-2 12i 9 
WEE E. к [12 -9] 
L T * = CR, |-2 6 : -22 
R+R > [1 -6 i 10 тээ 
dil К 2R +R, > |0 10 : -40 
|4 -8 : 32 - : 
" tij | | i 2 | -9 
Ір => |o 1: 4 
-3R + R |0 22 : -26 10 = 
AR: + R > |0 16} -8 ( + 2y = -9 
taii du 
iR o |0 1! n prd 
IR lo i 1 x + 2(-4) = -9 > x = -l 
1-1 22 Solution: (-1,-4) 
ы D 71 x - 3z = 2 
-R +R > |0 0: | Зх + у = 22 = 5 
The system is inconsistent and there is no solution. 2х + 2y + z= 4 
65. Use the reduced row-echelon form feature of a graphing Los -2 
utility. 31-2 
3x + 2y — z+ w= 0 22 1 4 
x- y + 42 + 2w = 25 [1.0 -3 -2| 
2x + y + 22 - w= 2 -3R + R > |0 1 11 
X + y+ z+ w= 6 -28, + R ә |0 2 8 | 
3 2 -l 0 1000 3 10 -3 -2 
1-1 4 2 25 0100 -2 0 1 7 11 
-2 1 2-1 m 00 10 5 -28, + R ә 00 -7 -14| 
1 1 1 1 000 I 0 10 -3 -2 
х-3 0 1 7 11 
y=-2 -08, > 0 1 2 
pom x- 32 = -2 
а y +72 = 11 
Solution: (3, —2, 5, 0) 222 
10! 3 z=2 
s. © уж7()-11-у--3 
-— х-312)--2-эх-4 
y=-4 Solution: (4, —3, 2) 


Solution: (3, —4) 
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73. |x+ 2y+ z= 8 75. |-х + y = z = -l4 

3x + Ty + 6z= 26 2x — y + 2 = 21 

121: 8 3x + 2y + z = 19 
3 7 6 : 26 [-1 1 -1 i -14 
12 1: 8 2-1 1: 21 
РИ |. 13: | [3 2 1: 19| 
Р е -R> [1-2 1: M 
o 2-1 1i 21 
3°. 22 1: 19 
Letz = a. Ki | 5 
1 -l T. 14 

у+ 3а = 2 > y=-3a+2 . 
OR Res: |0 1-1 27 
x+2(-34+2)+a=8>x= 5а+4 . 

-3R +R, > |0 5-21-2| 
Solution: (5a + 4,-3a + 2, a) where a is a real 1—1 1 14 
number 0 1-017 -7 
-5R +R ә |0 0 3: 12 
1 -l 1 14 
0 1 -l -7 
1g 2 |0 0 1 4| 


y-z-2-l 
z= 4 
z=4 


у-4= -7 = у= -3 
x- (-3) +4 = 4 = х = 7 


Solution: (7, –3, 4) 


77. Use the reduced row-echelon form feature of a graphic utility. 


3x + 3y + 122 = 6/3 3 12 : 6 100: 0 
X + у + 42 = 2111 4: 2 0 14 2 = 
: = = 

2x + Sy + 202 = 10| 2 5 20 : 10 ооо 0 у +42 = 
-х + 2y + 82 = 4|-12 8: 4 000: 0 
Іеї, = а 

у= 2 – 4а 

х= 0 


Solution: (0, 2 — 4a, a) where a is any real number 
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352 Chapter 8 Matrices and Determinants 


79. Use the reduced row-echelon form feature of a graphing 


81. 


83. 


utility. 
2x + yor 


w = -2 


Solution: (1, 0, 4, — 


Use the reduced row-echelon form feature of a graphing 


2) 


2 


6 


Ww 


Ww 


Ww 


Ww 


© o с m 


utility. 

x y 2 w = 
2x 3y 2 2w = 
3x Sy 2 = 
111 1 0 1 0 
2.3 L--2 0| => |0 

3 5 1 0 0 0 0 
x + 2z = 

y = & = 

w = 


© o - © 


or © о 


Let z = a. Then x = —2a and y = a. 


— © © c 


Solution: (—2a, a, a, 0) where a is a real number 


b + 
4a + 2b + 
9a + 3b + 


a + 


1 11 
4 2 1 
9 3 1 


о 8 
ll 
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85. 


87. 


4a — 2b + c = -15 
| a- Ь + с = 7 
ач bct o2 -3 
4 -2 1 -15 100 -9 
4 -1 1: 7| = |0 10 -5 
1 1 -3 0 0 1 11 
a=-9 
b = -5 
ë =] 
So, f(x) = -9x? - 5x +11. 
x = amount at 8% 
y = amount at 9% 
z = amount at 12% 
X AE y + z = 2,000,000 
D + 0.00y + 0.122 = 186,000 
x - 22.2 0 
1 1 1 2,000,000 
0.08 0.09 0.12 186,000 
1 0 -2: 0 
[11 1 2,000,000 
—0.08R; + А, |0 0.01 0.04 26,000 
-R,*R,[0 -1 -3 -2,000,000 
[1 1 1 2,000,000 
100R, > |O 1 4 2,600,000 
10-1 -3 — 2,000,000 
1 1 1 2,000,000 
0 14 2,600,000 
R,-R,|00 1 600,000 


The matrix is now in row-echelon form, and the 
corresponding system is shown. 


x + y * z = 2,000,000 
y + 4z = 2,600,000 
= = 600,000 


Using back-substitution, you can determine the solution. 


y + 4(600,000) = 2,600,000 

y = 200,000 
x + 200,000 + 600,000 = 2,000,000 
x = 1,200,000 


So, the government borrowed 1,200,000 at 8%, $200,000 
at 9%, and $600,000 at 12%. 
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1 


89. 1125 + 66a = 831 
66b + 506a = 5643 


12 66 : 831 
Р 506: A 
Using a graphing utility, this matrix reduces to 
10 : 28 
К 1: | 
The least squares regression line is у = 7.5t + 28. 


For 2024,1 = 15 andy = 7.5(15) + 28 = 140.5. So, 


there will be about 141 new cases in 2024. This seems 
reasonable because the pattern is linear. 


91. False. Itisa 2 x 4 matrix. 


93. The matrix is in row-echelon form, not reduced 
row-echelon form. 


95. 1(-2) 400) + 3(-1) = -2-3 =-5 


97. a+ bi = —3 + 8i 


99. (a - b) + (b+ li = 6+ 5 
a-2=6>a=8 
р+1=5 5 р = 4 


101. 3x +a =b 


Section 8.2 Operations with Matrices 


1. scalars 


3. BA is defined, not AB. 


ET 


x =-4 
y = 23 
! | Ё 3l Pun d 
9. (а) 4-8- + = 
2 «1 -1 8 2-1 -1+8 
| H Ё \ | 2 al | 
(D A-B- - = = 
2--1 -1 8 2+1 -1-8 


ot a al 3 


103. 


105. 


107. 


Section 8.2 Operations with Matrices 
6b-x=a 
-х = a — 6b 
x=6b-a 
v= (2, 4), w = (6, 2) 
u=v+w=(2+6,4 + 2) = (8,6) 
À 
mi 
И (8,6) 
6+ 
5 
at 
34 
24 
it 


(-10,0) -2w—75| 


-10 -8 -6/-4 -2 2 4 
у- 2 -21 
-4+ 


-6- 


‚16 4 x 4| |16 4 2x+1 4 
02 4 0 0 2 3y-5 0 


х= 2х+1 5 х= -1 
4 = 3у – 5 > у = 3 


353 
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354 Chapter 8 Matrices and Determinants 


6 0 3 8 -1 
П. A= ‚В = 
-1 -4 0 4 -3 


(a) A + B is not possible. A and В do not have the same order. 
(b) A – B is not possible. A and В do not have the same order. 


18 0 9 
(c) 34 = 
3 -12 0 
(d) 34 — 2B is not possible. A and B do not have the same order. 
8 -I| 1 6 
13. 4-1 2 318-1-1 -5 
-4 5| 1 10 
8 -l 1 6 [ 8+1 -1+6 9 5 
(a) 4-8-12 3ļ|+ļ-1 —5|= -1 3-5|2|1 2 
|4 5] |1 10| | 1 5410 3 15 
18-41 [1 6] 8-1 -1-6 7 -7 
W 4-8-12 3 1 -5)=/2-(-1) 3-(-5|2|3 8 
|l-4 5| | 1 10] | 4-1 5-10 5 —5 
8 -l 3(8) 3(-1) 24 -3 
(с) 3423, 2 3|-13(2) 383) 2| 6 9 
4 5 3(-4) 3(5) -12 15 
24 -3 1 6 24-2 -3-12 22 -15 
(d 34-2B =|] 6 9|-2|-1-5|-| 6-2 9+10|=| 8 19 
-12 15 ] 10 -12-2 15-20 -14 -5 


4 5 -1 34 10-1 1 0 
15. A = ‚В = 
1 2 -2 -1 0 -6 8 2 -3 -7 
5 -1 34 10 -1 1 4+1 5+0 -1-1 3+1 4+0 
+ 
= 1-6 2+8 -2+2 -1-3 0-7 


237 2 4 4 
Ep 0 -4 -7 


(с) 34 «з Ted s МЫ 35) 311) 30) 3 


2 -21-10 


Ё 15 -3 9 «| | 
(d) 34-28- -2 


12-2 1540 -3+2 9-2 12-0 
3 6 -6 3 0 


34+12 6-16 -6-4 -3+6 0-14 
10 15 -17 12 
15 -10 -10 3 14 
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-5 0 7 1 -10 -8 -5 +7 + (—10) 0+1+(-8) -8 -7 
17. + + = = 
3 -6 -2--1 14 6 3+(-2)+14 —6 +(-1)+6 15 -1 
—4 0 1 2 1-2 -6 -1 3 -24 -4 12 
19. 4 - =4 2 
| 0 2 | Ё -6 | E 8 | p 32 P 
0 -3 -6 3 4 -4 -6 0 8 -8 18 0 8 -8 10 8 
21. -3 + -2 = -3 2 = = = 
li | | 8 1 | 2 i | | 2 E 3 | E s j 


-2 1 3 0 2 -4 
In Exercises 23-29, A = | Е" |» = | | 


- 4 3 0 1 
-2 1 3 0 2 -4 -4 2 6 0 4 -8 -4 6 -2 
23. Х-24-28-2 +2 = + = 
-1 0 4 3 0 1 -2 0 8 6 0 2 4 0 10 
25. 2X = 2А – В 29. 4B = -2X — 2A 
X = 3(24 - B) 2X = -2А — AB 


ll ll 
Nie Nie 
N 
TOE г 
N A | | 
— N 
© N 
© = 
ооо) 
ut A Ww 
| 
ст | 
no GO roa 
о © 
о м 
© м 
| 
- A | 
LL ке - 
“суха 
Il 
кю 
| 
| 
N 
"ELS 
N | 
EN 
— б 
me 
[m 
LL. l1 
| 
eR | 
© 
N 
| 
A 
LS 
NEA 


БО ы: 0 10 
25 0 7 | 4 -10 10 
Е 0 ; 2—10 0-12 
=] 5 7 
— £0 2 x 2 -5 5 
-5 0 -6 
27. 2X + 3A = B 
2X = В – ЗА 
21 
X = ЦВ - 34) 


ll ll 
t3j— Nie 
ae ae Wl 
о © w © 
о N © м 

| | 
gH ЧИЕ ч 
[o =. рээ: 2551 
| | 
1—1 чә 
| | 
wan | |! 
— N 
Ф WwW 
© = 
u^ 
ә № 
A oU 
pOCHENENNED AD x Р2 
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31. Ais 3x 2, B is2x2 > AB is 3x2. 


-1 


11) =) -10) 


0 3 
1 6 2:3 (-112) + (610) (-1)(3) + (6)(9) -2 51 
AB =|-4 5 Ё | = | (-4)(2) + (550) (-4)(3) + (5)(9)| = |-8 33 
0 3 (0)(2) + (3)(0) (0)(3) + (3)(9) 0 27 
33. Ais 3x 2 and B is 3 x 3. AB is not possible. 
35. Ais 3x 3, B is 3х3 => AB is 3x 3. 
5 o ols © Of роо 
AB-|0 -8 0/0 --1 0|-10 1 0 
о 0710 01 004 
1 2| 2 -| (1)(2) + (2)(—1) (D(-1) + (2)(8) _ [015 
ne | А | ЕЕ «Qc (ci 20 | | 
-|2-11:21-101)-1414) (2)(2) + D |-2 2 
ша Ч | 141522) оо F s 
2211:211:2|1 1019) 039) (010) + (2)(2)| [9 6 
сэ 4 | | ЁЛ + Q4) (90) 200 | | 
2-20, р (01)-41-210) (210) + (-2)(1) 2 -2 
39. (a) AB =| -3 1} е (-3)(1) + (00) (—з)(0) + (0()| = |-3 о 
7 6 (7)(1) + (6)(0) — (7)(0) + (6)(1) 7 6 
(b) BA is not possible, B is 2 x 2 and A is 3 x 2. 
(c) AA is not possible, A is 3 x 2. 
4 -1[-6] _ [(-4)(-6) + (-1)(5)] (19 
TUE -| 2 (| ; 2! a 3 А 
(b) BA is not possible, В is 2 х1 and Ais 2 х 2. 
;.[-4 -1[-4 M] |(-41-4) 41-12) (-41-1) + (7002, [14 -8 
и -| 2 2l 2 12| -| (2)(—4) + (12)(2) | (2)(-1) + БН i E » 
7 70) 70) 72) 7 7 14 
43. (а) АВ = | | 1 2]- | 80) 80) 5 - | 8 8 s 


7 


(b 84-11 | | = [(1)(7) + ()(8) + (2)(-2)] = [13] 


-1 


(с) A? is not possible. 
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7 5 -4[2 2 3 14-40-16 -14-5-8 21+ 20 + 32 70 -17 73 
45. |-2 5 118 1 41-14440-4 4-5-2 -6-20-81-132 11 6 
10 -4 -7]-4 2 -8 20 -32 + 28 -20-4-14 30-16 + 56 16 -38 70 
Ре 3 1] 1 of 1 0 1 2[1 0 5 8 
"10:-21-2:212:4 4 -4]2 4| |-4 -16 
М 4 0 2 3] 2 3 
02 -2 02 -2 -4 10 
49. 0--11-1-3 51|- -3 4|з 
41 2 41 2 3 14 
-1 2 0 -5| -1--1 
51. u = (1,5),у = (3,2) 61. (а) 2 3|х| [S 
1 :4| х 10 
1 3 4 "T 
+ = + = = r 4 
een 5| |2 7 (47) (b) СЭ! 4 10 
R2 3 5 
() 1 3 -2 (72,3) L J 
u-V= - = = (4, Я 
51 |2 3 1 4 10 
2R + R > |0 -5 15 
3 1 8 - 7 
(© 3v-u23 | -|, 7 |= (8,1) 1 4 i 10 
2| 15 1 ^ 
-35% > |0 1 3| 
53. u = (-2,2),v = (5, 4) -4R +R > [1 0 -2| 
1 
ӨӨ Ч Ч Ч 89 oe 
a ut+v= + = = 
, -2 
2: |4] (6 * -| | 
3 
-2] [s -7 
2 4 -2 1-2 З 9 
5] r2 17 63. (а) |-1 3 --11х.| -1-6 
(c) svu =al- = [i| = 0710 2-5 Silx, 17 
(b) [1 2 3 9 
4 
In Exercises 55-59, v = (4, 2) “| -1 3- -6 
[2 -5 5117 
[1 0 1 0[4 4 | 1 -2 9] 
55. A= ‚Ау = = = (4-2) isa 
[0 -1 0--112 -2 R+R > |0 1 2 
reflection in the x-axis. -2R, + R > (0 -1-1 1| 
" o 1, о па Р] ay 2+8 ә [1 0 7 15 
Я = ‚Ау = = = , ҮК а 
|1 0j 1 0]2| 4| ал. 
reflection in the line y = x. с. - 
-7№ + R > 0 0 1] 
2 0| 2 074] [8] E E 
59. А = ‚Ау = =| | = (8,2) ва ARE Ree we 1 лах 
0 1 0 112| [2] 0 0 1 2 
horizontal stretch. 1 
X =|-1 
2 
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1 -5 21х -20 ex xi 100 90 70 30| 1110 99 77 33 
65. (a) 1-3 1 -Ilx | = 8 ' ' |40 20 60 60| | 44 22 6 66 
ши. ce 69. BA = [3.50 6.00] een 
[1-5 21-20 iur er 1100 175 125 
(b) -3 1-1: 8 = [$1037.50 $1400 $1012.50] 
0 -2 5 : -16 : : 
m . Е The entries represent the profits from both crops at each 
l1 -5 -20 of the three outlets. 
3R + R > |0 -14 —52 
0 2 416 10 0.5 0.21|15 13 523.20 $20.50 


S 71. ST (1.6 1.0 02/||]12 11] =|$38.20 $33.80 
25 20 1411 10 $76.90 $68.50 


= 
| 
сл 
non «л tA м 
| 
N 
© 


“Ry + R э |0 -12 —36 
0 2 —16 The entries represent the labor costs at each plant for 
Д 3 each size of boat. 
1 -5 2 : -20 
-1 8. > |0 10: 3 
(0-2 5 i -16| 
5R, +R > [1 02: -5 
0 10: 3 
28, +R > |0 0 5 : -10| 
[1 02: -5] 
0 10: 3 
Ego. ros duds 523 
-2R +R > [1 00: -I| 
0 10: 3 
[o 0 1: -2| 
-1 
Amo 
-2 
jumping weight 
73. (a) ^ basketball rope lifting 
8-0 0.25 0.5] 
472 563 
(b ВА = [2 0.25 0.5] 590 704] = [1180 1407.5] 
177 211 


The resulting matrix BA represents the total calories burned playing basketball for 2 hours, jumping горе for 15 minutes and 
lifting weights for 30 minutes by each person. So, the 130-Ib person burned 1180 calories, and the 155-Ib person burned 


1407.5 calories. 


(с) 18min _ 18 min Ш 2 de min 45 min 3 
1 hr 60min 10 Ihr 60min 4 
472 563 
ВА = |12 2 590 704| = [781.75 932.45] 
177 211 


The 130-pound person burned 1180 — 781.75 = 398.25 fewer calories. 
The 155-pound person burned 1407.5 — 932.45 = 475.05 fewer calories. 
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75. False. For most matrices, AB # BA. 


Consider 
[-1 0 1 1 
A = ‚В = 
КТЫ 
ЕЕЕ! -] -I 
AB = - 
[1 I[-1 0 0 1 
BA = - 
[0 ЇЇ \ Ї 1 


So, AB # ВА. 


77. Answers will vary. Sample answer: 
2 
2-1 -1 1 1 0 
(4+ By = + = 
1 3 0 -2 2 1 
2-Цү eae. g Mı m foo 
= А? + 2АВ + В? = +2 + = 
1 3 1 3|| 0 -2 0 -2 3-2 
79. Answers will vary. Sample answer: 
2 -1 -1 11012 -1 -1 1 3 -2 
1 3 0 -2 1 3 0 -2 4 3 
A2 2 
2 -1 -1 1 2 -2 
1 3] 0 -2 5 4 


0 142 3 [2 3 83. The product of two diagonal matrices of the same order 
81. AC = 0 1/2 3 Е 2.3 is a diagonal matrix whose entries are the products of the 
corresponding diagonal entries of A and B. 
2 


к 1-3 


So, AC = BC eventhough A = B. 


85. Answer will vary. Sample answer: 


215 


! T Eon аны | 
o ijt of [V+ (00) (00) +O] [1 o 

[o rp e] Го) + (000) (000) + QQ)] fo 1 
: 3 1 яр 90 ЖОНГ | 
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360 Chapter 8 Matrices and Determinants 


EET mp en 
ennt TET te cepe: Цөөн» 
= T ttm aem den 
vede T d tap m 


89. log; (15x) = log; (3 - 5 - x) 
= log; 3 + log; 5 + log; x 
= 1 + log; 5 + log; x 


91. ТЫ Ina — In? = Ina — 3lnb 
5x — 2y = 2 Equation 1 
` |5х + 4y = 8 Equation 2 
Subtracting the equations you get-6y = -6 > у = 1 


4 


Back-substitute y = 1: 5х – 2(1) = 2 > x= 1 


Solution: (4, 1) 


Section 8.3 The Inverse of a Square Matrix 


1. inverse 


2113 -1 6-5 2-42 1 

5. АВ = = = 
5 311—5 2 15-15 -5+6 0 
3 —1||2 1 6-5 3-3 1 

ВА = = = 
=з 2115 3 —10+10 -5+6 0 


1 


| 


4x + у — z= -5 
-x — бу + 22 = -16 
x + Зу + со = 7 
4 1-1 -5 
-1 6 2 -16 
1 3 | 7 
R1 3 1 7 
C |-1 -6 2i -16 
R|4 1-1 -5 
1 3 1 7 
R+R 7/0 -3 3 -9 
48 + К, ә |0 -11-5 -33 
1 3 1 7 
-iR, => |0 1 -1 3 
0 -11 -5 —33 
1 3 1 7 
II; +R |0 1 -l 3 
0 0 -16 0 
x+3y+z=7 
y-z=3 
—162 =0 
-l6z=0>2z=0 


y-023—yz-3 
x+33)+0=7>5x=-2 
Solution: (—2, 3, 0) 


. A square matrix that is singular does not have an inverse. 
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Section 8.3 The Inverse of a Square Matrix 


13 2] 4 -2 12-2 -6+6 [10 0 1 0 
7. АВ = + EUM Ed E 
1011 4-1 3 10) 4-4 -2-12 10 © 10 0 1 
i| 4 -2]3 2 ,[42 72 8-8 110 0 1 0 
ВА = = = — = — = 
10.1 3]|1 4 101.343 -2-12 10| 9 10 0 1 
[2 -17 M 1 2] 12-34-33 2-68+66 4+ 51 – 55 
9. AB=|-1 11 -7]2 4 -3|1-1-1-422-021 44-42 -2 -33 +35 
| 0 3 -2 -| | 6-6 12-12 -9 + 10 
[11 2][2 -17 11] 2-1 -1-4-11-6 11-7-4 1 
ВА-12 4--311-1 M -14-4 -34-44-9 22-28-6|-10 
[з 6 -5]| 0 3 | 16-6 -51+ 66 – 15 33-42-10 0 
[2 0 211-1 3-2 -2 
13 9 01|-2 9 -7 -10 
1. 48-14 
3-1 1-2 1| 1 0 -1 -1 
| 3 -1 10| 3 -6 6 6 
-2-0-2-3 6+0+0-6 -440-2-6 -4-0-2-6 
-4|-3404-04-3 94040-6 -6-0-0-6 -6+0+0+6|_ 
A) 1-2-=2+3 -3+9+0-6 2-7+2+6 2-10+2+6| 
|-3+2+1+0 9-9+0+0 -6+7-1+0 -6-10-140 
Г-1 3-2 -2112 0 21 
-2 9 -7 -10| 3 0 0 1 
BA =} 
3 1 0 -l 111-1 1 -2 1 
| 3 -6 6 6| 3-1 10 
-2+9+2-6 0440-2442 -240-44-2 -1-3-240 
24174 *27*7—-30 0+0-7 +10 -4+0 +14 - 10 -2+9-7+0 
NE 2-0-41-3 0-0-1-1 2-0-2-1 1+0-1+0 
6-18-6-18 0-0-6-6 6-0-12-6 3-6+6+0 
1 -2 1 0 Г 
3. [4 i = 15. [4 i I= 
2 -3 0 1 
1 -2 1 0 
-2R + R > |0 1 -2 1 LR > 
2R +R — [1 0 3 2 zji 4] -R, + R > 
0 1 -2 1 
“-12 i 
pes -2R + R > 


r 1 
ы Оо TR o 


oo с н 


= N = 


AS eue 


© о н © 


Ф о с _ 


or © 


= © © 


© - © © 
— © © © 


© о н © 
о - © © 


| 
Noe Soe >=. 


— © © © 


емч мэ 


кә|шо кю] n 
L 
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111 100 
17. [4-5J4|e 9 54:010 
365 0 0 1 
[11 1: 100 
-3R +R, > |0 2 1: 3 10 
-3R + R > |0 3 2: 30 1 
[1 1 1 100 
1 1 3-. 71 
iR > |0 1 AR 40 
032 -3 0 I 
- +R > |10 2 5-1 
1 3 1 
ОР ae 3 > 
1 з 3 
Е е 
- +R, > 0 1 0: 3 2-1 
ll. СТ 
01:40:55 odere d 
1 00: 1 1-1 
010: -3 2-1 
2R, > 0 1: 3-3 2 
Era 
1 1 -1 
А! =|-3 2 -1 
3-3 2 
-5 : 100 5 0 0:100 5 0 0:100 
19. [4 : 1(-1200:010 2 0 0:0 1 028 +50, >| 0 0 0:2 50 
-1 5 0 0 ЦА, 28$, >| 0 10 14 : 0 1 2 010 14:0 12 


Because the first three entries of row 2 are all zeros, the inverse of A does not exist. 


-8 0 0 1000]-ji&2|1000:-100 0 
0 1 0 0100 0100 010 0 
21. [4 : I= : ши 
00 4 00 1 0] 4910 0 10 001 0 
000 5:00 0 1-15, 30001 00 0 -4 
1 
--00 0 
p 10 0 
= ie 
4 
1 
0 —; 
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fe 2 =] а 
28. А-13 7 -10 : 
|-5 -7 -15 
[-175 37 -13 
А! = | 95 -20 7 
| 14 -3 1 
Pat o3 d 
2 4 4 
25. А=| 1 0 -3 37. 
1 
M лр 
-12 -5 -9 
A!'2|-4-2 4 
| -8 -4 -6 m 
[01 02 03 
27. А-1-03 02 02 
| 05 04 04 41. 
0 -181 090 
А! =|-10 5 5 
| 10 272 -363 
[-1 0 0 
43. 
"I 0 2 0-1 
| |2 0 - 0 
[0-1 0 I 
[10 10 
Aig Ong A oh 45. 
0 10 
[0102 
eo Hel? bl ns 1 d -b 
: c а! ad —bc|-c a 
mS 2 3 
"pes 
ad - be = (2)(5) - (3)(-1) = 13 
5 3 
пу р 73|_[з T5 
|1] 2| |1 2 
13 13 
33. A 


Section 8.3 The Inverse of a Square Matrix 


ad - be = (-4)(3) - (-2)(-6) = 0 


Because ad — bc = 0, А! does not exist. 
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0.5 03 
A= 
n i 


ad — bc = 
7921 0.6 
0.15 -1.5 
[x] E [-3 2][ 5 
у |-2 1110 
Solution: (5, 0) 
[x] [|-3 2][4 
›| (= ORA 


Solution: (—8, —6) 


x 1 1 -l 
yl 5414 2 -l 
2 3 -3 2 


x -24 7 
x| |-10 3 
x| |-29 7 
[xi 127. 23 


Solution: (2, 1, 0, 0) 
5.4 
2 5 

25 — 8| -2 


6-45 7 


Solution: (-1, 1) 


(0.5)(0.6) — (0.3)(1.5) 
= 0.3 — 0.45 = —0.15 


—0.3 
0.5 


-4 
10 
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—0.4 0.8 4 -1 1 
47. A= 
2 4 5.4-12 2 3 
E 1 -4 -0.8 5 -2 6 
А =-— 
16-16|-2 -04 Find АТ. 
E . 4 -1 1 1 0 
A does not exist. 7 j 55 3 22-34 
This implies that there is no unique solution; that is, | je 
either the system is inconsistent or there are infinitely 52 6 0 0 1 
many solutions. R [5 2 6 0 0 1] 
Find the reduced row-echelon form of the matrix C 2 2 3 0 1! 0 
corresponding to ын system. R |4 -1 1 1 0 0 
-04 0.8 : L6 = = 
. -R +R > (1-1 5 -1 0 1 
2 4: 5 
2 . 2 2 3 0 1 0 
2.58 > |1 2 : -4 4A 4 1 1 0 0 
2-4 5 = . Z 
" : 1 -l 5: -1 0 1 
E mE | 5 -2R +R > a 7i 2 1 o 
-2R +R ә (0 0: 13 ав +R > |o 19: о 4 
The given system is inconsistent and there is no solution. Гр 5 -1-0 П 
мэ 23 -19 -R + R > 10 1 12 3 1 2 
; 7 14.5 075 0 3 -19 5 0 4} 
"n 1 075 19 R,+R > (1 0 17 4 1 3 
7 1725 + 2.85 |-1.5 23 цавь 2 
x] 1 [075 19 6 1 Г-183 -3R +R; ә (0 0 -55 14 -3 -10| 
y| 4575|-L5 2.3||-12| 4.575 | -36.6 1 0 17 4 1 3 
-4 0 1 12 3 1 2 
= 14 3 2 
Р - > |0 0 1:-5 5 1 
Solution: (-4, -8) -171R +R > |1 0 0: BS -l 
| з 19 _2 
-12R; +R, > |0 1 0-5 Xll n 
14 3 2 
0 0 1 = бз ҮП 
«pria 
| 18 4 —5] 
zh 
А =з 3 19 -10 
1-14 3 10] 
x 18 4 5|-5 55 1 
y|=4 3 19 -10] 10] -4/165|-1 3 
2 1—14 3 10] 1 110 2 


Solution: (1, 3, 2) 


53. 5x - Зу + 2z = 2 
2x + 2y — 3z = 
x — Ty + 72 = -4 


Using a graphing utility (0.8125, 0.6875, 0) = (#3, 1 
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55. (21, + Ah = 15 
L + 4 = 17 
L+LĠL- L= 0 


2o 
ROR 
сы еы 
Ш 
GE 
з © 


lr db sm: 0 
A X = В 
à c? cs] 13 
Х-АЗВ-|-2 2 3|117|-|13 
А. 
So, Д = 0.5 ampere, J, = 3.0 ampere, and 
I, = 3.5 ampere. 
57. (21, + 4, = 28 
I, + 41, = 21 
Tp eB = Ee =O 
20 4/4 28 
0 4111,|-121 
11541! 0 
А X = B 
a -5 71/28] [а 
X-4'B--2 4 $212 
1 1 _1|| 0 5 
4 7 7 


So, Д = 4 ampere, I, = 1 ampere, апа /; = 5 ampere. 


In Exercise 59, use the following: 
Let x = bags of potting soil for seedlings, 
y = bags of potting soil for general potting, and 
z = bags of potting soil for hardwood plants. 
[2 1 21|х Sand 
АХ-В-11 2 1||у|= |Loam 
[1 1 2j Peat Moss 


500 100 
59. 471500] = | 100 


Solution: 

x = 100 bags of potting soil for seedlings, 

y = 100 bags of potting soil for general potting, 
z= 100 bags of potting soil for hardwood plants. 


Section 8.3 The Inverse of a Square Matrix 365 


61. (16, 82,700), (17, 86,918), (18, 89,400) 


(а) (256a + 16b + c = 82,700 
289a + 175 + c = 86,918 
324a + 18b + c = 89,400 


256 16 1|а182,700 
(b AX = В = |289 17 1|Ь|86,918 
324 18 1|с|89,400 
256 16 II [ 05 -1 0.5] 
АЛ--1289 17 1| -1-175 34 -16.5 
324 18 1 | 153 -288  136| 
a 82,700 —868 
(с) X = 4!B-!b|- 47|86918| = | 32,862 
c 89,400 -220,884 | 


у = 8687? + 32,8621 — 220,884 
(d) 95,000 


63. True. If B is the inverse of A, then AB = J = BA. 


65. If the determinant of a2 x 2 matrix is not equal to 0, 
then the inverse exists. 


To find the inverse, take 1 divided by the determinant 
and multiply it by the matrix which has a diagonal from 
top left to bottom right that has the terms from the 
original matrix flipped and the other diagonal is the 
negative of the terms from the original matrix. 
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1 
0 


1 
0 


| a bl] | 1 d -b 
67. Answers will vary. Sample Answer. A = кА = 
c d ad —bc|-c a 
3 PL b 1 d -b 5 1 ad — be -ab + ab\ | 1 ad — bc 0 Е 
[с dilad-bel-e a|) ad -be|cd —cd -bc * adj ad -be| 0 ^ ad-bc| 
PP 1 d —Ь\\а b| 1 ad — bc -ab + ab) _ 1 ad — bc 0 = 
(lad -bc|-c а||с d| аа-Ёс|са-са -be+ad| ad — bc 0 аа-с| - 
69. If 4^! does not exist, it is singular. 
4 3 
| А jo - (-2)(3) = 0 = 4k + 6 = 0 > k =-3 
When k + -ż, 47! exists because the determinant does not equal zero. 
71. а-у = = = 3 -21 15 24] 
u-v = (5-7): (6,1) = -5(-6) + (-7)(1) = 23 50:22 1 E 
31-9 12] 38 0| 
73. азу = (7, -12) - (-8, 8) = 7(-8) + (-12)(8) = -152 | 2 E P 81 
+ -2Х 
-6 8| 16 0| 
75. u- v = (2i — j) (7i + 6j) = 2(7) + (-1)(6) = 8 ЕЕ: 
| -2X 
[з 6 6 8] [-1 Sa f2 16 MS 
77. -- -2 = + 
3\0 -3] [5 -5 0 1} [10 -10 z E -6 
= 11 14 210 8 
о -9 
Section 8.4 The Determinant of a Square Matrix 
1. determinant їр 
17. | 2 *|=-4(4)-4(-6) =-$+2=4 
1 213) 3 2 
3,-5 -6 i 
зө 19 20 
19. = —1924 
8 4 43 - 
7. = — (4)(2) = 16 
2 = 99 - (00) 
a. ou 
21 10 = 0.08 
6 -3 $ d 
9, = (62) - (-3)(-5) = -3 “10 5 
-5 2 
7 0 23 юм 
Цар - -7(0)-0(3) -0 13 —6 
(a) Му =—6 
3 2 
13. [= 30) - 4-2) 2342 n Mima 
-2 My, =5 
-3 2 М» = 4 
15. 20 ET 4) – (-2)(-6) 212-1220 (b Ci = М = -6 
Ci = -M2 = -3 
C5 = -Mz = -5 
Cy m М» = 4 
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Section 8.4 The Determinant of a Square Matrix 
4 0 2 4 6 3 
25. |-3 2 1 27. | 7 -2 8 
5202 1 0 25 
2 1 -2 8 
Ое |=2- (-1) 23 (a) My = A (-2)(-5) - (8)(0) = 10 
3 1 7 8 
Mac „зелена Mum crede) v) eda 
-3 2 7--2 
M = =3-2=1 My = = (7)(0) 58 (-2)(1) = 2 
1 -l 1-0 
0 2 6 3 
My, = =0-(-2) = 2 My = = (65) - (3)(0) = -30 
-1 1 0 -5 
4 2 -4 3 
М» 4-2=2 М» = = (-4)(—5) - G0 = 17 
1 1 1 -5 
4 0 -4 6 
М» = = -4-0 = -4 М» = = (40) - (6)() = -6 
1 -1 1 0 
0 2 6 3 
My, 0-4=-4 Му = = (6)(8) — (3)(—2) = 54 
2 1 -2 8 
4 2 -4 3 Е Е 
М» = ee -4- (-6) = 10 My = 178. (-4)(8) E (3)(7) = —53 
4 0 a4 6 
Mz 8-0-8 Ms = = (-4(-2) - (6)(7) = -34 
-3 2 13 2 
2 = 2 2 
(b) Cy = (-1) М = 3 (6) Сп = (-1) Ми = 10 
Ср = (4/Мь -4 С» = CU Mis сс 
Сз = (-1) M; =1 Сз = (1 Mis E 
Cy = (-1 М», = -2 Ca = (-1) Ma 7:30 
Cy = (-1) Mz =2 С» = (4/М» = 17 
C5 = (1) M5, = 4 C = C Mos = 0 
Су = (-1)'Ms, = —4 С = (1) Ма, = 54 
С» = (Му = -10 С» = (CI Ms = 53 
C5 = (-1) Мь, = 8 Сз = (-1)'Ms; яс: 
2 
29. (a) Р = 2(-3) - 5(6) = -36 
2 
© | _,|= 2-3) - 6(5) = -36 
5 0 -3 
з1. а) |o 12 4|2 09 2 > 735. 4P °l = ong) +12018) — 4(30) = 96 
‚(а = - - = 25 
6 3 1 3 1 6 
1 6 3 
5 0 -3 
œ Jo 2 a=? * ui ae 0(-4) + 12(18) - 6(20) = 96 
I 11 3 1 3| |0 4|. Г 


367 
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-3 
5 6 4 6 4 5 
33. (a) | 4 5 6/=-3 - = -3(23) - 2(-8) - 22 = -75 
-3 1 21 2 -3 
-3 1 
n 4 6 31 31 
b 4 56-22 = —2(-8) + 5(-5) + 3(-22) = -75 
o) 2 1 2 1 4 6 2 C3) (22) 
-3 
0-3 5 
0-3 5 6 -3 5 6 0 5 6 0 -3 
4 0 6 -8 
35. (a) Pan --80 6 -840]4 6 -8-0 4 0 -8]+ 2] 4 0 
0 7 4 -1 7. 4 -1 0 4 -1 0 
80 0 2 
= -8(0) + 2(0) = 0 
0. -3 5 
4 6 -8 6 -3 5 6 -3 5 6 -3 5 
40 6 -8 
(b) ji = —0|-1 7 4/+0/-1 7 4-04 6 -8-*40.4 6 -8 
80 2 8 02 8 0 2 -1 7 4 
8 0 
=0 
=2 4 1 
4 7 1 =2 7 1 -2 4 1 -2 І 
0 00 
37. (a) ар ps n 5|+0| 8 10 5| -0 8 5 5,40, 8 5 10 
0 50 6 5 0 6 0 0 6 0 5 
0 5 0 
= —3(-75) = 225 
-2 4 1 
зо 0 -2 4 7 -2 4 7 -2 4 
30 00 
(b) 2-18 5 10|+0| 8 5 10-5, 30 0-0 30 0 
8 5 10 5 
60 5 60 5 6 0 5 8 5 10 
6 0 5 0 
= (-1)(75) – 5(-60) = 225 
39. Expand along Column 1. 43. Expand along Column 1. 
-1 2 -5 2 -1 0 
3 4 2 -5 2 -5 2 1 -1 0 -1 0 
03 4|[2-1 -0 -0 4 2 1-2 -4 +4 
0 3 0 3 3. 4 2 1 2 1 2 1 
00 3 4 2 1 
= -1(9) - 0(6) + 0(23) = -9 = 2(0) – 4(-1) + 4(-1) = 0 
41. Expand along Row 2. 45. Expand along Column 3. 
6 3 -7 14 -2 
3 -7 6 -7 6 3 3 2 1 4 
0-0 01 -0 - -0 -0 3 2 02-2 +3 
-6 3 4 3 4 -6 -1 4 3 2 
4 -6 -1 4 3 
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47. Expand along Column 3. 


2 6 0 2 
2 7 6 2 6 2 2 6 2 2; 6:2 

2 7 3 6 
-010 1-31 0 1-402 7 6-02 7 6 

100 1 
Sp 7. 3 m 07 BA) Му 10 1 

3 7 0 7 


-3(-24) - 72 


49. Expand along Column 1. 


53 0 6 
6 4 12| |з 0 6 

46 412 
=5/2 -3 4-42 -3 4 

02 -3 4 
1-2 2 1 -2 2 

e x 2 


s(0) - 40) = 0 


51. Expand along Column 2, then along Column 4. 


324-15 
-2 1 2 
20 1 2 10 4 
1 4 0 
100 4 02-2 7 Ж = (-2)(-2)}6 2 -1|- 4(103) = 412 
6 02 -1 0 3 5-1 
3 1 0 
305 10 
3 8 -7 4 0 
59. (a) = -8 
53.10 -5 4|- -126 3 -2 
! i si dos 
1-18 4 TE 
2 0 - ә |“ 011-1-1 -4 4 
= - с = 
55. 2 Э 336 з 22 2 £d 
0 8 0 4 4 
d =0 
(4) i 
sf) 3 
. (a = – 
0 3 = Ж 
2 0 61. (a) | 1 0 1-2 
(b) = -2 
0 -1 0 10 
202221 0 -2 0 -10 0 
с et 
| 0 30 -1 0 -3 (b | 0 2 0/2 -6 
-2 0 0 0 3 
(4) = 6 
0 -3 -1:2-111-1 0 0 1 3 
(c) 110110 2 0|=|-1 3 
[010/7003 020 
1 3 
(d |-1 0 32-12 
020 
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3 2 
. Answers will vary. Sample answer: | A| E ч 9-6-3 
хэ: zeil Pasa 
. Answers will vary. Sample Answer: | А|-12 1 =-2 3 +1 ale 2(7) +13 --1 
1 1 
2 
. Answers will vary. Sample Answer: | A| = 8 А = 24 – 24 = 0 
х x 2 
| = №2 — xy 75. = 
2 l x 
y z x-222 
- = -(xy - wz) = wz = xy 
w x х2 = 4 
х= 12 
84 wx |» 2 
TO oS x+1 2 
TT. i = 
w x| БдУ 
ML (s+ x) - QC) = 4 
п x +x-2=0 
w x+cw 
= w(z + cy) — у(х + cw) = wz - xy (x + 2)(x -1) = 0 
y z+ , ; 
x-2-2orx- 
со!” *|_[” x + суи 
Ч zi zc x+3 2 
4 X d 79. - 
] х-2 
2 
| x ИГ M NE (x + 3)(x + 2)-2=0 
73 © и PM 207) у? x!-5x4420 
E (x + 1)(x + 4) = 0 
= VERD у Sore eed 
= yz? – xz? — yz + х?2 + ху(у - х) Me he 
81. = 8иу – 1 
= zy -x)- z(y? - x!) + ху(у - х) ЕА 
= zy - x) - z(y - х)(у + x) + (y - x) " 5 
e^ e 
=(y- x)[ 2? -z(y + x) + xy] 33 2025 398 Анал 
-(у- x[z - zy- x +x] 
tm x lnx 
scale aa "e ve 
-(у-х| z(z »( - х) x 
аа 


87. True. If an entire row is zero, then each cofactor in the 
expansion is multiplied by zero. 
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1 3 -4 0 
89. Sample answer: Let A = | 5 | апа В = | | 


3 5 
3 -4 0 
| A| 10, | 8| = -20, | A|+|B] = -10 
-2 4 5 
-3 3 -3 3 
мн IDEE - -30 
19 19 
So, |4 + В| « |A|* |B|. 
13 4 
91. (а) |-7 2 -5|= -115 
61 2 
1 43 
-|-7 -5 2|= -115 
6 21 


Column 2 and Column 3 were interchanged. 


1 -3 1 -3 
(b) Multiplying Row 1 of the matrix ь | by —5 and adding it to Row 2 gives the matrix р Я } 


1-3} , [|i -3 
5 2| cod. 17 
1-2 5 10 
2 -3 2 -3 
5 10 
|B] = = -35 
2 3 
1 2 
5| A| = 5 = -35 
2 3 


Row 1 was multiplied by 5. 


B|- 5|4| 
оз, (а) || "|- 704) - 0 = 28 
22777138 B 
-1 00 
3 bre 22 2 эг 
PURGE [02] 00 
0 2 
2 000 
-2 0 0j} Jo o of (о 
(о |9 7 9° -eal o 1 ој-оо 1 of+olo 
с = (— = 
0 1 0 
0 0 3] loo 3| Jo 
0 0 3 
1 0| Jo op |0 1 
= (-2) (2 - +0 
БО» 0 3 2 


= (-2)(2)(3) = -12 


The determinant of a diagonal matrix is the product of the entries on the main diagonal. 


= (-1)(10) = -10 


371 
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13) 94) 3-34. 333 a 97. 4(2)(6) + (-1)(3)(5) + 1(2)(-2) = 48 - 15 - 4 = 29 


ша 33)-5(4 9-20 -1 


99. 4(-1) ^ [2(6) - (-2)3)] = 4[12 + 6] = 4(18) = 72 


101 4x -2y = 10 Equation 1 
“Їх- 5у-11 Equation 2 


Solve for x in Equation 1: 4x = 10 + 2y > x = 1(10 + 2y) 


Substitute for x in Equation 2: 3100 - 2y)] -5y = П > Зу - 5у= П - 5 
шах дыг 


>ye=-l 


Back-substitute y = -l: x = 110 + 2( 1)| = 1(8) = 2 


Solution: (2, –1) 


103. (Ax - у z = 10 -1 0|[2 -12) + 0(0) -2 
105. = = 
2x + 2y + 32 = 1 0 1/0 0(2) + 10) 0 
5x - 2y + 6z = 22 
4 -1 1 12 
2 2 3 1 
5 —2 6 : 22 
Сэ 2 2 3 1 


-2R +R >|0 -5 -5 10 
-5R + 2R => |0 -14 -3 | 39 
» 2 3i 1 
-R >|0 1 1:2 

0 -14 -3 f 39 


22 3i uj 
4R +R 3/0 1 doi 
0 0 1L: 11 


1 
m 


2x + 2y + 3z 


1 
| 
N 


y + 2 
112 


1 
- 
= 


llz2112zzl 
y2-2-12-3 
2x 21-2(-3)-3()242x-2 


Solution: (2, —3, 1) 
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Section 8.5 Applications of Matrices and Determinants 


1. Cramer's Rule 5. ee + 9y = -14 
3. (2x + Зу = 8 Саран хал 
Зх + 2у = 7 -14 ; 
2 3 "e 10 -7 8 _ 1 
= 2(2) - 3(3) = 4 -9 = -5 -5 9| 8 
3 2 
37—T 
-5 -14 
ШЕ ЖЫ Ке = 
W125] 08 
3 -7 
Solution: (1, –1) 
7. |3х + 2y = -2 
6x + 4y = 4 
Because | = 0, Cramer’s Rule does not apply. 


The system is inconsistent in this case and has no solution. 


9, 4x — y+ z= -5 4 -1 1 
2x + 2y + 3z = 10, Dz|2 2 3|=55 
5x — 2y + 62 = | 5 —1 6 
—5 -1 1 4 -5 1 4 -1 -5 
10 2 3 2 10 3 2 2 10 
1 -2 6 -55 5 1 6 165 5 -2 1 110 
х = = ш-,у= = 22-3: = = == 2 
55 55 55 55 55 55 
Solution: (-1, 3, 2) 
11. x+ 2y+ 3z= -3 1 2 3 13. Vertices: (0, 0) (3, 1), (1, 5) 
—x* y- z= 6, D =|-2 1 == 10 001 
ORAL E 11 mr 18 Area — i 3. d dm i — 7 square units 
-3 2 3 15 1 
6 1 -l 
13 2 -20 ; 15. Vertices: (—2, –3), (2, —3), (0, 4) 
xu z = 
10 10 2 3 1 
i i -3 1 -3 1 
1 -3 3 Area = 2 -3 1- 2 
2 2 4 1 4 1 
a. б] 0 41 
Эр 3-11 2| _10_ i = 1(14 + 14) = 14 square units 
10 10 
1 2 -3 
-2 1 6 
3 -3 -ll -10 
z= — 
10 10 


Solution: (2, 1, -1) 
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[ИЕЛ 23. Points: (2, —1), (—4, 4), (6, —3) 
1. 4-4-0 2 1 
2 2-5 1 
-2 y 1 2 -4 4 2 21 2 Зар, 
2af Jia 4 dae i al 4 
+8 = 25 = 6231 = 6 -3 -4 4 
y 1 2 1 
+8 = -5(2 - y) - 2(-1) --124-3-6 
+8 = Sy -8 БЕ 
Ме 848 The points are not collinear. 
5 25. Points: (0, 2), (1, 2.4), (-1, 1.6) 
16 
y=—ory = 0 0 21 
9 11| | 124 
124 1|=-2 + = -2(2)+4=0 
19. Vertices: (0, 25), (10, 0), (28, 5) Le ae | ык 
0 25 1 The points are collinear. 
Area — i 10 0 1|- 250 square miles 
2-5 1 
28 51 
27. 4 y 1-0 
21. Points: (2, —6), (0, —2), (3, —8) 5-21 
1 4 1| |4 
M PTT 2|. acsi: ж, en) 
о =2 yaa РЁ -21| |5 4| |5 -2 
3 -8 | Е Е 20у + 2) + 5(-1) + (-8 – 5y) = 0 
= 2(6) + 3(-4) -у-9-0 
- 0 y = 3 
The points are collinear. 29. Points: (0, 0), (5, 3) 
x y» 1 
Р х у 
Equation: 10 0 1 T 3 = 5у – 3x 
5 3 1 
=0> 3x-5y = 0 
31. Points: (-4, 3), (2, 1) 
x 1 
t 3-1 -4 1 1-4 3 
Equation: |-4 3 = х = у = 2х + 6у - 10 = 0 5 х +3у- 5 = 0 
1 21 2 1 
2 11 
33. Points: (-4, 3), (3.1) 
x 
| i 7 3 1 -l 1) |-i 3 
Equation: |-»5 3 = -y 2 + : =2x+3y-8=0 
2 11 311131 
5-1 2 2 
2 
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35. A horizontal 


Section 8.5 Applications of Matrices and Determinants 


stretch, k = 2, of the square with vertices (0, 0), (0, 3), (3, 0) and (3, 3). 


8447 43731938 = lolo 48173) 


New Vertices: (0, 0), (0, 3), (6, 0) and (6, 3) 


37. A reflection in the y-axis of the square with vertices (4, 3), (5, 3), (4, 4) and (5, 4). 


b B] зо ШК ГЕНЕР E-E] 


New Vertices 


-6-5-4-3-2 .1 1. 


39. The area of the parallelogram with vertices: (0, 0), (1, 0), (2, 2) and (3, 2) a=1,b = 2,с 


р: 


: (=4,3), (—5, 3), (—4, 4) and (-5, 4) 


(4, 4) (5, 4) 
oo 


(4, 3)°(5, з) 


x 
123456 


2and d = 2. 


Area = | det()| -12-0|- 2 square units. 


41. The area of the parallelogram with vertices: (0, 0), (—2, 0), (3, 5) and (1, 5) 


[53 


Area — [det(4)| = |-10 - 0| = 10 square units. 


a = -2,b=0,c = Зара d = 5. 


375 
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43. (a) Uncoded: C O M Е НО ME _ 45. (а) Uncoed: T E X T ME T 
[3 15][13 5][0 s][t5 13][5 0] [20 5 24][20 0 13][5 0 20] 
ѕ оо N OM ORR OW _ 
[19 15][15 14] [15 13 15][18 18 15|23 0 0] 
1 2] [1-1 0] 
(b) [3 15] = [48 81 
[3 5] ( [20 5 24| 1 0 -1|-[-119 28 67] 
12] -6 2 3 
з 5] = [28 51] 2 
ыал 1-1 0 
[1-2] qe 
[o s] = ра 40] [20 0 13]} 1 0 -1|-[-58 6 39] 
[3 5] |-6 2 3| 
[1 2] r 
[15 13] = [54 95] 1-1 0 
3 2 [5 0 20] 1 0 -1| = [-115 35 60] 
1 2 
5 0 = [5 10 6 2 3 
[s o]. „|=[5 10] | 
DE 1-1 0 
[1 2] _ 
[I9 15] = [64 113] [15 13 15] 1 0 1} =[-62 15 32] 
Ыры |-6 2 3] 
1 2] B £ 
[15 14] 3s = [57 100] 1-1 0 
ur [i8 18 15]] 1 0 -1] =[-54 12 27] 
Encoded: 48 81 28 51 24 40 54 6 2 3 
95 5 10 64 113 57 100 ЗОВ 
[23 0:0| 1 о | = [23 -23 0] 
6 2 3| 


Encoded: -119 28 67 -58 6 39 -115 35 60 
-62 15 32 -54 12 27 23 -23 0 
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1 2 2 
In Exercises 47-49, use the matrix 4 =| 3 7 9). 
-1 -4 -7 
4.DOWNLOAD SUCCESS FUL 
[а 15 23][14 12 15]П 4 ojf19 21 3][3 5 19]П9 6 21120 0] 
1.625424 
[A 15 23]| 3 7 91-16 21 -18] 
|-1 -4 -7 
Id: c 
[4 12 15]| 3- 7 9|=[35 52 31] 
|-l -4 -7 
[1 2 
[1 4013 7 91-13 30 38] 
|-1 -4 -7| 
[1 2 
[9 21 3] 3 7 9|=[79 173 206] 
|-1 -4 -7| 
[1 2 
[3 5 19]| з 7 91-14 -35 -82] 
|-1 -4 -7| 
| 1 2 
[19 6 21] 3 7 91-16 -4 -55] 
|-l -4 -7 
[1 2 
[12 0 0|3 7 91-12 24 24] 
|-1 -4 -7 


26 21 -18 35 52 31 13 30 38 
Cryptogram: 79 173 206 -1 -35 -82 16 -4 -55 
12 24 24 
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4. HA PP Y BIRTHDAY _ 1 ar [—5 2 
[S 1 16][6 25-01 9 18) 20 s 4]f 25 0] чы -|; ; JE E 
12 2 [11 21] [8 I|H 
[8 1 de] 3 7 9) aS 4b —87] 64 112 16 16| P P 
-1 -4 -7 25 50 25 0Y _ 
1 2 2] 29 53 Ё E 14 N E 
16 25 01| 3 7 9|-[91 207 257] 22 ийн 23 O|W _ 
ee ed 40 75 25 Y E 
гт 2 21 |55 92| | 1 18} A R 
20918|3 7 91 -11-5 —41] Message: HAPPY NEW YEAR 
|-1 -4 -7 
[1 2 2] 
[20 8 4]| 3 7 91-10 80 84] 
|-1 -4 -7| 
[1 2 2] 
П 25 |3 7 9|=[76 177 227] 
-1 -4 -7 


Cryptogram:-5 -41 -87 91 207 257 11 -5 
-41 40 80 84 76 177 227 


1-1 0 22 23021 
53. 47-11 0-1 =]-3 3 -1 
6 2 3 -2 -4 -1 
Г 9 -1 -9| [312 IC LA 
38 -19 -19 19 19 0S S _ 
28 -9 19112 32 71 919-0 f S _ 
EN M Бали Ае Ae м 
2 08 ан 3 5 12|С Е 1 
| 9 -5 4| [5 4 0ЇЕ _ 
Message: CLASS IS CANCELED 
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55. Let A be the 2 x 2 matrix needed to decode the message. 


57. 


а Жар 0 18] R 
1 16| [15 1440 N 


-1 8 1 
dis -18 -18 0 18 _ |7133 715 0 18 л -1 -2 
1 16| |15 14 A. 211115 14 1 1 
270 15 
| 8 21] [13 5|M_E 
-15 -10 5 20|Е T 
-13 -13 0 B| M 
5 10 5 0|E _ 
5 25-1 -2 20 15} T О 
= Message: MEET ME TONIGHT RON 
5 1951 1 14 9|N I 
-1 6 7 G H 
20 40 20 OIT _ 
-18 -18 0 18} К 
| 1 16] 15 1410 N 
59. True. The determinant is zero when the points are 
00-10 2 8|=—56 collinear. 
1-1 61. If the determinant of the coefficient matrix is zero, the 
2 system has either no solution or infinitely many 
solutions. 
0 1 -l 
I= | 28 . 
—56 56 2 
2 8 
6 8 
1 0 -I = 
Г, = o 1 
-56 -56 
4 0 2 
0 2 6 
1 10 = 
pz = =28- 1 
-56 -56 2 
So, the solution is Л = —0.5 ampere, 7, = 1 ampere, 


and 1, = 0.5 ampere. 
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3 -1 1 y 
63. Area = 4/7 -1 1 «| (7,5) 
7 51 44 
34 
f. ip, [7 4, ла 2l 
= 213 +1 +1 al 
Ama |7 1| uy 3 | | т 
211 1'2 8 
= X718 + 0 + 42) al G-D (7,—1) 


= 12 square units 


Area = +(base)(height) = 1(7 3)(5 ( 1)) = 1(4)(6) = 12 square units 


65. 3 + (-1)" 67. (-1) (m + 1) 
п= 13+ (0) =3-1= 2 п = 1 (1) (2 +10) 1+1=2 
п= 2:3 + (0) «34144 п = 2: (y" (2 +1) = (441) = -5 
п= 33+ (1) =3-1=2 п = X (-1)"(32 +1) =9 +1 = 10 
»”-434(4) -341-4 п = 4 (1) (4 + 1) = -(16 +1) = -17 


Review Exercises for Chapter 8 


1. [-1 3] 0 1 1 
Order: 1 x 2 9. 1 2 3 
2 2 2 
2.3 0 4- - J 
3. R [1 2 3 
6218 0 
R |o d 
Order: 2 x 5 
2-10: 
5 3x — 10у = 15 [1 2 3] 
“|5x + 4y 222 0 1 1 
3 -10 15 2R +R; > |0 -2-4| 
5 4 a [1 2 3] 
0 1 1 
L lla 28, +R ә |0 0 -2| 
7 -2 3 | 12 tmu 
[t T1 3 о Y 4 
x + 2z = -8 -iR > |0 0 1 
2x — 2y + 3z = 12 
4x + Ty + z= 3 i 1-3: 9|>fx 3y = 9 
! 1 1-1 у = -l 


х-3-1-9-эх-6 


Solution: (6, —1) 
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13 4: Цэ [х + Зу + 42 = 1 2 1 4 
13.10 1 2 : 3/2 у + 22 = 3 19. 2 20 5 
00 1: 44> z= 4 PES! 2 
y*24)232 y=-5 [2 1 21-04 
х + 3(-5) + 4(4) =1= х= 0 -R +R > 10 1-2 1 
-R +R > |0 -2 4: 2 
Solution: (0, —5, 4) Ж 
00725, [2 0 4 3 
5 4 2 0 1-2 1 
Ё 1: Mm 2R, + R > |0 0 0 0| 
AR, +R > [1 8} -86 IR> fı 0 2 E 
-] 1 -22 0 2 1 
| 18: ed (0 0 0 0 
R + R, ә 0 9 : -108 Let z = a, then: 
paa E y-2a=1>y=2a+1 
1 2o = 
өл e А х+ 2а = 8 х= 2a + 3 
x + 8y = —86 3 
у=-12 Solution: (-2a +5 2а + 1, а) where а is any real 
number 
уз-12 
x + 8(-12) = -86 > x = 10 [2 3 110 
21. 2 -3 -3 : 22 
Solution: (10, —12) ; 
[4 -2 33:2 
. [-x+2y=3 о 3 1 10] 
2x – 4у = 6 R + R ә (0 -6 -4 12 
ST 2R + R > 0 8-1 zn 
2 -4 i16 EAE, dos 5 
1 2 3 -iR > |0 1 4 -2 
25 2 > |0 0: 12 0 -8 1: -22| 
Because the last row consists of all zeros except for the | i i 5] 
last entry, the system is inconsistent and there is no 0 1 2 -2 
solution. 3 
88, +h > jo o 1* : -38 
3 1 1 
2 2 3 
2 
Ew -2 
ich o 1: —6| 
z= —6 


Solution: (5, 2, — 6) 
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x- 2y + z- we 11 25. | x+ 2y- z= 3 
23 2x + y — 2z + 3w = -l6 х- y=- z= 3 
“Тев 3y + 24 = - 1 2x+ yt 32-10 
- y + 52 + = 8 1 2 -l 3 
1-2 14 11 1=1 = 2°53 
2 1-2 31-46 2 1 3 : 10 
-1 3 2-1 1 1 2 -1 ] 
0-1 5 1 8 R +R > 3 0: —6 
1-2 1 -l 11 -2R +R > |0 3 5: 16| 
-2R + R 7/0 5 -4 5 -38 [1 2 -1 3| 
R-R,|0 1 3 2 12 0 3 0: —6 
0-1 5 | 8 R,*R,10 0 5 : 10] 
1-2 1-1 П 3& +28 > [3 0 3: -3 
Ё,-10 1 3-2 12 03 0: = 
R,o|0 5 -4 5 : -38 0 0 5 : 10 
0-1 5 1 8 5R +3R > |15 0 0: I5 
1 -2 1 -l 11 03 0: -6 
0 1 3 -2 12 0 5 : 10 
-5R, + В; 20 -19 15 : -98 - _ 
a ee 11 0 0 1 
R,-*RJ|0 0 8-1 20 
IR, > 1 
1 -2 1 -l 11 asl 0 1 | 
0 13 -2 12 
eoo 01-8: g ae 
19 уа 
0 08 -1 20 
- z=2 
[1-21 -1 : 1 Solution: (1, 2, 2) 
0 3 2: 1 
Е кр 
-8R; +R 310 00 11-32 
121 -1 į H 
013 2: 12 
ы 8 
001-8: Ж 
ŁR 20 0 0 1 i-4 
x- 2y + z- w= 11 
y + 32 — 2w = 12 
2 = Bw = z 
w = -4 
w=-4 
dL US Bs r=? 
у + 3(2) – 2(-4) 2122 y = 2 
x - 2(-2)+2-(4)>x=1 


Solution: (1, –2, 2, —4) 


© 2022 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


-1 12 1 
27. 2 3 -2 
4 2 4 
R > [1 -1 -2 I] 
2 3 1:2 
5 4 2 4 
[1 -1 -2 : =] 
-28, +R > 10 5 
-5R +R; > |0 9 12 
1-1 -2 i -1] 
iR > |0 1 1 
0 9 12 | 
R+R > [1 0-11-1 
0 1 1: 
-9R, + R > |0 0 3 
1 0-1 ч 
0 1 1: Q0 
Ig |0 0 1 3| 
R+R > 11 0 2] 
-R, +R > 1 -3 
o 0 1 3| 


Solution: (2, –3, 3) 


2-2 -3 10 -1 8 
35. (а) A+B = + = 
32-23 12 8 15 13 
2 -2 -3 10 5. =12 
(b 4-В = - - 
3 5 12 8 -9 -3 


=2 -3 10] [4 
+2 = 
; Р i : 


29. 


31. 


33. 


-6 20 
16 


Review Exercises for Chapter 8 383 


Use the reduced row-echelon form feature of a graphing 
utility. 


3 -1 5 -2 : -44 1000: 2, 
1 6 4-1: 1 0100: 6 
. => . 
30441 -01-23-010515 00 10: -10 
0 4 -1 -8 : 58 000 1: -3 


x=2,y =6,z=-10,w=-3 


Solution: (2, 6, -10, –3) 


[-1 x -] 12] 
Е = х =12and у = 11 


|» 9 11 9| 
[x +3 -4 44] [5x-1 -4 44 
0 -3 2|1- 0 -3 2 
| -2 y+5 6| -2 16 6 
x + = 35x - 1 
4 = 4x 
x= landy = 11 
y + = 16 
y = ll 
-2 16 
7130 26 
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5 4 0 3 5 7 
37. (а) 4+ В = |-7 21-14 12|1-1-3 14 
11 2} 120 40| (31 42 
| 5 4] 0 3] 1 5 1 
(b 4-8-1-7 21-14 12]=]-11 -10 
[п 2| (20 40] | -9 -38 
5 4 20 16 
(с) 44 = 41-7 2|-1-28 8 
11 2 44 8 
5 4 0 3 10 8 0 6 10 14 
(d 24+ 2B = 2|-7 2|+2| 4 12|1-1-14 41-18 24 -1-6 28 
11 2 20 40 22 4| 140 80 62 84 
7 3| 110 -20| [5 0 7-10-5 3-20-0 22 -17 
39. + + = Е 
-1 5| [14 -3 1 9 -1+14+1 5-3+9 14-11 
1 2) [7 1 8 3 -16 -6 
4. -2}/5 -41411 21|--216 -2|1-1-12 4 
6 0 1 4 7 4 -14 -8 
4 0 1 2 -8 0 3 -6 11 -6 
43. Х-24-38-2 1 -55|-32 1|=| 2 -10|-| 6 -3|-1 8 -13 
-3 2 4 4 6 4 12 -12 18 -8 
2 
12 -4 0 9 2 3 3 
NA. EM —Ó = 4 1l 
45 Х-14В8-24|-1|-2 1|-2 1 -5||- 4-4 Ц|-1-4 4 
4 4 3 2 10 0 0 9 


47. A and B are both 2 x 2, so AB exists and has dimensions 2 x 2. 


[2 -2] E А Р E + (-2)(12) 2(10) + 2 D Ю | 


di |12 8] | 3(3)«502) 3(10) + 5(8) 51 70 


49. Because A is 3 x 2 and B is 2 х 2, AB exists and has dimensions 3 x 2. 


| 5 4] 5(4) + 4(20)  5(12) + 4(40) 100 220 
AB -|-1 2 p ML -7(4) + 2(20) -702)-2(4)|-| 12 -4 
[11 2| 11(4) + 2(20) 11(12) + 2(40) 84 212 
[Ts ар (009401-2) (00-0) + GO] [31 a 
ee LH E | ү (3 E à) Г 3 
[5p зр 161) (444) (5()-(40) [ 1 4 
Ч m-l; jh | os аа Ё | 
ир ДЕ ү (1)(1) + (3)(4) (1)(3) + (3)(1) 2 13 6 
най, -|, || | a (4з) + (00) Ё | 


© 2022 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


| 


76 114 133 
38 95 76 


"ul 


14 -22 22 
19 -41 80 
| = (L 5) is a horizontal shrink. 
80 120 140 
40 100 


Review Exercises for Chapter 8 385 
42 -66 66 


| 


61. 0954 = oss 


4(6) + 1(-2) 


4(-5) + 1(2) 


19 21 


11(3) = 7(2) 11(-5) - 7(-2) 11(6) = 7(-2) 
12(3) + 3(2) 12(-5) + 3-2) 12(6) + 3(-2) 


4(3) + 1(2) 
| 


4 1 
4 -5 2 


"E 


Ye Ha 


м 


==. у= 


„==. = 


~ 


— 


— —~ —~ 


pO 


Х- ч 


YS — 


-2 


the x-axis. 


63. AB 


E м2 ма 
е a 
nm СО, сл — — 
СО Se А =a 
= © сү сы = 
doc <b | 
p 
aaa ooo 
LL xa 
2 
p S 
МЭ, 1 
Il Il 
Ee) =. у. 
on 
Seek Ss 
- o 
Кл == 
ч т ч [————À 
| -= = 
у | | 
r 1 
E DEO e oc 
— © с 
nN 
=-=- № 
L 1 1 
Il Il 
со CS 
х со 
С 
© 
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67. 


69. 


Chapter 8 Matrices and Determinants 


e 


1 [ 5 : 1 1 

zR > 1 2 7 0 

-5 4 0 1| 

2 Bets - 

1 ER 7 0 

1 5 

58 + R > | 0 ^ 2 1j 
n А | a 

66 > |0 1| 5 -6| 
2 & 
2R, + Ro 1-0 4 -5 

6 2 1 22 р 47] 

0 1 5 -6| 


2 03 100 
[4 i =|- 11 ї 
221 0 1 
[203 100 
-1 11:010 
2R +R > |003:02 1 
-R+R > [2 0 0 1-2 -l 
-1 11:0 1 0 
[003:0 2 I| 
i&2[|[100: 4 1 
-1 1 :0 1 0 
IR> |0 01:0 $ | 
" 1 a l 
R+R > |011: 4 qum 
001 m i] 
1 0 a 
200 1-2 -3)=[7 : 47] 
001 Do. 4 
Эрэн 
шиг 
0 2 3 
-1 -2 x91 [13 6-4 zA i ; 
3 7 9| 2|-12 -5 3 -8 2 
1 4 7 5 2-1 | 2 о] 12 -2 1 -l 
"she 210 AL 1 
7(2)-2(-8]8 -7| 2|8 -7 4 -> 
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-12 6 85. Bx + 2y - z= 6 
75. А = 
10 -5 x — y + 22 = -l 
ad — be = (-12)(-5) - (6)(10) = 0 zu. Opel gir гүй 
A! does not exist. x з 2 ed Ї 6 -1 -1 I1ll6 
y|=|1 -1 2||-1|=| 3 3-41| 41 
QU nba = 2| |5 1 117 2 1 _5||7 
2x - Ty = -5 B 3 3 
x [p ary Bi eal з -16) - 1) + 17) 2 
y| |2 sr |—| |2 1||— = 36) + ий лж 
y- 5 =} 
_ [7(8) + 4(-3)] _ [36 | 2(6) + 361) - 307) 
~ | 2(8) -1-5)| 11 Solution: (2, –1, —2) 
Solution: (36, 11) 
87. (5х + 10у = 7 
2 8 2x + y = —98 


79. |-3x + 10у 
5x — 17у 


Il 


Ни! “LE [23 : 


_ [=17(8) + (-10)(-13)] 1-6 
-| 5(8) + (-3)( d -| | 


Solution: (—6, –1) 


5 oT X eum m 
2 1||-98| — „= 
(70$ _ [65.8 
| 18| | 33.6 
5 


Solution: (-65.8, 33.6) 


2) <5 2 5 
89. A= : = (2)(3) - (-4)(5) = 26 
"E RS E 334 у:099-Є99 
-6x - 4y = 0 
10 -2 10 -2 
11 91. sal |: = (10)(8) — (18)(-2) 
Inverse of| 2 3] does not exist because 18 8] 18 8 
pO ed - 116 
2» 28 
2 3/260. 2 -1 
6 -4 93. 
7 4 
System has no solution. 
(a) Му =4 
83. (03х + 07у = 102 My =7 
04x + 06y = 7.6 My =- 


x] (03 071102) (-6 71102] 1-8 Maus 

y| |04 06 | 7.6] | 4 -3|| 76| |18 b) Ci = Mí = 4 
Solution: (—8, 18) 
С = -Mz =1 


Cy = My = 
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32-1 
95. |-2 5 0 
18 6 
5 
(a) Mj = 8 = 30 (b Ci = Mi = 30 
Cy = -М = 12 
-2 0 
Мр = 1 6 = —12 Сз = Му = 21 
Cy, = -Ma = -20 
-2 5 = = 
tee 221 Cy = My = 19 
1 8 Cy = -М» = -22 
2-1 С, = М; = 5 
tis — 20 31 31 
8 6 Сз = -Mz = 
3 -1 C33 = M3; = 19 
Е 219 33 33 
1 6 
М Ж 22 
23: — 1 8 = 
$e. as 
3l 5 0 БЕ 
3 -1 
My = БЭР, = -2 
Мз = Y = 19 
33 = 97 u$ = 
97. Expand using Row 1. 103. 5x — 2y = 6 
-2 0 0 -1Їх + 3y = -23 
east, fights ya 0 2 0 2 -1 
ое А 1 -3 -1 3 21 4 6 -2 
i 5 ya 1223 312284 
= -2(3) - 0(6) + 00) 52) 27 = % 
= -6 -11 3 
99. Expand using Row 3. 5 6 
-11 -23 —49 
4 1 -1 = = =7 
t -i| (4-1 4 1 » E = 
сал ыг Sale ian ds | 
1-10 2E 
= 1(5) + 110) + (10) Solution: (4, 7) 
= 15 
101. Expand using Column 2. 
-2 4 1 
-6 2 -2 1 
-6 0 2|= —4 - 
5 4 -6 2 
5: 3:74 


—4(-34) - 3(2) = 130 
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—2x + Зу — 52 = -ll 
105. < 4x — y+ z= -3 
-x — 4y + 62 = 15 
ae d 11 3-5 3 -5 
р=| 4 -1 4--(4р| +4 1-а) = -2(-2) – 4-2) – (-2) = 14 
СУ ea ло Ло АА (-2) - 4(-2) - (-2) 
-1 4 6 
SE xus 
-3 -1 А 3 -5 3 5 
-11(-1)” - 3(-1)° 1544) 
15 -4 -4 6 = -1 1 11(-2) + 3(-2) + 15(-2) -14 
22 5 " а а 
14 14 14 14 
SS ae „45 
4 3 1 =3 -11 —5 eid os 
-2(1) + 4(-1)° - i(-1)* 
-4 235. 02528... 15 15 6 - 1| _ -2(-33) - 49) - 1(-26) 56 |, 
у = 14 ын 14 5 14 2140 
e - Sc ax] 
£o vd A cd 3- edi 3 «i 
-2-17 + 4(-1)° -a- 
-1 —4 15 -4 15 -4 15 MES 2(27)-40)-1-20) 70 , 


zu - 
Solution: (-1, 4, 5) 


107. (1, 0), (5, 0), (5, 8) 


101 
i 1101 5 0 1 i . 
Area = |5 0 15:21, | эн = 5(-8 + 40) = 5(32) = 16 square units 
5 8 1 
э = —9), (— 5 7 
109. (-1,7), (3, -9), (-3. 15) 113. (-3,3), (2,1) 
-1 71 
МА -1 7| 141 7 x yl 
"|3 as) Sah 15| |3 -9 -$ 3 1-0 
-3 15 1 7 
7 1 1 
=18-6-12=0 Р 
The points are collinear. | 2 3 E ? +1 uds = 0 
а i3 
111. (-4, 0), (4,4 
кыр -13 — (x - 4y) + Bx + žy) = 0 
1 
k 2s EO x13 SD 
0 120 
4 1 115. The area of the parallelogram with vertices: 
|4 9| |r vh lao (0, 0), (2, 0), (1, 4) and (3,4) = a = 2,b = 0,c 
= + = 
4 4 4 4 -4 0 and d = 4. 
2 2 0 
-16 – (4х - 4y) + 4y = 0 [8 — 0| = 8 square units. 
Ax + 8y -16 =0 ре 
х-2у+4= 
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-1 2 -3 
17. 41-12 1 0 
4-2 5 
- 2 -3 
[-5 11 -2] 2 1 01-19 55 SEE 
| 4 -2 
1-1 2 3] 
1370 -265 225] 2 1 00| = [|0 25 1] vo 
| 4 -2 
1-1 2 3] 
[-57 48 -33] 2 1 0|=[21 0 6] U _ F 
| 4 -2 
1-1 2-3 
[32 -15 20| 2 1 01-18 9 4 RID 
| 4 -2 
1-1 2 3] 
[245 -171 147] 2 1 0|=П 25 0] A Y _ 
-2 


Message: SEE YOU FRIDAY 
119. False. The matrix must be square. 


121. IfA is a square matrix, the cofactor C; of the entry a; is C1)" м where M; is the determinant obtained by deleting the 


ij? 
ith row and jth column of A. The determinant of A is the sum of the entries of any row or column of A multiplied by their 
respective cofactors. 


Problem Solving for Chapter 8 


0 -l 12 3 
1. A = T = 
Ї A | 4 i 


y y » 
A (2,4) 4 А 
4+ (-2,3)47 4 
3+ -4,2 3+ 3 
(3.2) (-4,2) 
2 2+ 2 
T 20.1) с] 1 
4 — r —— — MÀ t +—+—}-» x 
-4-3-2-1 | 12 3 4 -4-3-2-1 | 123 4 -4-3-2-1 1234 
-2 -24 bett) 
-3,-2 
-3 -34 ( ) -3 
-4+ -4+ (-2,-4)% -4+4 
Original Triangle AT Triangle AAT Triangle 


The transformation A interchanges the x and y coordinates and then takes the negative of the x coordinate. A represents 
a counterclockwise rotation by 90°. 


(b) AAT is rotated clockwise 90° to obtain AT. AT is then rotated clockwise 90° to obtain Т. 


© 2022 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


Problem Solving for Chapter 8 391 


sa Jr | ! | a fo DIS fi | 
3. (а) A” = = = А 0) 4-J = + А 


0 о0о 0 0 1 0|]1 0| |0 1 
A is idempotent. A is not idempotent. 
re ee) | Ж. 1 0 a a ee |) ae 
(c) Av = = + А (d) 4 = = + А 
|-1--21|-1 -2 0 1 11211121 14 7 
A is not idempotent. A is not idempotent. 


[12][12 12 1 0 
(a) 47-2445] = 50 + 5 (с) 427 - 24+ 51 = 0 
-2 11-2 1 -2 1 0 1 
5 А — 2А = —51 
-3 4) [р -4] [5 0 
= + + (4 - 21)A = —51 
|4 3 4-2| 10 5 
[0 0 -(4-204-1 
do ol 1 
—(21- AJA = І 
18-24 22451 (1 - 3 
(b) А! = em EET = 1 
(1) - (-4)|2 1 5| 2 1 So, At = (2 - A). 
112 0 1 2 Ц1--2 
Qr-4)- = 
sijo 2| -2 1 52 1 
So, A! = -(2I - A). 
5 -3 0 4 х 
-1 1 -2 9. If A= is singular then 
Т. Az ; Bs 1 2 -2 -3 
[2 0 1 
111 ad — be = -12 + 2х = 0. 
-1 2 Р = 
, 1 -3 1 | So, x = 6. 
AT 2/10, ВТ = 
0 2 -1 
|-2 1 5 
2 4 2 -5 
AB - (4B) - 
1-5 -1 4 -1 
-1 2 
ga l ogg: 
0 2 -1 4 -1 
2 1 


11. (a b)(b с)(с а)(а + b + c) = —а?Ь + ас + ab? — ас? — Ь?с + be? 


b c a c a b 
a b c = + = be — Dc — ac + ас + ab? — db 
Dog ao a Б} 
di^ 3 07: 
1 1 1 
So а b c|=(a-b)(b-cl(e-ala+b+c). 
ё Б e 
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x 0 d 
x 0 c -1 х 0 
-1 х 0 c -1 х 
13. -x-1 x bl-d| 0 -1 x| = x(ax? + bx + c) - d|- 
0-1 x b ч с” г 0--1 
0 -l a 0 0--1 From Exercise 12 
0 0 -l a 
15. 4S + 4N = 184 
5 + 6F = 146 
2N + 4F = 104 
440 
Р =|1 0 6/= -64 
02 4 
184 4 0 4 184 0 
146 0 6 146 
104 2 4 -2048 0 104 4 8 
$ = = = 32 N= Вн eM Е = 
—64 —64 —64 —64 
Element Atomic mass 
Sulfur 32 
Nitrogen 14 
Fluoride 19 
ES Me 016 04 6 4 1 
1-2 2 1 Il I 
1. А=|1 1 -3 41-1- 2 3 19. 4-10 2 3 
2 1 3 
1-1 4 ee at 112 
С - z Ет, 
23 13 -34 0 18 5 16 — 16 
Ale] 3 u 
31 -34 63 13 5 13 16 16 
1 1 
25 -17 61 5 18 Us ^8 
24 14 -37 19 5 E 
m |4| = 16 and |47 |= — 
41 -17 8 ii i 111116 20 5 
E HEC. 12220223. 
acc И Ч H 13 У Conjecture: |a |= 
38 -56 116|-= т ў |118 20 
13 -11 1 8 0 
22 -3 -6 5 12 
41 -53 85 22 5 14 
[28 -32 16| |20 8 0| 


0 18 5 13 5 13 2 5 18 0 
R EM EM BER 
19 5 16 20 5 13 2 5 180 
S EP T EM BER 
208 5 0 5 12 5 22 5 14 20 8 0 
T HE EL EV EN T Н 


Message: REMEMBER SEPTEMBER THE 
ELEVENTH 


quw elo со л 


| тахал wore 


0 2 104| _ -1216 _ 


16 


|4| 


-64 


-64 


19 
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Practice Test for Chapter 8 


1. Put the matrix in reduced row-echelon form. 
1-24 
3 -5 9 


For Exercises 2-4, use matrices to solve the system of equations. 


2. [3x + Sy = 3 
2x - y = -ll 
3. 2x + Зу = -3 
3x + 2y = 8 
x + y= 1 
4. | х + 3z = -5 
2x + y = 0 
3x + у - z= 
1 6 
5. Multipl d ds 0 -7 
. Multi mi 
РУ) 0 -3 i59 


9 1 6 -2 
6. Given A = and B = , find 34 — SB. 
-4 8 3 5 


7. Find f(A). 


3208 Ш 3 0 
f(x) = х TER | 


8. True ог false: 


(А + В)(А + 3B) = А? + 4АВ + 3B? where A and В are matrices. 


(Assume that 4?, AB, and B? exist.) 


For Exercises 9—10, find the inverse of the matrix, if it exists. 


1 2 
9. 

3 5 

[1 1 I 
10. 13 6 5 

16 10 8 


11. Use an inverse matrix to solve the systems. 


(а) |x+2y=4 
3x + 5у = 1 
(b) |x+2y =3 
3x + 5y = 2 


Practice Test for Chapter 8 393 
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For Exercises 12-14, find the determinant of the matrix. 


6 -1 
12. 
| 4 
[1 -1 
13. 9 0 
6 2 -5 
[1 4 2 3 
01-20 
14. 
3 5 -1 1 
2 0 6 1 
6 43 0 6 
05 14 8 
15. Evaluate (0 0 2 7 3 
0009 2 
0000 1 


16. Use a determinant to find the area of the triangle with vertices (0, 7), (5, 0), and (3, 9). 
17. Use a determinant to find the equation of the line passing through (2, 7) and (-1, 4). 


For Exercises 18-20, use Cramer’s Rule to find the indicated value. 


18. Find x. 
6x- Ty = 4 
2x+ 5у= 11 
19. Find z. 
3x poem 
y + 42 = 
x- у L2 
20. Find y. 
721.4x — 29.1y = 33.77 
45.9x + 105.6y = 19.85 
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Section 9.4 Mathematical Induction..................... sese 409 
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CHAPTER 9 
Sequences, Series, and Probability 


Section 9.1 Sequences and Series 


1. recursively 15. a, = эр 
3. series 
acc a 
5. Since n! = 1- 2 - 3-- (n – 1)(n), then 3 3 
1-2-3-4-5-6-06 a, = 0) = 5 
7. a, = 4n- 7 дау eg 
а 
a = 41) -7 =-3 : 

1 64 
а,-40)-7-1 а = (4) = > 
а; 4(3) -7 = 5 : Зи 
а,-40)-7-9 ца. 3 
a; = 4(5) - 7 =13 " 

17. a, — 

И, п+2 
9. a, -(- +4 1 1 
a 2C)" +4 = 9078 
2 1 
241 2 20 
а-(-1) +4=3 а Бек? 
a, = (17 +4 = 5 а; = ENDE 

3-2 5 
a, = (1 «4-23 у 5 
a; = (1) +4 = ӨС 03 

nme 
П. а, = 2 SE CT. 
a = 3 19. a, = n(n – 1)(п - 2) 
a, = 5 a, = (1)(0)(-1) = 0 
a, = 3 a, = (2)(1)(0) = 0 
a, = 2 аз = (3)(2)(1) = 6 
240 a, = (4)(3)(2) = 24 
as = (5)(4)(3) = 60 
13. a, = (-2)" 
a = (-2) = -2 
a, = (27 = 4 
a, = (22) = -8 
a, = (-2)* = 16 
а; = (-2) = -32 
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35. 3, 10, 29, 66, 127, ... 


n 1 2 3 4 3:4 odi 
Terms: 3 10 29 66 127 ... a, 
Apparent pattern: 


Each term is more than и cubed, which implies that 


a, = m +2. 


37. 1 -L 1, —L o... 


n.1 2 3 4 5 .. m 
Terms: 1 -1 1 -1 1 .. a, 
Apparent pattern: 
Each term is either 1 or —1 which implies that 
a, = les: 
39. 2 S em 2 28. 
34 56 7 
(п+1 
a, = (-1 
ӨГ 
23456 
Al; SS 05 
1.3. 5-79 
| n+l 
" 2n-1 
Ge лан 
2 6 24 120 
18 
nm 1 213 4 > n 
Terms: 1 ша а, 
? 10 2 6 24 120 
E Apparent pattern: 
Each term is the reciprocal of n!, which implies that 
з1. а, =—” даан 
n+l "al 
giosa. 
112 6 24 
n 123 A4. n 
Terms: D ee а, 
112 6 
33. 3; 7T, TT, 15,19, Apparent pattern: 

Ж; КОЕ ЛАУА адаи Each term is a power of three, 377! divided by a 
Terms: 3 7 11 15 19 .. a, factorial, (n — I)! . After trial and error, 
Apparent pattern: 31-1 
Each term is one less than four times n, which implies а = (n – Па 


that a, = 4n - 1. 
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47. a, = 28anda,,, = a – 4 5 
55. а, = — 
a, = 28 n! 
а =a -4= 28-4 = 24 а-2-2-5 
а = a, —-4= 24-4 = 20 х : 
d, = а -4= 20-4 = 16 abc e eT 
а; = a,-4=16-4=12 Eu 
i 882523 
49. a, = 8landa,,, = -ар 5 5 
3 Is EE 
a, — 8l И 
1 1 (oe 
a, = —a, = —(81) = 27 4 24 
peur D 
1 1 á 
up eS Se -1)"(n + 3)! 
а = уа; = (27) = 9 57. a, = | re ) 
1 1 | 
а = та = (0) = 3 (—1)°(0 +3)! 3 2 
а)ул---------ж — = 
5 E 202, ? 0! 0! 
то = = 
3 3 ..С (23) 4 5 
i ; 1! 1! 
51. a = l,a = 2,a, = ар + ара 2 
-1) (2 +3)! 5! 
2 quU EST Е Т 
ау =l 2! 2! 
a = 2 у) 
j i TEE с PNE NE. 
а= a +m = 1+ (0) = 2 3! 3! 
| г (a3! 0T. jam 
Ы a O а 4! 4! 
1 1 7 
=a 4 = 2 + —(3) = | 
а = 4*4 29) 5 ac 1234F bd 


8, L23 4.5.6 5-6 30 


53. a = 1а -1,4, = а +а—›,К > 1 


а =1 b ==] ві (211. been (ntl) на! 
! 4 E 
a, =l bou ки; n 12253559 1 
2: нар 2 1 
a,=1+1=2 : А 
3 з= 
а =2+1=3 
а5 =3+2 = 5 b = 3 
5 = = 3 
а,-54-3-8 = 8 
a, = 8+5 = 13 b = 13 
a, 21348 = 21 5 
Е - b =h 
dy = 21 +13 = 34 
ао = 34 + 21 = 55 b=% 


a, = 55 +34 = 89 by = 55 
ар = 89 + 55 = 144 
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63. 


65. 


67. 


69. 


71. 


77. 


79. 


81. 


83. 


85. 


87. 


Section 9.1 Sequences and Series 
5 
У (2i - 1) = (2 1) + (4-1) + (6-1) + (8 – 1) + (10-1 = 2 
1-1 
у RON MEE NON CU 
3-3 3-3 4s$-3 5-3 429 
5 2 2 2 2 2 
2, (k + 1 (6-3) = (3) (70 + (4) (0) + (5) (1) + (6) (2) = 88 
k=2 
4. jl 1! 2! 3! 4! 2 24 1 1 3 13 
DELLI nn re = 
SOs EE ME E MA CE VM a ME 4 
k 25 
xb. 23 73. У — = 133 
k=0 k! 8 n=0 
1 1 1 1 2.1 
75. = + + н ta = A 
3() 3(2) 3(3) 3(9) 2, 3i 


3-9 + 27 – 81 + 243 - 729 = Y (-1)^3i 
i=l 
12 22 32 42 52 62 72 7 12 
+ — + + + + + = 3 
2 6 24 120 720 5040 40320  £& (1) 
1.3 7 15 31 pis 
4 8 16 32 64 2, “ун 
үлү ү тү 1.27 
[ы 3 = 
@) 2, 2 2) (2) “(218 
4 i 2 3 4 
1 15 
b = + + + = 
e) 2, 2 2 2 2 B 16 
5 i 2 3 4 5 
1 1 31 
c = + + + + 
©) 2 2 2) \2 2 В 8 32 
3 iv 1 iy ү <3 
a 4 =4 +4 +4 = 
e 2, 2 2 2 2 2 
4 п 2 3 1 4 5 
b 4 =4 +4 +4 +4 = 
©) 2 2 2 2 2 | 3 
(à Y4 en +4 ae EE! ЁС JE 1 
210179 2 2 2 2 2 8 
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eye 242 
89. 2, 4) = 0.6 + 0.06 + 0.006 + 0.0006 + = 2 
91. By using a calculator, 93. (a) A, = $10,087.50 
10 k А = $10,175.77 
> (E) = 0.7777777777 : 
k=l A; = $10,264.80 
50 : A, = $10,354.62 
У (E) = 0.7777777778 : 
= As ~ $10,445.22 
у "(y Е 4, = $10,536.62 
цан DU A, ~ $10,628.81 
The terms approach zero as n — e. Ag = $10,721.82 
2 k b) Ay = $14,169.09 
so, Уш) = Oust 
k=l (c) No; The balance after 20 years, 
Agy = $20,076.31 is not twice the balance after 
10 years, 444 = $14,169.09. 
4 4 4 
95. True, у (P + 2i) 5 У; D 25, 1 Бу the Properties of Sums. 
i=1 141 i=l 
97. 327.15 + 785.69 + 433.04 + 265.38 + 604.12 + 590.30 = $500.95 
6 
99. Y (x -x)] = M (x)-2xx + 2?) = Уухд - 27) x; + пух? 
1-1 1-1 i=l 1-1 
=a EX X +п У x; «Ул 
i=l nizi гт i=l nj 
n n n 2. 1 n 1 n 2 
= xy + Xi x(-2 + : = х? = 1 J 
4 
101. The error was not summing the constant, 2. 3 = 12. 
k=l 
4 4 1 2 2 3 2 
Y (3-20)-У3-))26-(343-3-43)4(0/ + 202)? + 202)? + 2(4)'] 
k=l k=l k=l 
= (12) + (2 +8 + 18 + 32) = 75 
-] ntl 
103. b, = i) 
2n +1 
First four terms: b = i 
b, = FE 
b =+ 
by --i 
The terms bn are the opposite of the terms in Example 2: b, = —a,. 


© 2022 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


Section 9.2 Arithmetic Sequences and Partial Sums 401 


2 c. y 
105. m = EA (0, 3) | 111. x, + 27у? = 9 у 
2 2 у 47 
1 шэнэ ши | 3 
= ——х +3 24 
y a 9 (1/3) 
Vertices: (+3, 0) А єг bsr 
: -4-3 = з 4 
Intercepts: о zi (+3, 0) 2] 
-24 -4 
107. т = 5, (1, 1) y 
113. Initial point: (4, 1) 
y=5x4+b 
1=S(l)t+b>b=-4 Terminal point: (6, —3) 
y = $x-4 468 v = (6 - 4)i + (-3 - 1)j = 2i - 4j 
115. Initial point: (5, —5) 
Terminal point: (—4, 0) 
2 У EN SE = . eee ке :. Q0 . 
У v = (44 - 5Ji + [0 - (-5)]j = -9i + 5j 


Vertices: (0, +3) 


Asymptotes: y = t3x 


Section 9.2 Arithmetic Sequences and Partial Sums 


1. a, = a, + (n - 1)а4 13. a, = 5 + Зп 
8, 11, 14,17, 20 
3. A sequence is arithmetic when the differences between 
consecutive terms are the same or constant, which is 
known as the common difference. 


Arithmetic sequence, d = 3 


15. a, = 3 - 4(n - 2) 


5. 1, 2, 4, 8,16,... 7, 3, -1, -5, -9 
Not an arithmetic sequence Arithmetic sequence, d = —4 
7. 10, 8, 6, 4, 2,... 17. a, = Ei 
Arithmetic sequence, d = —2 -LL-LL-l 
9 537 ә 9 Not an arithmetic sequence 
Ф 4 2 4 > 4 теқ 


1 19. а, = (2")n 
Arithmeti а= 

metic sequence, 1 ЭХЭЭР 
11. 12, 22,32, 42, 52,... Not an arithmetic sequence 
21. а = 1,4 = 3 


a, = а + (п – 1)4 = 1 + (n – 1)(3) = 3n-2 


Not an arithmetic sequence 
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23. а = 100,4 = -8 37. a, = 15, 4,4, = a, + 4 
a, = а + (n —1)d = 100 + (n — 1)(-8) а,-15-4-19 
= —8п + 108 а; = 19 + 4 = 23 
: Е а, = 23 + 4 = 27 
25. 4,2,-1,-2,.. а, 2274423 
d = –5 
2 39. ар = A, — 2 > а, = а, + 2 
a, = а + (n — 1)4 = 4 + (п | 5) = 2n. B шон 
25 +2 = 
27. а = 5,a, = 15 ет 4 
a,=9+2=11 
a, = а *3d 21525434 > а = 0 
3 а,-11-2-13 
a, = а *(n-1d = 5 + (п - (£) = 2n +4 а =13+2 =15 
29. a, = 94,а = 103 41. 4|-54/--1-4--1-5--6 
в = аз + 3d = 103 = 94 + 3d > а = 3 a, = а + (n — 1)4 > ay = 5 + 9(-6) = –49 
a = d — 2d > a = 94 — 2(3) = 88 
1 3 3c 71 
a, = a, + (n – 1)d = 88 + (n – 1)(3) de Hum Эн цэн = 
= 3n + 85 
a, = a, + (n - 1)d .- 54 -2 
31. a =5,d =6 8 8) 8 
araa 45. Sio = 1(2 + 20) = 110 
a =5+6=11 
=11+6=17 25 2 
аз 47. S; = 3(-1+ (-9)) = 225 
a, = 17 +6 = 23 
а; = 23 +6 = 29 49. a, = 2п - 1 
a, = 1, ао = 199 
o ide ER s " 199) = 10,000 
= —(1 + = А 
-64 = 2 + (12 + 1)4 ю = 5 ( ) 
-66 = 114 51. 8,20, 32, 44,... 
-6 = 4 a, = 8,4 = 12, п = 50 
a = 2 а» = 8 + 49(12) = 596 
Ы Sio = 50(8 + 596) = 15,100 
a; = -4-6 = -10 
a, = -10 - 6 = -16 53. 0, -9, -18, -27,..., = 40 
а,--16-6--22 a =0,d 2-9 


35. dg = 26, а = 42 
ар = а + 4d Хүрлээ 40 + (-351)) = -7020 
42 =26+4d >d=4 
ag = а + 7d 


аш = 0 + (39)(-9) = -351 
5 


55. a, = las, = 50, п = 50 


50 
26 = а + 28 > a = -2 Уп = 2(1 + 50) = 1275 
а = -2 n-l 
а, =2+4=2 57. a, = 9, ас = 508, n = 500 
a,=2+4=6 500 


У (n + 8) = 329 + 508) = 129,250 


n=l 


a, =6+4=10 
a,=10+4=14 
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59. 


61. 


62. 


63. 


64. 


65. 


67. 


69. 


71. 


a, = 14,а = —580,n = 100 
100 


Section 9.2 Arithmetic Sequences and Partial Sums 403 
4 
73. (а) í 
450 
„ 400 
E 350 
% 300 
' 250 
S 200 
E 150 
Z 100 
50 
x 
FX 
Year 

(b) Change from 2016 to 2017: —39 

Change from 2017 to 2018: —159 

Change from 2018 to 2019: —121 

—39 — 159 — 121 
Average change: ( = 106.33 


i — 100 = 
У, (-6n + 20) = 109(14 + (—580)) = –28,300 
n-l 
a, = -ån +8 
d= -4 so the sequence is decreasing and a, = 71. 
Matches (b). 
a, = 3n-—5 
d = 3 so the sequence is increasing and a, = —2. 
Matches (d). 
a, = 2 + in 


d= 3 so the sequence is increasing and a, = 25 
Matches (с). 

а, = 25 – Зп 

а 
Matches (а). 


= —3 so the sequence is decreasing and a, = 22. 


a, = 15 – n 

14 
0 10 

0 

a, = 0.2п + 3 

6 
0 10 

2 
(a) a = 32,500, d = 1500 
dg = a + 5d = 32,500 + 5(1500) = $40,000 

(b) 5, = $132,500 + 40,000] = $217,500 
a, = 15,4 = 3, п = 36 


а» = 15 + 35(3) = 120 
5,6 = 29(15 + 120) = 2430 seats 


75. 


77. 


3 
а„ = (427 + 106.33) — 106.33л 
= 533.33 — 106.331, n = 1, 2, 3, 4 


(d) 


0 
4 
} (533.33 - 106.337) = 1070.02 
n-l 


The total number of new stores is approximately 
1070. 


а, = 16,а› = 48, а; = 80, a, = 112 
d = 32 

a, =dn+c =32п+с 

c =a, — dn 

c = q -d = 16 – 32 = -16 

a, = 32n – 16 


, 
Distance = У (32n — 16) = 784 ft 


n-l 


True; given a, and a, then d = a, — a, and 


a, = a, + (n — 1)4. 
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79. (а) a, = 2 + 3n 87. |/5(1-4) = -3 
h 1-45 2-5 
33 e. 
| д 4 = 6 
21 2” xlog4 = 1086 
15 2 "- log 6 
9 Pis log4 
6 
34° x = 1.292 
d + + 1-4 H> n 
-1-1234567891011 


(b) у= 3х + 2 89. 3 log;x = 6 


log;x = 
y 
52 =x 
x = 25 
91. 10055 = х - 7 


x = 7 + 1085 = 9.322 


a 22-13 _ 2 
1123456789101 93. 14(1 х) 140 x(x? + x +1) 
| | pex (1 — x)(1 + x) 
(c) The graph of a, = 2 + 3n contains only points at 
2 
the positive integers. The graph of y = 3x + 2 isa _ 14(х txt 1) 
solid line which contains these points. lx 


(d) The slope m = 3 is equal to the common difference 
d = 3. In general, these should be equal. 


ll 
Ws 
nm 

WT. TN 
= 

+ | ка 
E 

+ 
E 
Жы” 


14 
81. a = х,а = 2x шил ца 
a, = х + (п – 1)2х 
а, = 2xn- х 95, 1-х Е 
4-x! x-4 
a = 2х(1) - х= х aç = 2x(6) - х = 11x 
х-1 A , B 
а, = 2x(2)-x=3x ау = 2x(7) -— x = 13x (*- 20 + 2) mad “47 
аз = 2x(3) — x = 5x dg = 2x(8) — x = 15x x-1- A(x 4 2) + B(x - 2) 
d, = 2x(4)-x= 7x | as = 2x(9) - x = 17x 
x=2:1=44>5 A- 1 
а; = 2x(5) - x = 9x ao = 2x(10) – x = 19x 


x =-2:-3=-4B > В = 3 
83. The error was the value of 


n = 50, азу = 1 + (50 – 1)(2) = 99. So 
Ss = 20(1 + 99) = 2500. 


Er 8g o3 
4-x! 4(x-2) A(x + 2) 


85. (57) 
108(5/7) = log(15/14) 
x log(5/7) = log(15/14) 


15/14 


log(15/14) 
x = —— — 

log(5/7) 
x = —0.205 
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Section 9.3 Geometric Sequences and Series 


1. ratio 


3. You can find the (n + I)th term by multiplying the 


nth term by the common ratio. 


5. 3, 6,12, 24, ... 


Geometric sequence, r = 2 


Geometric sequence, r = 3 


da 15] 
9. Ll» 


Not a geometric sequence 


Tt. 1/7, 2 749,5. 
Geometric sequence, r — eu 
13.a =4,r =3 
a =4 
а = 43) = 12 


ау = 12(3) = 36 
a, = 36(3) = 108 


15. a -Lr-i 
а, = 1 
a = (3) =3 
ъ= 1 
a =i) = 
= 0) = т 


17. а = 1,7 = е 


19. a = 3r = V5 
a = 3 
a = x5) = 34/5 
a; = 4.5) = 15 
a, = 3(V5) = 154/5 
ds = 3045) = 75 


21. 


23. 


25. 


27. 


29. 


31. 


a, = 2(3х) = 6x 

ау = 6x(3x) = 18x? 
a, = 18x (3x) = 54x° 
а; = SAx (3x) = 162х* 
a = 4r -Lhn = 10 


п-1 1\" ! 
a, = ar = 4() 


9 7 
AY co л 
ао 4( 3) (5 128 


Q 
> 
ll 
ES 
ч 
EI 
UE 
ll 
С\ 
| 
wile 
-1 
| 


ES Ж NN КЕ 

n 3 310 59,049 
a = 100,r =e*,n = 9 

a, = ar" = 100(e")" = 100e) 


ay = 100(e*) = 1006" 


a =1r=~V2,n = 12 


64, 32, 16, ... 
32 1 
Г = — = — 
64 2 
n-l 
a, = 64(+) 


405 
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33. 9,18, 36,... 43. а, = -18, a -i 
r= 5 =2 
9 à; = ar 
25 9 2 п-1 
a, = 9(2) E = -187 
27 
35. 6,-9, 22, ... E 
27 
-9 3 
d COME. e 
n-l 3 
26-3 
а= 6( | aE 2/3. 
$ r -1/3 
37. 6, 18, 54,... 
n-l 
2 122 
1230 Rs 45. a, = 18(2) 
6 
"E а, = 18 andr = 2 
a; = 6(3) 
D Because 0 « r « 1, the sequence is decreasing. 
ay = 6(3) 
Н Matches (а). 
= 6(3) 
n-l 
= 13,122 46. a, = 18(-2) 
39, 1211 Because r = (-2) > -], the sequence alternates as it 
5 3/8" 12*7 
| approaches 0. 
Pu NU SERES Matches (c). 
1 2 
3 
A 3 п-1 
IM 47. a, = 18(3) 
Е 
1 Р Because a, = 18 and r = 3 > 1, the sequence is 
c-r 
do = Al 1) increasing. 
х 121) Matches (b). 
= 
п-1 
zd 48. a, = 18(-3) 
768 
Because r = (-3) « —], the sequence alternates as it 
41. a, = 16,a, = 27 
> 4 approaches oo. 
а, = ay? Matches (4). 
27 3 
£ = 16, E 
4 49. a, = 14(1.4)"" 
21 gd 
64 
ber 


51. 
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53. 


55. 


57. 


59. 


61. У 


63. 


65. 


Section 9.3 Geometric Sequences and Series 


х (D -1-1-7)-(-7) «--4(1/ эа-1,/--7 


6 
(1 ={=7) | 
% = = —14,706 
1-(-7 
20 n 21 n-l 1 2 20 
DEB - Җә) = 34 Ө zB ZB >a =3,r= = 
n=0 2 n-l 2 2 2 2 
21 
3 
1 яа B 3 21 
Sy = 3 I | | | = 29,921.311 
3 2 
D-— 
2 


5 5 
У) 200(1.05)" = 200 + У 2001.05) = 200 + [200(.05) + 200(1.05 + ++» + 20011.05) | 


n=0 n=l 


a, = 210,r = 1.05 


1 - (1.057 
Ss = 200 + 210 — m | = 1360.383 


+ (1.05) 


1 41 
Со: 8 i^ 8 
$4 = 2 = —|1 = 1.6 = – 
i- [41 5 4 5 
4 
10 + 30 + 90 + --- + 7290 e 1)" ГҮ 1% 
! „507-07-09. 
r = З апа 7290 = 10(3) пто \2 2 2 
1 
729 = 3"! a=lr=> 
6=n-l>n=7 = гүү 1 
a 
с 7: п-1 > В) = i= = 1 -2 
So, the sum can be written as $^ 10(3)" . n=0 Ege B 
n-l 2 
0.1 + 0.4 + 1.6 + ·:· + 102.4 m 2v тү 2 
ЯГ e. Xx )}=2+4 ) +4 | 
r = 4 and 1024 = 0.1(4) na ee 3 
1024 = 4!" >5=n-l>n=6 Е ce 
і 3 
6 
: п-1 
So, the sum can be written as У 04) . Ж зү 7 2 
n-l Ж 2 - - = 
n=0 3 1 


© 2022 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


408 


71. 


73. 


75. 


77. 


79. 


81. 


87. 


89. 


91. 


Chapter 9 Sequences, Series, and Probability 


со 5 
У (03) = 1 + (08)! + (0.8)? +. 83. V; = 175,000(0.70) = $29,412.25 


a =1,к = 0.8 85. Let N = 12t be the total number of deposits. 
: n Ї r гү сү 
2,(08) - -5 А=Р1+-——|+Р|1+ -+ P|1 
no 1- 0.8 12 12 12 
N-1 
n r r r 
PM X. E- o0 - (1+ ЕСЕ | in Ч | | 
Buc Re Dy È (G) c 32 12 12 12 
4 N n 
r r 
= РІ + 14 
| " РЗ 
—-—+1-3+ = Y 43)" г 
9 2, СЗ) ЕГ 
n= bapes 
7 
The sum is undefined because |r| =|-3| = 3 > 1. = A H ) 
12 r 
= \ + z) 
dios оаа E ч 15 Ё = 2 i | у 
п=0 í i = 1+ | hee pee 
12A r 12 
0318 = 0.3 + Y, 0.018(0.01)" = L LER TE EY) 
25) 10 1-001 - P +1) tfi | | 
ор Ар. ES М 
10 0.99 10 990 10 10 Тавь 12 
35 7 = Р 1 1 1 t 
Е T 12 r 
M0 22 - 
=P | 2 | | + 2) 
12440581 СЕ 3 12 r 
х) -6 „У 6 -| = -12 L 
4: Ez Е 
20 
у 10 


-15 


The horizontal asymptote of f(x) is y = 12. 


This corresponds to the sum of the series. 


27°(4) 27°(1)(8) + 27:(5(8) + 27°(4)(8) = 25 27?(2\(8)’ = 2483 = 273% square inches 


False. A sequence is geometric if the ratios of consecutive terms are the same. 


Шог 
? l-r 


(b) 
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93. The term were divided in the wrong order. The common ratio is 2 - = = 2, not ЦЭР, 


95. 97 is prime. The only positive factors are itself and 1. 
97. 65,537 is prime. The only positive factors are itself and 1. 


99.14+34+54+74+9=25=57 
101. k? + (2k 42-1) =k? «2k «15 (k +1) 
Section 9.4 Mathematical Induction 


1. mathematical induction 5 
TL *  k(k +1) 
3. To find the first differences of a sequence, subtract 
consecutive terms of the sequence. Ba 5 > 5 
“(K+ (e+ 41| (ke + 1k + 2) 


7. P, = Kk +3) 


Ba = (6+1) (641) +3) = (k 1 (ke 4) 


9.1. When n = l, S, = 2 = 1(1 + 1). 


2. Assume that 
8 =2+4+6+8 +. + 2k = k(k + 1). 


Then, 
Sk = 2+4+6+8 +... 2k + 2(k +1) 
= S, + 2(k +1) = K(k +1) + 2(k +1) = (k + 1)\(k + 2). 


So, we conclude that the formula is valid for all positive integer values of n. 


1.1. When n = 1,8, 21-22 -I. 
2. Assume that 
5 =1+2+ 22 + 2 +o 201 = 2-1, 
Then, 
бъ = 14242? +P peed Ott + 26 = S OF =25—-1+2# = 2(2#)-1 = 21-1. 


So, we conclude that this formula is valid for all positive integer values of n. 


13.1. When n = 1,5, =1= m 
2. Assume that 
$ 2122234 ce = ED 
Then, 
Ser 514243444 tkt (Е +1) = 5 + (Е +1) 1610, 0*9 (++ 


So, we conclude that this formula is valid for all positive integer values ofn. 
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1(2(1) – 1)(20 1 
15. 1. When n = 1,9 = P = (20) JU 
2. Assume that 
k(2k - 1)(2k + 1) 


5, =P +3? 4--4+(2k-1) = : 


Then, 

Spa = P +3? +- + (2k - 15 + (2k + її 

k(2k – 1)(2k +1) 
3 


5, + (2k +1) = 


+ (2k +1) 


ll 
— 
N 
> 
— 
м 
Жо зк. 
> 
— 
ы 
> 
= 
хи 


+ (2k 4 1 - E ок — k + 6k +3] 


2k + m £3 6-1) = (k + 1)(2(k 4 = 1)(2(k + 1) + 1) 


So, we conclude that this formula is valid for all positive integer values of n. 


(7: (417207 + 20) - 1) 


12 ! 


17.1. When n = 1,85 =1 = 


2. Assume that 


k?(k + Y (2k? + 2k - 1) 


k 
S = УР = . 


iz 12 


5,2 = У i = (Èr) + (k +17 


1-1 
(6+1) (002 + 2k -1) 12(k +1) 
12 12 
(k + 1) (2? + 2k = 1) + 120€ + 1)°| 
: 12 
(k + 1) 26-26 — k? 41246 + 3k? + 3k +1)] 
12 
(k +1) (285 + 14k3 + 3502 + 36k + 12] 
12 

(k +1) (k? + 4k + 4)(2k? + 6k + 3) 

12 
(k + 1E 2 2(k +1)? + 2k +1) -1] 


So, we conclude that this formula is valid for all positive integer values ofn. 
Note: The easiest way to complete the last two steps is to “work backwards.” Start with the desired 


expression for S,,, and multiply out to show that it is equal to the expression you found for S, + (k + n. 
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19. 1. When n = 4, 4! = 24 and 2^ = 16, thus 4! > 24. 
2. Assume k! > 2*, k > 4. 
Then, (k + 1)! = КК + 1) > 23(2] since k! > 2^ and k 1 2. 
Thus, (k + 1)! > 257. 


So, by extended mathematical induction, the inequality is valid for all integers п such that n > 4. 


21. 1. When n = 2- qe дуў} айд /2 = 1.414, thus таа 29 A2. 


1 2 Л 42 


2. Assume that 
A'AUABU UC up > 2. 
Then, 

1 1 1 1 1 1 
Ca ag d qn a ЧЫК pea т 
Now it is sufficient to show that 


1 
МЕ + > JS/k+1,k >2 
МК +1 й | 


or equivalently (multiplying by Vk + 1), 


МЕМЕТ +1 >k 41. 


This is true because 


kk -141» kk +1 =k 41. 


Therefore, 


1 1 1 1 1 
= + met te Жо--шш----» у +1. 
VI X2. 43 МЕ kel 


So, by extended mathematical induction, the inequality is valid for all integers п such that n > 2. 


23. 1. When n = 1, [e + з(1)' + 201 | = 6 and 3 isa factor. 
2. Assume that 3 is a factor of К? + 3k? + 2k. 

Then, (k + 1P + 3(k +1) + 2(k +1) = €) - 3k? + 3k 414 3! + 6k 3 2k +2 

= (K? + 3k? + 2k) + (3k? + 9k + 6 


= (K? + 3k? + 2k) + XI? + 3k + 2 
Because 3 is a factor of each term, 3 is a factor of the sum. 


So, 3 is a factor of (n? + Зи? + 2n) for every positive integer n. 


25. Prove 3 is a factor of 2?"*! + 1 for all positive integers n. 
1. Whenn-21,2?*! +1 = 2? £12 8 +1 = 9 and3 is a factor. 


2. Assume 3 is a factor of 27**! + 1. 


Then, 22(#+1)+1 fe 22584241 ЗО 202844) +2 -1- 2281 .22-1-4. 2281 sms 4t + 1) = 


Because 3 is a factor of each term, 3 is a factor of the sum. 


So, 3 is a factor of 2277! + 1 for all positive integers л. 


3. 


411 
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27. S, =1+5 +9 +13 +- + (4n - 3) 


54 =1+5 +9 +13 = 28 = 4:7 


From this sequence, it appears that 5, = n(2n — 1). 
This can be verified by mathematical induction. 
1. The formula has already been verified for n = 1. 


2. Assume that the formula is valid for n = k:1+5+9+413 +... + (4n — 3) = n(2n - 1). 


Then, Sk 2 [14 54 9 & 13 +- + (4k – 3)] + [4(k +1) - 3] 
k(2k — 1) + (4k +1) 

2k? + 3k +1 

= (k + 1)(2k +1) 

= (k +1) 2(k +1) - 1] 


So, the formula is valid. 


NOS Me Seer eee ee + : 

4 12 24 40 2n(n + 1) 
21-42 

4 2(2) 

1 1 4 2 2 
Sy = = =-= 

4 12 12 6 2X3 

1 1 1 9 3 3 
S3 + =-= 

4 12 24 24 8 2(4) 

1 1 1 1 16 4 4 
S4 = = = = 

4 12 24 40 40 10 2(5) 
From the sequence, it appears that S, = a 

2(п + 1) 


This can be verified by mathematical induction. 


1. The formula has already by verified for и = 1. 


2. Assume that the formula is valid for n = k: : - l + l } l bed l = 2 
4 12 24 40 2n(n +1) 2(n +1) 
1 1 1 1 1 k 1 


Then, S,,, = |= + + +... + + = + 
ree [ 12 40 Dkk +1)| 2Е41(К-2) 28-1) 28Е-1(Е-2) 


_ k(k+2)+1 _ kK+2k+1 _ (kl) ok 41 
Ak + 1k +2) 2(k+1)(k+2) (к + i(k +2) 2k + 2) 


So, the formula is valid. 


31. ул = ise) = 120 35. 36 -n) = Ys - Ул 
6(6 + 1)[2(6) +1] 6(6 +1) 
5. 5531 25) 4136) + 3(5) - 1] = 2 5 
2 le 30 =. = 91-21 = 70 


n=l 
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37. 5,14, 23, 32, 41, 50, ... 


39. 


45. 


Linear 


Note: This is an arithmetic sequence. 


а = 5,4 = 9 
а, = 5 + (п – 1)(9) 
а, = 9п – 4 


4, 10, 20, 34, 52, 74, ... 

Quadratic 
at+b+c=4 
4a+2b+c=10 
9a + 3b + c = 20 


Solving this system yields a = 2, b = 0, andc = 2. 


So,a, = 2n? + 2. 


а, = 3,a, = 3, а = 15 


Let a, = ап? + bn + с. 
Then: 
а = a0) + 0) +e = 3 > 
a = a(l) 51) + с= 3 > a 
a 
a, = а(4) + b(4) + c = 15 — 16а + 4b 
l6a + 4b 
4a + b 
By elimination: a – b = 0 
4a+b=3 
3a =3 
a=l>b=-l 
So, a, = n? – п +3. 


41. 


43. 


Section 9.4 Mathematical Induction 413 


a = 0,4, = а, +3 


а = а = 0 


а = +3 = 0+3 = 3 
аз = а +3 = 3+3 = 6 
а = а3 +3 = 6+3 = 9 
as = а4 +3 = 9 +3 = 12 


as =a; +3 = 12 +3 = 15 


а: 


Ете Е Л хи Ay NV a 
First differences: M 272 M 72 


Second differences: 


Because the first differences are 24 ^ sequence has 
a linear model. 


a = 4,a, = а, + Зп 
а = а = 4 

а = a, + 3n = 4 + 3(2) = 10 
dy = а; + Зп = 10 + 3(3) = 19 
а, = аз + Зп = 19 + 3(4) = 3 
ds = а, + 3n = 31 + 3(5) = 46 
dg = as + Зп = 46 + X(6 


a 
© = 


m й wy V Э2 УЛ 
t 8 
1151 ашегепсея5 и 27 M 2 


Second differences: 


Because the second шаа are all E same, the 
sequence has a quadratic model. 


= 15 
= 12 
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47. First differences: 


59, (2 + 4) -(5) + 3(x2) (4) + 3x°(4) + 4 


19.65 — 19.65 = 0 
19.63 — 19.65 = -0.02 = x° + 12x4 + 48x? + 64 
19.59 — 19.63 = —0.04 61. (x + уу 21 
19.53 — 19.59 --0.06 
19.45 — 19.53 = —0.08 63. 10  10.9.8.7! 
A linear model is not appropriate because the first 7\3! 7131 
differences are not equal. _ 10 = -8 2120 
49. False. Ithas n — 2 second differences. 
8! 1 
+ D(2n +1 65. — = = =] 
51. The formula хүн ЦЭЭЛ) should be used. 018 0 
9(9 + 1)(18 + 1 3x d 1 
sp Pup brip Ae UU теч бт: PSS eS 
4 2 2 
~=-1 
53. At some point, the pattern may fail. Answers will vary. 4 
x= -4 


55. (х + у) = (х + y(x + у) = x? +2ху + у? 


- ] ? 1 
Check: +—=-4 5 
4 2 2 
57. (y -2) = (x - 2) (x - 2) 1? 1 
4862-44-25 
= (y? - 4y + 4)(y? - 4y + 4) 2 2 
= y! - 8y! + 24y? — 32y +16 усыг 
2 
Section 9.5 The Binomial Theorem 
1. expandin 100 ! Я 
panding ii | \- 10 = 100 -99 _ 4950 
3. Both the Binomial Theorem and Pascal’s Triangle can be 38 IM сан. 
used to find binominal coefficients. i 
13. 
iii 
1 . 121 
5. С; = 2. 2275 840 M Ne S | 
3! - 2! 2-1 14641 
1 5 oy 5 1 
1 6 15 6015 6 1 
12! 
7. 12C0 zu 6 . 
0! - 12! : = 20, the 4th entry in the 6th row. 
10 ! ‚9.8.7.6! 
Ў Д.ЛОБ,- ӨР ш да Ра 
4) 6-4 61(24) pog 
i ^ 2» 
1 3 3 1 
1 4 6 4 | 


5 
Wu — 5, the 2nd entry in the 5th row. 


17: (x +1)° = Cox Sese) eso) + Ca) pce" desc + „с%(1)° 


хб + бх? + 15х* + 20x? 15x? + 6x +1 
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19. 


21. 


23. 


25. 


27. 


29. 


33. 


Section 9.5 The Binomial Theorem 


(> T зу = Суу - Суу (3) + С›у(3)” E C) 


-1У 3y?(3) 
= y? — 9y? + 27у – 27 


+ 3у(3)? - 1(3)° 


(r+ 3s) = 3Cor? + 3Cr? (3s) + s©or(3s)” + 3C3(3s)° 


= Ir? + 3r°(3s) + 3r(3s)° + 135) 


- + 9r?°s + 27rs? + 275° 


(за - 4b)” = Са) — 5С\(За) (4) + 5С,(3а) (46) — 5C. (3a) (4b). + «С.За|Ц45) — sCs(4b) 
= (1)(243a*) – 5(81a*)(4b) + 10(27a°)(16b7) – 10(9a? (645^) + 5(3a)(256b*) — (1) (10245?) 
= 243a? — 1620a*b + 43200752 — 5760a?b? + 3840ab^ — 10240? 


(a + 6) = 4Соа“ + 4Спа?(6) + 40a? (6) T 4Суа(6) + 4С,(6) 


= la* + 4a°(6) + 6а2(6) + 44(6) + (6) 
= a^ + 24a? + 216a? + 864a + 1296 


(v ш її = (Соу – 6Ciy (1) * Соу) m «Cy xs «Cy! = «C1 + KORG 
-1у9-6у() + 15y4(1) – 205201) + 15y) — ey(1? + ЦІ)“ 
= уб – бу? + 15у“ - 20 + 15y? - бу +1 


4th Row of Pascal's Triangle: 1 4 6 4 1 
(3 — 2z)* = 34 - 4(3) (22) + 637 (227 - 4(3)(2z)° + (22) 


= 81 - 2162 + 216z? — 962? + 16z* 


. 5th Row of Pascal’s Triangle: 1 5 10 10 5 1 


(x + 2yJ = 155 + 5x*(2y) + 10x3(2y)? + 10x?(2y)? + 5x(2y)* + 1(2y)° 


= х + 10x4y + 40х7у? + 80x7y> 80xy^ + 325? 


ир 


Col) + чо (2 (02) + ex) G7) + оа)? + Calo”) 


4 


= (1)(x*) + (4)(x°y?) + (6)(x*y*) + (4)(x?°) + (197) 


= x8 + 4х°у?  6x*y* + 4х2у? + у? 


М 
x |= 
+ 
Ма 
ма LA 
2 
ll 


1} D Ly ү 1 
«(8 + «(| yt 20 yt © | DOE < n + sCsy° 
x x x x x 


| 
= 
ERES 
x ээ 
Ne 
4 
+ 
cA 
WT NS 


Т 1) Ly 1 
| y 3 of | у? + ТӨ у + 2 + 155 
х х х 


1 5», 10у? 105? ) 5у! 5 


ll 


ll 


ll 


‚Ке - CX? 3) + 4Cpx2(3)? — (Са) + (e) | g shox + 9C,x(3) + 20403) | 


2f xt - 4(x°)(3) + 643543) - &(х)(3°) + 3°] 5432-2051) + 32] 
2(x* — 12x3 + 54x? — 108x + 81) + 5(x? – 6x + 9) 


2x* — 24x? + 113x* – 246x + 207 


415 
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39. 


41. 


43. 


45. 


47. 


57. 


59. 


61. 


63. 


Chapter 9 Sequences, Series, and Probability 


The 4th term in the expansion of (x + y) is 
(00x 3y? = 120x" y. 
The 3rd term in the expansion of (x — буу 18 


SC? (-буу = 10х((36у?) = 360:3y?. 


The 8th term in the expansion of (4x + зуу 18 
оС (4x) (Зу) = 36(16x?)(2187y7) 
= 1259,712x? y". 


The 10th term in the expansion of (10x — зу)? 15 


оС(10х)27°(-3у) 


ll 


220(1000x*)(-19,683y”) 


ll 


—4,330,260,000x7)°. 


The new term involving ах” in the expansion of 
6! 
? =~ _ . 3x3 = 16023, 


6. 
(x + 2)’ is «Сзх°(2) EET 


The coefficient is 160. 


(x2 Ш yy = 


49. 


51. 


53. 


55. 


ЕЕЕ 


The term involving x?y? in the expansion of (4х — у)" 


10! 


(0 - Sm -16x2y5 = 720х2у5. 


is 1C,(4x) (—у) = 
The coefficient is 720. 


The term involving x^y? in the expansion of (2x — 5x) 


is ,C(2x) (-5у) 


126(16x*)(—3125y°) 


-6,300,000х у. 


The coefficient is —6,300,000. 


4 
The term involving x*y° = (x?) yÉ in the expansion of 


4 & 10! 


(x? + у)" is 10С(х2) y® = aa") 2° = 210x5y5. 


The coefficient is 210. 


(Je +5) = (Va) +в) + УУ} + 5 


x? + 15x + 75х12 + 125 


2 - 3x43 у\% + 3x73 2/3 -y 


(vi + i) = (70) 44047) (Л) + 6847) (97) + 484197) + (97) 


8112 + 10814 + 54:72 + 1225/4 +t 


f(x B)-f() (хк) -» 
h h 
E X + 3x7h + Зх? + WP — х) 
h 
h(3x? + 3xh + Л?) 
h 
3x7 + 3xh + h?,h # 0 


ll 


f(x +h) — f(x) | (x + hy - x5 
h h 


хб + 6x?h + 15x4h? + 20°? + M53? f^ + 6xh? + ho — x° 


h 


пбх? + 15x4h + 20:382 + 15x2h3 + бхл* + h^) 


h 


= бх? + 15x4h + 20:28. + 155217 + 6xh^ + hh = 0 
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| f(x +h) — f(x)_ Vx th - Vx 
h 


Xx А ух Мх hx 


h Beo ee 
(x + л) - 
h( fx + h + x) 


1 


NU 
x hx 


67. 44)" s 60) + 460) r+ 460) P + 460)8 + cr 
-1-4i-6-4i«1 
--4 


69. (2 - JA = (2 - 2) 
= 4625 = 202501). 4€2'0)" 24023010 + 40200 = 60522} + «GOD 
= (1)(64) – (6)(32)(21) + 15(16)(-4) – 20(8)(-8/) + 15(4)(16) — 6(2)(32i) — 64 


= 64 — 384i — 960 + 1280i + 960 — 384i — 64 
= 5121 


т. | : | S| Е T D «3c (Vs) + 31-1,/8) + (8) 
E J-i + 3V3i + 9 — 3V3i| 
21 


73. (102) = (1 + 0.02)° 
= 1 + 8(0.02) + 28(0.02)" + 56(0.02)° + 70(0.02) + 56(0.02)° + 28(0.02)° + 8(0.02)’ + (0.02)* 
= 1+ 0.16 + 0.0112 + 0.000448 + --- 
= 1.172 


75. (299) = i - 0.01) 


= 3^ — 12(3) (0.01) + 66(3) (0.01) — 220(3) (0.01) + 495(3) (0.01) 
—792(3) (0.01) + 924(3) (0.01) — 792(3) (0.01) + 495(3)*(0.01)" 
-220(3 (0.01) + 66(3) (0.01) — 12(3((0.01)" + (0.01) 


= 531,441 — 21,257.64 + 389.7234 — 4.3303 + 0.0325 — 0.0002 + --- = 510,568.785 
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77. 


WN оош шо к 


RIO 


1.25 4071075 | 
-t 6 15720 15 6 | 
k^, 21 35 35 21 7 1 
7 


The first nine terms of the sequence аге 1, 1, 2, 3, 5, 8, 13, 21, 34, ... 

After the first two terms, the next terms are formed by adding the previous two terms. 
a4 =lae=l 

а, =a +a =1+1=2 

a, = a +a, =14+2=3 

а; =a; +a, =24+3=5 

a = а4 + а; = 3 + 5 = 8 

ау = as +а = 5 + 8 = 13 


This is called the Fibonacci sequence. 
79. f(x) = х? - 4x 
f(x * 4) 
(x + 4 - 4(x + 4) 


g(x) 


x + 3x2(4) + 3х(4) + (4 - 4x - 16 
x? + 12x? + 48x + 64 – 4x – 16 


= x? + 12x? + 44x + 48 


The graph of g is the same as the graph of f shifted four units to the left. 


81. f(x) = -xf + 4x? -1, g(x) = f(x- 3) 


g(x) = f(x = 3) F 8 
--(х-3) + (x – 3) -1 Р в 
= -(x* + 4020-3) + 620-3)? + 4x03) + (-3)") + 42 — 6x +9) -1 4 
= —x* + 12x? — 54x? + 108x — 81 + 4x? – 24x + 36 - 1 
= -x* + 12x? — 50x? + 84x — 46 
The graph of g is the same as the graph of f shifted three units to the right. 
83. f(t) = -5.893/2 + 9135( 180,2 € (t <9 
(t = 2 ө 2012) 
(a) g(t) = f(t + 2) (b) 4% 
= —5.893(t + 2)? + 91.35(t + 2) — 18.0 5 
= -5.893(P + 4t + 4) + 91.35(t + 2) — 18.0 7 
= —5.893/? + 67.78: + 14111,0 <t <7 d : 
(t = 2 2014) (c) Twitter exceeded 300 million monthly 


active users when ¢ = 5, or in 2015. 
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85. 


87. 


89. 


91. 
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True. The coefficients from the Binomial Theorem can 
be used to find the numbers in Pascal’s Triangle. 


False. The coefficient of the x-term of (n — 4) 18 
9C,(4)° = —589,824. The coefficient of the x?-term is 
9С,(4) = 589,824 

The first and last numbers in each row are 1. Every other 


number in each row is formed by adding the two 
numbers immediately above the number. 


The functions f(x) = (1 - x) and 

k(x) = 1- 3x + 332 + х) 

fand k have identical graphs, because k(x) is the 
expansion of f(x). 


99. 


= „С, 101. 


Average rate of change 


97. „С, + „С,-1 = 


n! n! 


(7-0)! (п = +1)(r — 1)! 


n(n r+ 110 ME n(n 


ry! 


(n — r)rXn — r + Ir 


i! 


nl (n = r + Wr = Dt rn - 21 


(n — r)W\(n — r + Ir 


i! 


n(z-—1)f(n —r- 1) + r(n - 2 


(п = п) (и -r + {zT}! 


по) (п =г+1) + r] 


(27 г\л -r + 1) 


| PAH А uu Н А xL Н - 0273 louem ce 


Il 
nN 
| 
25 
+ 
N 


f(x) 
[/G3) - £0] 


(3 - 0) 
_ [(6- 27) – 6] 
3 
527 
Ta 
= -9 
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103. f(x) = 2x -x -x 
4) - fü 
Average rate of change = Ш - 70] 
(4-1) 
[(128 - 16 - 4) -(2-1-1)] 
3 
_ 108 
3 
= 36 
6! 6! 1 3л 57 42 
105. 2 = — =- МТ _ 
7 7.8 7 111. sin 4 zl 4 7 
| 5 2 
(n+ 9! (n + 9m + 8)(n +7) 54-22 - ELA NEUE 
107. 4 4 2 
(n + 7)! (n + 7)! 
3л 5x 
= (n-9)n-c8 tan = tan = 1 
(n+ 9)in +8) "| = (2 
1 
109. sin(330°) = —— 
E00) 2 113. sin = = (27) = S 
NE) 
cos(330°) = о ил ЕЗ 1 
со$ = cos = 
| 3 3 3 2 
азову e 4 v3 m шэг 
V3 43 3 їап шарж 2 |= V3 
ЕЭ 3 x 
2 
Section 9.6 Counting Principles 
1. distinguishable permutations 15. Math courses: 2 
i 23 
3. A given set of п elements forms exactly one залан шоо - 
combination, whereas different arrangements of Social sciences and humanities courses: 5 
the elements may form numerous permutations. Total: 2: 3. 5 = 30 schedules 
5. Odd integers: 1, 3, 5, 7, 9, 11 17. 25 = 64 
6 ways 


19. 26 · 26: 26-10-10-10-10 = 175,760,000 
7. Prime integers: 2, 3, 5, 7, 11 0. r 
distinct license plate numbers 
5 ways 
21. (a) 9-9.8 = 648 
(b) 9- 10-2 = 180 


(c) 6-10-10 = 600 


9. Divisible by 4: 4, 8, 12 


3 ways 


11. Sum is 9: 14+ 8,2+7,3+6,4+5,54+ 4, 


23. (a) 8-7-6:5-4:3:2:1 = 40,320 
6+3,7+2,8+1 Se p 


8 ways (0) 8-1-6-1-4-1-2-1 = 384 


13. Amplifiers: 3 choices 25. 5 = 120 ways 


Compact disc players: 2 choices 


Speakers: 5 choices 27. Р, = (5 -3j - T =5-4= 20 
Total: 3-2-5 = 30 ways 
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12! 12! 
puero cue аы л 55 55025457) a. — 950808243: 2520 
(I2-2) 10! пип 2 
‚ЕР, = 2730 43. ABCD ВАСО CABD DABC 
ABDC BADC САРВ DACB 
+ sP, = 5,527,200 ACBD BCAD CBAD DBAC 


. The number of permutations of 9 possible donors taken ACDB “BCD. CBDA- овех 


3ata time is ADBC BDAC CDAB DCAB 
_ 9 ADCB BDCA CDBA DCBA 
"3 (9—3)! 
6! 6! 
_ 9! _ 45. ,С, = и =—=15 
а ot 46-4) 4121 
= 504 
9! 9! 
possible orders. 47. .С, = = = 
9109 – 9)! 910! 
15! 


. 5B = a = 1,816,214,400 49. „С, = 120 


different batting orders 51. „С; = 38,760 


7! 7! 
иви! = 2n! - 420 53. There are; C; = 15 different combinations: AB, AC, 
AD, AE, AF, BC, BD, BE, BF, CD, CE, CF, DE, DF, EF 
55. С = ан ie 5,586,853,480 ways 
* 40-12 — 2812! ний ? ? у: 
. There are 22 good units and 3 defective units. 
22! 21 3! 
(а) „Сб, = am 7315 ways (0) С -4С, = 269i 2017 231.3 = 693 ways 
22! 22! 3! 22! 3! 
с) 204 + 203 3С + 5€; 3С = + : + : 
(0 nC, t mG 10 + n0 730 = нар" зор pr" 200121 
= 7315 + 1540 -3 + 231-3 
= 12,628 ways 
. (a) Select type of card for three of a kind: |; С 
Select three of four cards for three of a kind: „С; 
Select type of card for pair: С 
Select two of four cards for pair: 4C, 
13! 4! 12! 4! 
BO, + 4€ ‘оС 46 = : = 3744 


(3-)m (4-3)9 (2-10 (4-2)2 
(b) Select two jacks: 4C; 
Select three aces: 4C; 
4! 4! 


С, -4G = = 24 
42 13 (4-2) (4-3) 


7! 121 20! 
sig Cp ise, vaa : | = 292,600 
лз ЭР (FSM (2—3)з! (20—2)!2! 
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63. 


67. 


69. 


71. 


73. 


75. 


77. 


79. 


81. 


Chapter 9 Sequences, Series, and Probability 
5C, — 5 = 10 — 5 = 5 diagonals 65. ¿C — 8 = 28 – 8 = 20 diagonals 
4-.48, = uuo Note: n = 1 for this to be defined. 
(n + 1)! = (п + 2)! 
(n-1)! (7-1 
4(n + 1)(n) = (п + 2)(n +1)n (We can divide by (n + 1)n because n + —1and n = 0.) 
4=n+2 
2=n 
„В 54-,Р Note: n 2 2 for this to be defined. 
(п +1)! _ 4 n! 
(3-2) (8-2) 
(n + 1)(n)(n — 1) = 4(n(n —1) (We can divide by n(n — 1) because n # 0, and n = 1.) 
n+1=4 
n=3 
14 · „В = „Р, Note: n 2 3 for this to be defined. 
! 
id. du (n + 2)! 
(n — 3)! (n — 2)! 
14n(n — (n — 2) = (n + 2)(n + I)n(n - 1) (We can divide here by n(n — 1) becausen # 0,n ¥ 1.) 
14(n — 2) = (n + 2)(n +1) 
14n - 28 = п? + Зп + 2 
0 = п? - 1n + 30 
0 = (n — 5)(п — 6) 
n=5 or n=6 
„Р, = 10, 4B Note: n 2 4 for this to be defined. 
Ho 44:07 
(n - 4) (n - 4) 
faci 5 Tai А 3 We can divide by (n — 1)(n — 2)(n — 3) because 
= Xn Eee du n + 1, п = 2,andn # 3. 
n = 10 
9! : n! п! 
C, = — = 361 83. ,C, = = 
КГА Z u-n- Na- OD) 
n! 
LÀ Чы ы Г——' С 
False. (n * Т nl 
Itis an example of a combination. 
(16! (16! 
wh > 6% 85. alle ш 
22! 22.21: 20-19-18 - 17 - (16) 
Changing the order of any of the six elements selected 
results in a different permutation but the same = ew a ee eae 
combination. 22-21-20 -19-W-17 
1 1 1 za! 
P= i 3.2 хор ~ 74,613 
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вт, af 20109) _ 5 201(9)) 
(74 29 29-28-27-26-25-24-23-22-21-(20) 


-4 #.8.7.6-5.#.7.2 | 
29.26. 27 . 26-25- 24 - 23.22.21 


1 


3,338,335 
89. The 3rd term in ће expansion of (2х + зуу 18 91. The 7th term in the expansion of (8x — 5yy is 
4С,(2х) (зу). = 10(25|32)2у? = 720x27. gCo(8x) (-5у) = 28(82|-5) х2у? 


28,000,000 x25. 


93. The 6th term in the expansion of (-3x — 9 y) is 
13C3(~3x)"(-9y)° = 1287(-3) C9) ху? 


= —498,610,169,343 x5y?. 
95. y = ах? + bx te 
-8 = a(-2) + 6-2) + c = 4a - 2b + c Equation! 
10 = a(4) + b(4 + c = 16а + 4b + c Equation2 
12 = a(8) + b(8) + c = 64a + 8b + c Equation3 
4a - 2b + c = -8 
12b — 3c = 42 —4Eq.1+ Eq. 2 
40b — 15c = 140 -16Eq. 1+ Eq. 3 
4a - 2b + c = -8 
12b - Зс = 42 
15 3 
= е = 0 -SEq.2 + —Eq.3 
2 : a 
c=0 
7 
12b -30) = 42 > b = 7 
4a f7\+0=-8 poe 
2 4 
Solution: a = 22 b= А с= 0 
4 2 
| A RAS: 
The quadratic equation is y — g^ + 2" 
Section 9.7 Probability 
1. experiment; outcomes 9. {(H, 1), (H, 2), (н, 3), (H, 4), (H, 5). (Н, 6), 
3. event (7,1) (T. 2). (T. 3), (T. 4), (T. 5), (Т, 6) 
5. n(E); n(S) 11. [ABC, ACB, BAC, BCA, CAB, CBA] 
7. The probability of a certain event is 1. 13. (AB, AC, AD, AE, BC, BD, ВЕ, CD, CE, DE} 


© 2022 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


424 


15. 


21. 


23. 


25. 


29. 


31. 


33. 


35. 


Chapter 9 Sequences, Series, and Probability 


Е = {HHT, HTH, THH} 


Е = [K&, КФ, Kv, Ka, Om, O+, Ov, Ол, 78, Jo, JY, ЈА) 


UAE). 12 23 


"E 6 3 
n(S) 52 26 
Е = {(1,5), (2, 4), (3, 3), (4 2), (5,1) 
Е п(Е) _ 5 
»m(S) 36 


P(E) = 


(1.2) (2 D}, n(Bs) = 2 
{L 4, (2,3). (3, 2), (4,1) (Е,) = 4 
(01, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, D}, л(Е,) = 6 


Е; U Е; UE, 
2+4+6 = 12 
mE) ж 
n(S) 36 3 
ae e е. 
Сб 15 5 
AGE 20-522 
«С, 15 5 


(a) 0.124(6,000,00) = 744,000 unemployed in the 


16-19 age group 
(b) 17.1% or LL 


(c) 53.494 


(d) 11.8% + 5.3% 
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1000 


534 _ 
ОГ т000 — 


267 
500 


БР 171 
= 17.1% ОГ 1000 


17. 


19. 


Е = {HHH, HHT, HTH, HTT} 


Е = {HHH, HHT, HTH, HTT, THH, THT, ТТН} 
mE) 7 


FE) = n(S) Е 8 


27. Use the complement. 


37. 


39. 


41. 


Е = {(5,6),(6.3).(6.6} 


P(E?) = (Е) 3 1 


104 13 
@ 128 16 
24 3 
b — => 
(b) 128 16 
52 — 48 1 
(c) = — 
128 32 


1 — 0.37 — 0.44 = 0.19 = 19% 


бу 3003 21 


(a) = Е = 0.016 
Сю 184,756 1292 
(b) 5б 502 _ 64350 _ 225 _ узда 
Цол 184,756 646 
(с) sCy 75€, , „бю ү 25,025 + 3003 _ 28,028 
Со ТО 184,756 184,756 
EC 3 
323 
= 0.152 
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43. 


45. 


47. 


49. 


51. 


53. 


55. 


57. 


59. 


ТЕЕ: 
„P, 120 
1 1 
уг 
LB 24 
20 _ 5 
(а) 5 = 
26 _ 1 
55 
16 _ 4 
(с) 571 
126 14 : 
(a) C, 126 (4 good units) 
nC, 495 55 
; 108 12 : 
(b) С ЗС = = (2 good units) 
24 495 55 
: 252 28 : 
(с) 96; : 36 z = (3 good units) 
v4 495 55 
At least 2 good units: 2 + 2 + Eu 
55 55 55 55 
220.20 .1 
(а) Р(ЕЕ) = = 4 


229 29 _ 84 


(b) P(EO or OE) = 2(20)(20) Ld 
) 40 40 1600 


(c) P(N, < 30, №, < 30 


(d) P(NN) = 22.2 = 2 


P(E) = 1- P(E) = 1- 0.73 = 027 


(a) P(SS) = (0.985)? = 0.9702 


(b) P(FF) = (0015) = 0.0002 


(с) P(S) = 1- P(FF) = 1 – (0.015)? = 0.9998 


61. 


63. 


65. 


67. 


69. 


Section 9.7 Probability 425 


1 
(a) 38 
18 9 
b — = — 
0) 38 19 
2 18 20 10 
() += = 
38 38 38 19 
1 1 1 
(d — Inu 
38 38 1444 
18 18 18 5832 729 
(е) = = = 


38 38 38 54,872 6859 


True. Two events are independent if the occurrence of 
one has no effect on the occurrence of the other. 


The only numbers from 1 to 15 greater than 12 are 13, 
14, and 15. So, the probability of selecting one number 


greater than 12 is n and the probability that both 


numbers are greater than 12 is (21 3) = Z = os 


P(A) = 0.76 and P(B) = 0.58 
(a) A and B cannot be mutually exclusive, because 
P(A) + P(B) = 0.76 + 0.58 = 1.34 > 1. 
(b) 0.76 € P(A U B) € 1, where 
P(A о B) = P(A) + P(B) - P(A ^ B). 


If a weather forecast indicates that the probability of rain 
is 4095, this means the meteorological records indicates 
that over an extended period of time with similar weather 
conditions it will rain 40% of the time. 
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71. Let x = 2sin@. 


4-x'24f2 

4 - (2sin Ө)" = /2 
4 — 4sin?@ = /2 
41 — sin? 6) = /2 
4cos? 0 = V2 
2с080 = \/2 

cos@ = 18 


2 
810 = 4/1 – соѕ20 = - (2) -+32 


Р VEN qu. cuu 
73. As x > Луу tanx — e and сох > 0. 75. i E 


= -6(-1)i + (-1) 
= 61-1 
=-l+ 6i 
Review Exercises for Chapter 9 
1. Saige 7. gg Т 
n 2 4 5 
12 2 43 24 35 
a =3+ Y 15 Rewrite as —, ын ын он 23 
2 3 4 5 
12 л 
a = 3 + = 9 E 3" 
2 а, 5 
12 
mcs нг Pe й 
`5! 24. 
a =3+ 2 =6 5 5.4.3.2.1 20 
20g 125.21 u oD (п-1(и-2)-...-3-2-1 
BE ы дс (n+l)! (т+1)(л}(#—1(л—2).....3-2-1 
" 1 
3. a, = 280 n(n + 1) 
n! 
120 4 6 6 6 6 6 
= — = 120 13. = 
а 1! 2, yp rp pg 
120 
a, = — = 60 быр sd 
2! 2 3 8 
205 
a, = 129 = 20 = 
3! 24 
120 20 
Sa э | eR ee 1 Ly 
А! 20) 202) 2(3) 2(20) {2% 
_120_ 
ас 4 
= 4 ы 1 10 4 
à 17 -У4 - - 
5 2: 2, 2, 2, 2, 2, 10! 2, (5) 1 1 9 
а, = 2(-1)" 10 
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19. (а) A, = $10,018.75 
A, ~ $10,037.54 
A, = $10,056.36 
Ац = $10,075.21 
As = $10,094.10 
Ag = $10,113.03 
A; = $10,131.99 
Ag = $10,150.99 
Ay = $10,170.02 
Aio = $10,189.09 


0.0225 


120 
(b) The balance in the account after 10 years is 420 10001 + | = $12,520.59 


cq е c 111 
21. 5,-1,-7,-413,-419,... 23. aem b 2n 
Arithmetic sequence, d = —6 Not an arithmetic sequence. 
25. а =7,d = 12 
a, = 7 + (n - I2 
= 7 +12n – 12 
= 12п – 5 
27. a; = 96, а = 24 
a, = аз + 4d — 24 = 96 + 4d -72 = 4d d --18 
a, = a; — 2d = а = 96 - 2(-18) = 132 
a, = 132 + (n —1)(-18) 
= —]8n + 150 
29. a =4,d =17 100 100 100 
35. DE: + J YS 
а -4 we 3 k=l 
a, =4+4+17 = 21 100(101 
: шон 4(100) 
a, = 21 +17 = 38 3 2 
a, = 38 +17 = 55 
4 = 10,100 + 400 
a; = 45417 = 72 3 
_ 11,300 
100 = 3 


31. Y 9k is arithmetic. Therefore, a = 9, ао = 900, 
k=l 


Simo = (9 + 900) = 45,450. 37. a, = 43,800 + (n — 1)(1950) 


(a) as = 43,800 + 4(1950) = $51,600 


NEN 0 40(41) : 
33. ) 2) = 23, PI = 40(41) = 1640 (b) Ss = 2(43,800 + 51,600) = $238,500 
39. 2, 6,18, 54, 162,... 


r=—=3 
2 


Geometric sequence, r = 3 
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1.39 27 = 18 = – 
41. 5? 5° 5? жээ» 49. a, » а) 9 
: a = ar 
Geometric sequence, r = —3 
-9 = 18r 
43. a =2,r = 15 Биеэ? 
2 
a = 2 1 п-1 
а, = 2(15) = 30 а, = 18(-5) 
9 
= = го 1 2.529 
a; = 30(15) = 450 ao = 18(-1) = = 
а, = 450(15) = 6750 
7 Р 1 27 
as = 6750(15) = 101,250 51. 2! = = 127 
; (15) 2, Ө 


45. а, =9,a, = 4 : 
4 1 
а; = ар? уреа. 


Д\?) 2 4 8 16 16 
4 = 9r? 
Ad rir m 2 5 А 
gum = + 55 Y (2) =1+2+4+8+16=31 
а, = 9 а = 9 34 
= 2\ _ = 25-22 5 А 
a = 95) = 6 a, = 9-3) = -6 57. Y 1000.6)! = 23.056 
аз = 6(2) =4 ог а; = 6-2) = 4 T 
" i-l 
a = 4(3) = 5 a = 4(-3) = -$ 59, > (2) ез =8 
а-10-9 a-i цэл 
47. a = 100,r = 1.05 ЕИ oe a а - 3{2) 
a, = 100(1.05)""" (02 48 " £A2 
1 2 


ay = 100(1.05)° = 155.133 


63. (а) а, = 120,000(0.7)" 


(b) as = 120,000(0.7) = $20,168.40 


65. 1. When n = 1,3 = ЦІ + 2). 


2. Assume that S, = 34+5+7+-- + (2k +1) = k(k + 2). 


Then, 5,2 3 +5474 +--+ (2k +1) +[2(k +1) +1] = 5, + (2k + 3) 
k(k + 2) + 2k +3 

=k? +4k +3 

= (k + 1)(k + 3) 


= (к +1 (k +1) + 2], 


So, by mathematical induction, the formula is valid for all positive integer values of n. 
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Pag 71. 5-1 
67. 1. Цасан л зааг | j i 
TT 5, -14 5 - 5 
ki M a(i Е г") 
2. Assume that 5, = У а" = | : 5 ӨЛ Р Ор 9 49 
1-0 id ? 5 2» 25 
Then 3 9 27 272 
k ы 41-97) ма сш 
Siu = Уа" = Уа"! + arf = ~~ + ar* : 
10 220 1-7 From these sums, there is no apparent pattern. Because 


the series is geometric, the formula for the sum is 
a(l = шк - d a(1 = 7 | 8 


= ]-r = l-r ( s 5р (3 | 
ЦЕ? 5 


So, by mathematical induction, the formula is valid 


for all positive integer values of n. 5 3)! 
1. wien n= 1s 1-21-0 
69. Sı = 9 = 1(9) = 1[2(1) +7] 2 5 
5. = 9 +13 = 22 = 2(11) = 2]2(2) +7] 2. Assume 
53 = 9 +13 +17 = 39 = 3(13) = 3[2(3) + 7] НЭЭ еа ZEE - | 8) 
9 plac 
5 25 5 2 5 
$,29 13417 +21 = 60 = 4(15) = 4[2(4) 7] ; 
3 
S, = n(2n + 7) _1-@) 
1-3 
1, When n 21$, = 9 = 1(2 + 7) ° 
[4 
2. Assume S, =9+134+...+[4k + 5] = k(2k +7) 25 (5) үч 
^ k юэ Sra = Sk tau = 1-3 +15 
Seat = Sk + ары 1 
К 
= k(2k +7) +[4(k +1) +5] 1- (3) (3) 
= + (= 
= 2k? + 7k +4k +9 a 
= 2k? +11k +9 зү! зүзү! 
21-0) *6- 36) 
= (k +1)(2k + 9) 1-3 
5 
= (k Dk +1) +7] ЭРЭГ 2 
2 22 40250) 
So, the formula holds for ай positive integers n. 15553: 
3 
3 К+1 
_1-(3) 
i-i 


So, the formula holds for all positive integers n. 


75 
73. $n s "09 = 2850 
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75. 


81. 


83. 


85. 


87. 


89. 


91. 


93. 


95. 


Chapter 9 Sequences, Series, and Probability 


a = f(l) =5,a, = а, +5 

a = 5 

a, = 5 +5 = 10 

a, = 10 +5 = 15 

a, = 15 +5 = 20 

a, = 20 +5 = 25 
n: 1 2 3 4 5 
d, 5 10 15 20 25 
7 NZ EIR. NZ 

First differences: EN ТЭ” Ул 
Second differences: 0 0 0 


Because the first differences are all the same, the 
sequence has a linear model. 


(x + 4)* = x* + 4x3(4) + бх (4) + 4x(4)° + 4^ 


(4 - 5х) = ,e (4) + e (4)(-5x) + 5С,(4Д-55) 4 


77. 


79. 


3C3( 5х) 


4° — X4y (5x) + 3(4)(Sx)” – (5х) 
64 – 240x + 300x? + 12525 


ll 


! 
"non = ee = 15 
214! 
1 
| | 
1 2 1 
| 3 3 1 
1 4 6 4 1 
1 5 10 10 5 1 
1 6 15 20 15 6 1 
1 7 35: 35 21 7 1 


= 21, the 3rd entry in the 7th row. 


= xf + 16x° + 96x? + 256x + 256 


The composite numbers between 1 and 14 are 4, 6, 8, 9, 10, 12, and 14. 


There are 7 ways to select a composite number from the integers 1 to 14. 


(10)(10)(10)(10) — 10,000 different telephone numbers 


99. 


-13-1-1-3 
цагын 4 


4 
5-4-3-2-1-120 
1 
s 101. False, © t 2) _ (n+ e 0f 
32C2 = ——— = 225,792,840 "n A 
20112! 
E = (n + 2)(n +1) 
E +2 

a pme ee ugs +" 

n(S) 10 5 n 

n(E) 6 3 8 8 . 
(b) P(E) = Se iG 103. True. $ 3k = 3° k by the Properties of Sums. 

n(S) 10 5 k=l k=l 
(a) 25% + 18% = 43% 105. The domain of an infinite sequence is the set of natural 
(b) 100% — 18% = 82% numbers. 

wasaa i 107. Each term of the sequence is defined in terms of 
3 (00819 = 1296 preceding terms. 
Problem Solving for Chapter 9 
"M +1 
” ГЭ! 
(a) 2 (b а, > 0asn > ee 
©) п 1 10 100 1000 10,000 
а, 1 | 0.1089 | 0.0101 | 0.0010 | 0.0001 
0 10 


(d а,-э0азт-эсө 
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3. Distance: X 20 


п=1 


ryt 20 5. Let a, = dn + c, an arithmetic sequence with a 
| | common difference of 4. 


1 

2 (a) If Cis added to each term, then the resulting 
ү! i sequence, b, = a, + С = dn + c + C, isstill 

B 


Time: Y 


п=1 


img 2 arithmetic with a common difference of d. 


p 2 (b) If each term is multiplied by a nonzero constant C, 


then the resulting sequence, 


In two seconds, both Achilles and the tortoise will be b, = C(dn + c) = Cdn + Ce, is still arithmetic. 


40 feet away from Achilles’ starting point. 
The common difference is Cd. 


(c) If each term is squared, the resulting sequence, 


b, = a? = (dn + су, is not arithmetic. 


4,-1 
7: а, =з 2” 
3a, , +1 if a,_, is odd 


if а, is even 


(a) a =7 a, = 2 = 10 (D a =4 a = 5 a, = 12 
a, = 3(7) +1 = 22 a, = 10 = 5 a = 2 a = 16 dj = 6 
аз = 2 = 11 аз = 3(5) +1 = 16 a, = 1 аз = 8 a, = 3 
a, = XM) +1 = 34 ад = 16 = 8 a, = 4 a, = 4 a, = 10 
а; =% = 17 а; = & = 4 а5 = 2 а5 = 2 as = 5 
а = 3(17) +1 = 52 ao = 5 = 2 as = 1 ag = 1 а = 16 
a, = € = 26 a; = 2 = 1 a, = 4 a, = 4 a, = 8 
a, = 26 = 13 аз = 31) +1= 4 а = 2 а = 2 а = 4 
ay = 3(13) +1 = 40 аз = 5 = 2 dy = 1 a = 1 ay = 2 
a = 9 = 20 a» = 2 = 1 ay = 4 diy = 4 ayy = 1 


Eventually the terms repeat: 4, 2, 1 


9. The numbers 1, 5, 12, 22, 35, 51,... can be written recursively as P, = P,_, + (3n — 2). Show that P, = n(3n – 1)/2. 
(3-1) 

2 
k(3k — 1) 

EE 


1. Forn=1:1= 


2. Assume В = 


Then, P = P, + [3( +1) - 2] 


1 „ыкта eye) 
_ 3k? + 5k +2 _ (k +1)(3k + 2) 
2 2 
(E Y3(E +1) - 1] 
5 


So, by mathematical induction, the formula is valid for ай integers n 2 1. 
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1-1 
27 э... 


1 n-l 
Sp = B frn 2 1 
2 


Pra) AG) 068) 


11. Side lengths: 1, 


Areas: 


4 
2 
à _ 2/3 Gr ш МЗ o 
Ё 4 42 4 (2 4" 
1 
13. = 
number of blue marbles 3 


15. (a) Odds in favor of choosing a blue marble = 


number of yellow marbles 7 


Odds against choosing a blue marble = number OF yellow marbles 2,2 


number of blue marbles 3 


number of non-red marbles 


(b) Odds against choosing a red marble = 
number of red marbles 


3 ut 

1 6 

24 = x (number of non-red marbles) 
Total marbles = 6 + 24 = 30 


п(Е) п(Е) п(Е)/п(Е) 


© P(E) = sS) Е) + н) EE + ЕЕ) 
р ( Е) odds in favor of E 
odds in favor of E + 1 
@ P(E) iG (E) = S 
п(5)Р(Е) = n(E) n(S)P(E’) = n(E’) 
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Practice Test for Chapter 9 


1. Write out the first five terms of the sequence a, = 


2. Write an expression for the nth term of the sequence 4 22 
6 

3. Find the sum X (2i — 1). 
1-1 


4. Write out the first five terms of the arithmetic sequence where a, = 23 and d = -2. 
5. Find a, for the arithmetic sequence with a, = 12, d = 3, and n = 50. 


6. Find the sum of the first 200 positive integers. 


7. Write out the first five terms of the geometric sequence with a, = 7 and r = 2. 


8. Evaluate у s). 


n-l 


9. Evaluate bz (0.03)". 
n=0 


10. Use mathematical induction to prove that 1-2-3-44-4---05 


11. Use mathematical induction to prove that n! > 2", n 2 4. 


12. Evaluate |; Сц. 
13. Expand (x + Зу. 
14. Find the term involving x’ in (x — 2)". 


15. Evaluate 44. 


16. How many ways can six people sit at a table with six chairs? 


17. Twelve cars run in a race. How many different ways can they come in first, second, and third place? 
(Assume that there are no ties.) 


18. Two six-sided dice are tossed. Find the probability that the total of the two dice is less than 5. 


19. Two cards are selected at random from a deck of 52 playing cards without replacement. Find the probability 
that the first card is a King and the second card is a black ten. 


20. A manufacturer has determined that for every 1000 units it produces, 3 will be faulty. What is the probability 
that an order of 50 units will have one or more faulty units? 
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CHAPTER 10 
Topics in Analytic Geometry 


Section 10.1 Lines 


1. inclination 3. m= - 
3. The tangent of the angle between two nonperpendicular 3 
lines with slopes m, and m, is given by the formula ES = tan Ө 
tan 9 = [em . 0- (3) + л 
1+ mm, 2 
= 2.1588 radians = 123.7? 
л 43 
5. m = tan — = — 
6 3 25. (4/3, 2), (0,1) 
3x 1-2 -1 1 
7. m = tan — = -1 m= 2 - 
4 0-3 -J3 V3 
1 
—= = tan 0 
9. m = tan 2 = J3 Ja ia 
Ө = arctan E 
11. m = tan 0.39 = 0.4111 43 
Л 1 o 
13. т = tan 1.27 = 3.2236 See a0 
15. т = tan 1.81 = —4.1005 27. (-V3, -1), (0, -2) 
17. m=1 E iuro S 
] = tan 8 0 - (-/3) V3 
NES 1 
0 = — radian = 45? -— = tan Ó 
4 V3 
1 5л 
22 0- arctan | = radians = 150° 
19. m = 3 J3 6 
2 аад 
= ап 29. (6,1), (10, 8) 
0 = агаш) m= 8-1 е 
3 10-6 4 
= 0.5880 radian = 33.7? Ts tan Ө 
4 
21. m = -1 7 
Ө = arctan — = 1.0517 radians = 60.3? 
-1 = tang 4 


@ = 180° + arctan(—1) 31. (12,20), (10,0) 


SI ious о 
= Pea = 135 0-20 20 _ 


©10-(2) R2 3 


ES = tan 0 
3 
5 . 
Ө = л + arctan =; = 2.1112 radians = 121.0? 
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436 Chapter 10 Topics in Analytic Geometry 
1 
ag fhe (ee 
42/332 
1_ 3 
275 1 
m2 2.5. = 
WS og I 12 
3 4 12 
-12 = tan 0 


u 


0- arctan(-12) + л = 1.6539 radians 


94.8? 


u 


35. 2x + 2y - 5 = 0 
ВЕЕ СМЕЕТ 
2 
-l = tan 0 


Ө = arctan(-1) = z radians = 135° 


37. Зх -3y +1=0 
РИ ЕЕ | 
3 
1 = tan 0 


Ө = arctan 1 = © radian = 45° 


39. x + ./3y +2 = 0 
" li 2 o 21 
Мз 43 3 
—— = tan ө 
V3 


Ө = 22 : | 2502 radians = 150° 
V3 6 


41. 6x -2y+8=0 
у = 3х+4 5 т = 3 
3 = tan 0 


Ө = arctan 3 = 1.2490 radians = 71.6? 
43. 4х +5y-9=0 
у= -іх+і = т = -1 
4 _ 
-$ = tan 9 
0- tan~'(-4) + л 


= 2.4669 radians = 141.3? 
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45. 


47. 


49. 


51. 


Зх +y = 3 у = 3х + 3 т = 
х-у=2 > у= х- 2 > m= 
ын - C3 = 2 
+ (30) 
Ө = arctan 2 = 1.1071 radians = 63.4? 
x-y=0 > узх > т 
3х-2у--1 y at +5 > m, 
3 _\ 
tan Ө = 2 5 487 
1-1:-11 
B 
Ө = arctan < = 0.1974 radian = 11.3? 
x-2y=7 =о—х 7 > m 
у у 2 2 1 
бх + 2у = 5 у = -3x + > m 
1 
aha 
tan 0 = m =7 
1-1-1- 
НЬ 
Ө = arctan 7 = 1.4289 radians = 81.9? 
1 
x+2y = 8 шан ЧҮРЕК. СЕР 
1 
х-2у=2 dor 1 > m= 
2-5) 
tan Ө = 2 2 aa 


0- LB = 0.9273 radian = 53.1? 


Nl wo = 


юе 


Section 10.1 Lines 437 
5 5 
53. 0.05x – 0.03у 2021 > y= al 7 > т = 3 
7 7 
0.07х + 0.02у = 0.16 > y= E t8 > т = E 
(5-8 
2 3 31 
tan Ө = = 
п 
3 2 
31 : 
0- «ош э) = 0.8187 тайап = 46.9° 
29 
55. Let A = (1,5), В = (3,8), апа С = (4,5). 
Slope of AB: m, = Ne mare 
3-1 2 
5-8 -3 
51 ЇВС: = 27-3 
орео тэ тол 7 
Slope of AC: т; = Bru eae 0 
4-1 3 
3 3 3 9 
AN. 2-06) | 3 ai 
tan A = 72 -2-2 tan B = 2 3 2-2 wie = шз 
+ rem, 
1+ Br T C) : 
3 9 C = arctan 3 = 71.6? 
А = LB = 56.3? B = arctan — ~ 52.1? 
2 7 
57. Let A = (4, –1), В = (3, 2), and C = (1, 0). 59. (х,у) = (1, 2) 
борбо ИВ pies Se у= х+2 5 х-у+2 = 0 
: m = zu 
-4-3 7 
m 0000 +0600) «3|. 142 uen 
Slope of BC: m, = PE. = 1 12 + Сэр J2 2 
-1-0 1 
Slope of AC: m, = SERT 61. (х, л) = (2,3) 
1 3 8 у= 2х-3 > 2x-y-3=0 
41-25 - L 35 - + _ |202) + C09) + (3)| _ 2 245 РЭГ 
EU 2e 5 : 
ii BB 35 42 +) М5 3 
4 
As esu) пя ates 
3 4 у= -х+6 5 х+у-6 = 0 
te as 
2 (a NUR. 1(-2) + (1)(4) + (-6 
ш ке 1 565) 224 = 2/2 = 2.8284 


B = arctan (2) = 21.8° 


С = 180° – А – В 
= 180° — 11.9? — 21.8? = 146.3? 


JP +12 42 
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438 Chapter 10 Topics in Analytic Geometry 


65. (x, yı) = (2,3) 


3x +y =1>3x+y-1=0 


_ 130) + (0(3) 4(-0| в 8410 40 5 
J? +1? ИЛТ 10 5 
67. (х,у) = (6,2) 69. (х,у) = (-2, 4) 
кее are 4x +3y =5 > 4x 4+3y-5=0 
(-3X(6) + (4)(2) + (5) 5 
um 2 2 = 4/25 1 4 1412) + (3)(4) F (-5) = 1 32 1 
ЄЗ + (4) zcm 5 5 
71. (а) 1 
» 
at 
+ » X 
5 
(b) Slope of the line AC: ect = 1 
Р | 3-(-l) 4 
Equation of the line АС: y — 0 = НЬ +1) 
x-4y+1=0 
1(0) + (—4)(3) + (1 Ж, 
Altitude from В = (0,3):h (00) «C99 + 0] _ nm 
1 + (-4)° V17 17 
(c) Length of the base AC: b = ,/(3 + 1}? + (1-0)? = 17 
Area of the triangle: A = Loh = va 17) = T nits? 
73. (a) (b) Slope ofthe line AC: m = e 
2+3 5 
Equation of the line AC: y - 0 = НЬ + 3) 
$t 3x – 5у +9 = 0 
3(0) + (-5)(-2) + (9 
Altitude from В = (0, —2): h Даа ЕИ СИИ Е 
^T [32 + (-5) 34 34 


(c) Length of the base АС: 


Area of the triangle: A 


b = 402+ 3) +(3-0) = 34 
= lp 

2 

1 19 joo 
= OR = 2 units 
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75. (a) A 2 (5) Slope of the line АС: m = I = 5 20 

4 B Equation of ће line AC: y — 1 = 2(x — 1) 

4| 2х-у-1-0 

| 2)(2) + (-1)(4) + (-1 

i Altitude from В = (2,4: = 4 X2) + (004) + ( 1 _ 1 NS 
П } П n +> х 22 + (р J5 5 
-1 012 3 4 5 

zi 


(c) Length of the base AC: b = ,/(3 - 1 + (5-1) = V20 = 24/5 


Area of the triangle: A = Lbh = ва = 1 unit? 


77. x + y = 1 => (0,1) isa point on the line > x, = 0 
and y, = 1 


х+у= 5 5 4=1,В = l, and C =-5 


10) +10) -1-5| а _ 
М? +12 42 ан 


79. Slope: m = tan 0.1 = 0.1003 


Change in elevation: sin 0.1 = ae 
2(5280) 
x = 1054 feet 


2 mile al 
x 
ee 


Not drawn to scale 


81. (a) т = tan 0 
0.36 = tan 0 
tan! 0.36 = 0 


Ө = 0.3456 radian, or 19.8° 


(b) Let z be the change in elevation. 


sin Ө = = 
170 
170 sin = z 
z = 170 sin (19.8°) = 57.6 ft 


(c) The slope is m = 0.36 and the y-intercept is (0, 0). 
So, an equation is y = 0.36x. 


(4) >? 


1 
2 
83. True. The inclination of a line is related to its slope by 


m = tan @. If the line has an inclination of 0 radians, 


then the slope is 0 radians. 


85. False. Substitute m, = tan @ and m; = tan б, into 
the formula for the angle between two lines. 

87. False. By definition, the inclination of a nonhorizontal 
line is the positive angle 0 measured counterclockwise 


from the x-axis to the line. So, the angle 0 can be acute, 
right or obtuse. The angle 0 between two lines is less 


than z/2 because, if Ө > 2 then tan Ө «0. 


Because the formula for the angle between two lines 
involves absolute value, then tan Ө will always be 


positive. So, 0 cannot be larger than 7/2. 


89. (а) (0,0) > x = 0 and y, = 0 


y=m+4>0=m-yt4 


, | [m(0) -(-1(0) + 4] | 4 
[Jm + (р) Jm? +1 
(b) f 
6+ 
5 
id 
aaealia2zsa 


(c) The maximum distance of 4 occurs when the slope m 
is 0 and the line through (0, 4) is horizontal. 


(d) The graph has a horizontal asymptote at d = 0. 
As the slope becomes larger, the distance between 
the origin and the line, y = mx + 4, becomes 


smaller and approaches 0. 


91. x? + 12x + 35 = (x + 5)(х + 7) 


93. х? — 20x + 96 = (x – 12)(x — 8) 
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440 Chapter 10 Topics in Analytic Geometry 


95. 11x? — 33x – 44 = 11(x? – 3x - 4) = 11(х - 4)(x + 1) 


97. f(x) = x? – 13x + 40 


ll 
cS 
= 
N 
=m 
шә 
= 
+ 
m 
ON 
o 
и 

+ 

гэ 

© 
= 
ON 
o 


Axis of symmetry: x — = 


f(x) = (x - 5)(x — 8) = x-intercepts: (5, 0), (8, 0) 


99. f(x) = x? + 29x + 208 


ll 


(x? + 29x + 41) + 208 – ®! 


=(c+ 97-4 
Vertex: (2, 2) 
Axis of symmetry: x — =” 
f(x) = (x + 13)(x + 16) = x—intercepts: (—13, 0),(-16, 0) * 25 -20 -15 -10 25 | 5" 


= (x? + fx + 2) - 3-2 
2 
= (x +2) Е di ws 
Vertex: (z, zB) 
Axis of symmetry: x — 2 
f(x) = $(3x — T)(3x + 14) = x-intercepts: (4, 0), (38, 0) ют 
103. (8,19), (5, 14) 107. (5, =), (2, =) 
(а) J(8-5y + (19 - 14)? = 4/32 + 52 = 4/34 (а) JE -3Y +(г easy 
2 2 7 7 
Ы) (s Pee) (22) - fis 3 
2 2 27 2 
2 [m 
9 
105. (—17, 11), (-19, —10) _ уй 
7 
(a) Je" - (219). + [1i - C19] 143 2.10 
b 2 2. 7 7 
= V2? +21? o [5 2 | 
= \/445 = (1 i] 


(b) (= - 19 1- "| - | 18,5) 
2 2 2 
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Section 10.2 Introduction 


to Conics: Parabolas 


Section 10.2 Introduction to Conics: Parabolas 


10. 


11. 


12. 


13. 


. conic 
. parabola; directrix; focus 


. The focal chord passes through the focus and has 
endpoints on the parabola. 


. The vertex is the midpoint between the focus and 
directrix. 


2 y? = 4x 
Vertex: (0, 0) 
p=1>0 


The graph opens to the right because p is positive. 
So, the equation matches graph (c). 


x? = 2у 
Vertex: (0, 0) 
1 

=—>0 
Em 


The graph opens upward because p is positive. So, the 
equation matches graph (a). 


х? = -8у 
Vertex: (0, 0) 
p=-2<0 


The graph opens downward because p is negative. So, 
the equation matches graph (b). 


у? = -12x 
Vertex: (0, 0) 
p=-3<0 


The graph opens to the left because p is negative. So, the 
equation matches graph (d). 


Vertex: (0,0) > h=0,k = 0 
Graph opens upward. 

х? = 4ру 

Focus: (0, 1) 

р-1 

х? = 41)у 

х? = 4у 


15. 


17. 


19. 


21. 


23. 


Vertex: (0,0) > л = 0,6 = 0 


E 


t3l— 


Focus: (0. 1) — p 


x? = 4ру 
= ly 
х? = 2y 


Focus: (2,0) > p = 2 


у? = 4px 
у? = 4(—2)х 
у? = -8x 


Vertex: (0,0) > л = 0,6 = 0 


Directrix: y = 2 > р = -2 


x^ = 4py 
х? = 4(-2)y 
x? = -8y 


Vertex: (0,0) > h=0,k = 0 


Directrix: x = -1l > p=1 
? = 4 px 

y= 4(1)x 

у? = 4x 


Vertex: (0,0) = A = 0, k 


Vertical axis 
Passes through: (4, 6) 


2 


x^ = 4py 
4? = 4p(6) 
16 = 24p 
= 3 
ETS 
$a) 
x eS Sy 


441 
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442 Chapter 10 Topics in Analytic Geometry 


25. Vertex: (0,0) > л = 0,k = 0 35. Vertex: (3,-3) > h = 3k = -3 
Horizontal axis Vertical Axis; Passes through (0, 0) 
Passes through: (-2, 5 

te (x — hy = 4p(y - k) 
2... 
Pc (x – 3)? = 4p(y +3) 
5? = 4p(-2 
Р?) (0-3) = 4р(0 + 3) 
25 = -8p 
9 = 12р 
2225 
p-- 
Яаг і 
2 
у? = -2x (x - 3) = Xy + 3) 
27. Vertex: (4,0) = h = -4,k = 0 37. x? = 2y 
2 1 1 
Focus: (-3,0) = p = 1 x = {уэ h=0k = 0p = 5 
2 Vertex: (0, 0) i 


(у - k) = 4 p(x - h) 
[у - (0| 4(1)| х 2 (-9| Focus: (0, 1) 


у? = 4(х + 4) Directrix: y = -1 


Il 


29. Vertex: (6,3) > А = 6,k = 3 


Focus: (4,3) > p = -2 


ky Жас 39. у? = -6x 
2 
-3y = 4(-2)(x - 6 й 
d Л ы) у? = 4-3) > h = 0,k = 0, p = -2 
(y - 3) = -8&x - 6) Vertex: (0, 0) 
31. Vertex: (0, 2) Focus: (-3. 0) 


Directrix: y = 4 : : 
5 y Directrix: x — 


Nju 


Vertical axis 
рэ-2-4--2 

(x - of = 4(2)(y - 2) 
x? —8(у - 2) 


ll 


ll 


41. x? +12y =0 


шах x? =-12y = 4(-3)y > h=0,k 20, p = -3 


Directrix: x = —2 Vertex: (0, 0) 
Horizontal axis 41 
Vertex: (0, 2) Focus: (0L-3) | c8 ; pcc: 
p=2-0=2 Directrix: y = 3 й! 
2 
(7-2) = 42) - 0) 
(у = 2} = 8x 
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43. (x - 1) + 8(у + 2) 


45. 


47. 


49. 


8-1) 
h=1,k = -2, р 
Vertex: (1, –2) 
Focus: (1, –4) 


Directrix: y = 0 


Vertex: E -1| 
2 
Focus: B -7) 
2 


: А 1 
Directrix: x = 5 


Vertex: (1,1) 
Focus: (1, 2) 


Directrix: y = 0 


y) + бу + 8x + 25 
y +бу+9 


(у +3) 


A(I)(y = 1) 


h-Lk-Lp-l 


h=-2,k =3,p = -2 


Vertex: (-2,-3) 
Focus: (-4,-3) 


Directrix: x = 0 


a 


-8x -2549 
4(-2)(x + 2) 


Section 10.2 Introduction to Conics: 


51. 


53. 


55. 


Parabolas 


x? + 4x — 6y = -10 
x +4x+4= 6y-10+4 
x +4x+4= 6y-6 
(x + 2y = 6(у - 1) 
ee 3! = Spo - n 
3 
h=-2,k =1p= 
кс; 
Vertex: (—2, 1) 5 
Focus: (-2 3 
2 -8 
Directrix: y — 2 -8 
у+х+у=0 
yt€yti--x-i 


P 
Vertex: (2, -4) 
Focus: (0, -t) 


№ |— 


-(9/2) - (9/2) 


3 


0- 


Tangent line: y = Е -2 


6 


9 
2 


2 


443 
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57. x4 :2y 65. (a) x? = 4py 
1 1 
x? = 4 = = 1 322 = 4р| — 
Gp тел i m] 
Focus: (0, i) 1024 = iD 
Point: (—4, 8) 3072 = p 
gu. 
dus bru x! = 4(3072)y 
2 x? = 12,288y (in feet) 
2 
2 1 2 
аео (8-1 -4 йүз 
24 12,288 
d -2d,—b--8 12,288 — 
ов, 24 
хани айн 512 = x? 
x = 22.6 feet 


Tangent line: y = -4x - 8 


59. y--2x 67. Vertex: (0, 48) = h = 0, = 48 
х? = ES р = _! Passes through (0-/3, 0) 
2 8 
Point: (1 -2) Vertical axis 
: 2 
i (x - 0) = 4р(у - 48) 
Focus: | 0, -— 2 
| ) (104/3 – 0) -4р(0-48) 
usd ns 300 = -192p 
t 8 8 25 _ 


a 
N 
T 
— 
1, 
© 
©, 
N 
A a 
N 
pe oN 
oo — 
iere ca. 
p NEN, А 
N 
= 
3 
T 
A 
| 
s» 
Din 
elo 
= 
T 
| 
A 
oo 
Са 


2 _ 25 
- 4g x= a(» 48) 
E 
4-4,-5-2 69. x? = 4р(у – 12) 
ЕИ (4, 10) on curve: 
m= = 
1-0 16 = 4р(10 - 12) = -8p > р = -2 
у= 4х+2 x? = 4(-2)(y - 12) = -8y + 96 
61. y! = 4px, p = 1.5 jos E с; 
8 
? = 4(1.5)х 
cal y = 0ifx? = 96 > x = 44/6 
у? = бх 


So, the width is about 214-/6) = 19.6 meters. 
63. Vertex: (0, 0) 


(у = 0) = 4p(x - 0) 71. (а) х? = 4ру 
у? = 4рх 60? = 4р(20) = р = 45 
At (1000, 800): 800° = 4p(1000) = p = 160 Focus: (0, 45) 
| 
y? = 4(160)x (b) x = 4(45)y ory = rud 
y? = 640x 
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73. (а) V = 17,500\/2 mi/h 81. Both (a) and (b) are parabolas with vertical axes, 
= 24,750 mi/h while (c) is a parabola with a horizontal axis. , 
(b) p = -4100, (A, К) = (0, 4100) So, equations (a) and (b) are equivalent when p = ve 
2 
(x = 0j = 4(-4100)(y — 4100) (a) y=a(x—h) +k 
x? = —16,400( y — 4100) (b) (х= А)? = 4p(y - k) 
y? (x - hj = 4py - Apk 
75. (а) x? = -—(y -s 
(a) ТЭ (/4р)\(х - hy + ат) = 4ру(1/4р) 
(8) MAp(x - hy +k = y = a(x- h? +k 
1 
x? = -49(y — 100) a= dn 
(b) The egg hits the ground when y = 0. 4a = (1р) 
x? = -49(0 — 100) j= d 
x? = 4900 ^d 
алан 83. x? + y? = 64 = 82 у 
The egg travels 70 feet. center: (0, 0) 


77. False. It is not possible for a parabola to intersect its radius: r = 8 
directrix. If the graph crossed the directrix there would 
exist points closer to the directrix than the focus. 


79. x? = Apy, (x, yı) on parabola 


у-у = 2 (x - x) 


2 2 
4 85. (x - 5) + (y +1)" = 50 = (5V2) 
Slope: m = as center: (5, —1) 
P 
x radius: г = 54/2 
х=0 > y- y --—(-x) y 
2p 1 
2 2 5 
x PY = № 
Уул у sS 4 
' Ор) 2p 
2 x2 d 16 ас 
y-intercept: С он 3 
2р -81 
y=0>-y, = (x - x) = Lx x = 
= -y, = Ох-х) = x - 2 
2p 2р 
4 4x3 
х? NE: 87. р = 20,00 
то чу = x 
(2p) 2p 
2 х2-2 зу? зү 8 
КРЕ 06 e M вэ. (5) = (25) 2165, ед 
x x 2b* a? а? 
2-2 
x-intercept: Е 91. f(x) = х? 
Х| 


93. f(x) = |x| 
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Section 10.3 Ellipses 


1. ellipse; foci 11. Center: (0, 0) 


3. The two axes are the major axis and the minor axis. The Vertices: (+7, 0) > a = 7 


major axis passes through the vertices. Foci: (32,0) > e = 2 


2 2 
5 pP e b? =a? -e = 49—4 = 45 
4 9 у 
й Seb ype = | 
Center: (0, 0) er) 
a=3,b=2 “үә 23 
Vertical major axis 345 4 
Matches graph (b). 13. Center: (0, 0) 
2 2 Foci: (+4,0) > с = 4 
& t a] (+4, 0) 
9 4 


Length of horizontal major axis: 10 > a = 5 


Center: (0, 0) 2 = а? – с? = 25 – 16 = 9 


а= 3,Ь = 2 Баі н yt 24 
Horizontal major axis а? Б 
Matches graph (с). ын 4 у? = 1 
25 9 
2 
(x - 2) ; 
7. —— —— c (y +l) =1 15. Major axis vertical 


16 


Center: (2, -1) Passes through: (0,6) and (3, 0) 


a=4b=1 цагаас 
| : | Soy 
Horizontal major axis — bel 
Matches graph (a). : : 
Soy 
2 2 GP а 
x+2 +2 
(24290528, 
? 1 17. Vertices: (+6, 0) > a = 6 
Center: (—2, -2) | 1 . 
Major axis horizontal 
a=3,b=2 Passes through: (4, 1) 
Horizontal major axis 5 5 
х y 
Matches graph (d). 36 + p -1 
9. Center: (0, 0) g р 
36 12877 
a=4,b=2 
16b? + 36 = 36р? 
Vertical major axis 36 = 20b? 
2 2 
(x = A) СОЕ) = 1 9 g 
b? a ГЭВ 
х2 y 2 2 2 2 
ak ж] ери so. ЗУ =1 
4 16 36 2 36 9 
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19. Center: (2, 3) 27. Center: (1, 4) 
a=3,b=1 Vertices: (1, 0) and (1,8) > a = 4 
Vertical major axis Major axis vertical 
e-a? 20-47 a = 2 
p ш Е. 4= 2c 
ND ,» — 3)? c=2 
= (у= _, 
1 9 B maa — 
b? =16-4=12 
21. Vertices: (2, 0), (10,0) > a = 4 : 5 е 
= Л -k 
Horizontal major axis С РЕ ) 0 5 m 1 
а 
Length of minor axis: 4 > b = 2 | n a 
x- y- 
Center: (6, 0) >h=6,k = 0 12 16 1 
2 2 
(x - А) + (0-4) 1 29. Vertices: (0, 2), (4,2) > a = 2 
a? b? 
be 6) А Ge ор Е Center: (2, 2) 
16 4 Endpoints of the minor axis: (2, 3), (2, 1) 5 р =] 
2 
(x - 6) 4 Nt 21 Horizontal major axis: 
16 4 2 
л, 
23. Foci: (0, 0), (0,8) > c = 4 а? p? 
2 2 
Major axis of length: 16 > a = 8 (x - 2) | (v —2) =] 
4 1 
b = а? — с? = 64 – 16 = 48 
Center: (0, 4) = (h, k) "Ч < ” а 21 
2 2 
m 0-9 2 a=5,b=4,c =3 
b a 
2 (y 4)? Center: (0, 0) 
r = 
= + = ] 
48 64 Vertices: (+5, 0) 
25. Center: (1, 3) Foci: (+3, 0) 
Vertex: (-2,3) > a = 3 Eccentricity: e = 5 
Major axis horizontal " 
Length of minor axis: 4 > b = 2 E 
2 2 
œ- 0-4 | 
a p? 
(x -17 (y -= 3) 23 -6 Fs 
9 4 
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33. 9x? + y? = 36 5) 
di^ цн 
2 + - =1 
P РОМИ О 
а= 6, = 2 pe нгийг Ч 
o ca b Center: (-5, 1) 
= 36 – 4 = 32 
7] 13 
А Vertices: | –—, 1 |, |=, 1 
Center: (0, 0) ertices | 2 | | 2 | 
Vertices: (0, +6) 
Foci: | 54 ys Ji 5 L 
Foci: (0, +4V2) 2 2 
E "C 4/2 Ш 2/2 Eccentricity: e = ээ 
ccentricity: е = —— = —— 3 
6 3 
/ А 
at 
3 
€ s 
--- — х + -1--- фэ x 
-6 -4 4 6 21:56:43 2453.2 w1 | 
pi 
-44 
4 Be us 39. 9х2 + Ay? + 36x - 24у + 36 = 0 
18 29 I(x? + 4x + 4) + 4(y? — бу + 9) = -36 + 36 + 36 
a=5,b=4 з 5 
2 4(y — = 
2 =a -b =25-16=9=с=3 С лж d даг 
2 2 
Center: (4, –1) (x + 2) 4 =a) _ 1 
4 9 
Vertices: (4, 4), (4, —6 
хангуулж а =З,Ь = 2,с = 45 
Foci: (4, 2), (4, —4) Center: (2,3) 
Eccentricity: e = : Vertices: (-2, 6), (-2, 0) 
Foci: (-2, 34 45) 
6+ 
ӨР 5 
Eccentricity: е = ас 
0 y 
A 
64 
t + »* x 
“6 adr 240 2 
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0 


41. х2 + 5y? — 8x — 30у – 39 = 0 45. 1252 + 20y? — 12x + 40y - 37 
2 2 = 
(x? — 8x + 16) + S(y? — бу + 9) = 39 + 16 + 45 Цай = x + E) 20р + ay +1) = 37 + 3+ 20 
2 


(x – 4) + 5(у - 3) = 100 


к-4° (0-3) 


2 
TE - 3 + 20(y +1) = 60 


100 20 (8 
a = 10, b = /20 -2./5, (*- 4) (y +1) 
+ =1 
c = 4/80 = 44/5 5 3 
Center: (4, 3) a= 5,0 =3 
Foci: (4 + 4/5, 3) C=5-3= у 
1 2T 
Vertices: (14, 3), (—6, 3) Center: E 4j 2+ 
1 
ae 44/5 24/5 + NG te х 
Eccentricity: e = ETE - EA Vertices: Ё + $2 -3 6.) 4 5 
! У 
14 + 
124 Foci: Ё + 4-1 pH 
10+ -54 
84 
Eccentricity: e = v2 = SEE 
— t+ x J5 5 
-6-4 + 10 14 
-4+ 
a 47. 5x3 + 3y? = 15 
-10 T 2 2 
a + P = 1 
43. 6x! + 2y? + 18х – 10у + 2 = 0 3 5 
9 25 27 25 а= 5/5, = 4/3,с = 42 
(oes Dex 5у + )- 2+—+ 
4 4 2 2 Center: (0, 0) 
3 2 5 2 4 
бх+—| +2) у – 3 = 24 Vertices: (0, +V/5) 
2 2 
-6 
| 1 | j Foci: (o. +/2) А 
х у - = 
2 24... 1 
Pe -4 
4 12 Eccentricity: e = YS 
a = V12 = Wwe be 2,¢ = V8 = 2/2 
3 5 49. x? + 9y? — 10x + 36y + 52 = 0 
Center: | -—, 3 
22 (x? – 10x + 25) + 9(y? + 4y + 4) = -52 + 25 + 36 
Vertices: EL + 2/5) (x - 5)” + Oy + 2) = 9 
2 
e-a (v2) _ 
Foci: G3 + м) “алж 1 
22 
v 24/2 V6 a =3,b = 1,с = 2V2 
Eccentricity: e = —= = —— 
2/3 3 Center: (5, -2) 
Vertices: (8, -2), (2, -2) - 
0 10 
Foci: (5 + 24/2, -2) «Сэ» 
Eccentricity: e = Bd -6 
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Chapter 10 Topics in Analytic Geometry 


51. Vertices: (+5, 0), а = 5,h = 0,k =0 


53. 


ЭГ 3 
Eccentricity:e = — = £ 
5 a 


2 2 


x у 
е 
ab 
2 2 
X" pu ДЭРЭН 
5 16 


Foci: (1,1) and (1,13) > c = 6 


m 2 
Eccentricity: e — с 


с 2 6 
е=-— = = = – 
а 3 a 
2a = 18 
a=9 
а? = Б + с? 
81 = b? + 36 
45 = b? 


The center is the midpoint between the foci, (1, 7), and 


the major axis is vertical. 


e- 7), 
b? a? 

e- (у-7/° _, 
45 81 
55. (а) 1 
21 
4 
Т 
-40-- 

x ETT ын y = 
235225 237 529 235225 


2 
dc желке ЇЕ (23) = 47 
2 2 


(b) Distance between foci: 2(4.7) = 85.4 feet 


57. 


59. 


61. 


The length of the major axis and minor axis are 
280 millimeters and 160 millimeters, respectively. 


Therefore, 
2a = 280 > a = 140 and 2b = 160 — b = 80. 
а? = Б? + с? 


140? = 802 + с? 


13,200 = с? 
413,200 = с 
205/33 = с 


The kidney stone and spark plug are each located at 
a focus, therefore they are 2c millimeters apart, or 


2(20\/33) = 404/33 = 229.8 millimeters apart. 


a+c = 6378 + 939 = 7317 
a —c = 6378 + 215 = 6593 
Solving this system for a and c yields 
а+с = 7317 
а — c = 6593 

2a = 13,910 

a = 6955 
6955 + c = 7317 

с = 362 
Eccentricity: е = zz 2 = 0.0520 

a 6955 

HEA 


Length of latus recta: eve ea wt 
a 


4 
ян А 9 9 
Additional points: =] a А эр 47 
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63. 5x? + 3y? = 15 
са 
3 
а--4/5,8 -4/3,с-14/2 


Points on the ellipse: (+V3, 0), (0, 45) 


2 
+2 =1 
5 


Length of latus recta: a 


Additional points: Ё ын RE л) 


2 
65. False. The graph of - + уќ = 1 is not an ellipse. 


The degree of y is 4, not 2. 
67. Sample answer: Foci: (2, 2), (10, 2) >c=4 
Center: (6, 2) 
Let а? = 324 and b? = 308 
So that c? = а? – b’. 


2 


(x - 6) 
324 308 


69. 


71. 


73. 


Section 10.3 Ellipses 451 


The length of half the major axis is a and the length of 
half the minor axis is Ё. 


Find the distance between (0, b) and (c, 0) and (0, b) 
and (7c, 0). 


d, = J0- 9 + (b — o 2.5 
4, = (0 - (-9)) + (6 - 0) 


The sum ofthe distances from any point on the ellipse to 
the two foci is constant. Using the vertex (a, 0), 


2 
= с? +b 


the constant sum is (a + c) + (a — с) = 2a. 


So, the sum of the distances from (0, 5) to the two foci is 


Jc + 02 exg eb = 2a 


24 c? +b? = 2a 
VC? + 0? =a 


с +? = а? 
So, a? = D? + c? for the ellipse х шон 1, 
а b? 
where a > 0,b > 0. 


Right shift 3 units: y = (x — зу 


Given: A = 73°, C = 40°,a = 11.9 
В = 180° – A- C = 180° – 73° – 40° = 67° 


pe ада (sin 67°) = 11.45 
sin A sin 73° 

c= = (sin C) = i (sin 40°) = 8.00 
sin A sin 73° 
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75. Given: a = 17.1, b = 13, с = 94 77. [3x - уз 12 Equation 1 
p quà x-2y 2-10 Equation 2 
cos A = ——————— 
2bc Multiply Equation 1 by 2 and add to Equation 2: 
_ 13? +947 - 17.1 бх -2y = 24 
2.13.94 xd iy = -10 
= —0.1434 => A = 9825 
7x = (14 35528252 
sinB _ sin A 
БОЛ а Substitute x = 2 into Equation 1: 
. 3(2) - y = 12 > y = -6 
sin B = ЕЭ 
а Solution: (2, —6) 


ра Е 98.25 | 


17.1 79. 9x -3y = 5 Equation 1 
В = 48.80° p - у= -21 Equation 2 
С = 180° — A — В = 180° — 98.25° — 48.80° = 3295 Multiply Equation 2 by —3 and add to Equation 1: 
9x -3y = 5 
—9х + Зу = 63 
0 = 68 


There is no solution. 
Section 10.4 Hyperbolas 


1. hyperbola; foci 2 (y+ 2)” 


3. transverse axis; center 25 9 


. Center: (0, –2) 
5. The asymptotes intersect at the center of the hyperbola 


(A, k). a=5,b=3 
Horizontal transverse axis 
Ж e Match h 
7. ——— — = atches graph (c). 
EE graph (c) 
Center: (0, 0) i (y + 4) (x - 2) 23 
а-3,5-5 = ? 
Vertical transverse axis Сеше: (2, x 
Matches graph (b). a=5,b =3 
2 2 Vertical transverse axis 
x y _ 
8. 9 25 ! Matches graph (a). 
Center: (0, 0) 11. Vertices: (0, £2) > a = 2 
a=3,b=5 Foci: (0,44) >c =4 
Horizontal transverse axis Pees. =1624=12 
Matches graph (d). 
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13. Vertices: (4, 1), (4,9) > a = 4 
Foci: (4, 0), (4, 10) SiS 5 
Б? = с -a =25-16=9 
Center: (4, 5) = (h, k) 
(7-3) (4-3) 
a? p? 


(»-5 (5-4) 
16 9 


=1 


=1 


15. Vertices: (2, 3), (2,-3) > a = 3 
Passes through the point: (0, 5) 


Center: (2, 0) = (A, k) 


(6-5 (8-0, 


a? 52 
у (к-2) _, 
9 bB o 
-7 9 ,.»-9 
p? 9 9 
yp Xc-2y a 
y -9 25-9 
_ 36 9 
16 4 
2 
у? (x-2) 21 
9 9/4 
у 4к-2) |, 
9 ИШЕ 


17. Vertices: (0, –3), (4,-3) > а = 2 
Center: (2, –3) 


Passes through: (—4, 5) 


(1-5) 0-3). 


1 
a? p? 
-F P+F, 
4 p? 
(34-27 (Q3 _, 
4 p? 
9-1 41-48 
=g обез). 
4 8 


19. 


21. 


23. 


25. 


Section 10.4 Нурегбоїа8 453 


х? — у? =1 5 
a=l1b=l1cec= 512 
Center: (0, 0) 


Vertices: (+1, 0) 
Foci: (+V2, 0) 


Asymptotes: y = +x 


y? _ х? _ 1 
36 100 
a=6,b = 10 
c) = а? + b? = 136 > c = 24/34 
Center: (0, 0) „1 
2% 
Vertices: (0, +6) р igi mee 
© ЭР"! Pod 
Foci: (o. 24/34) Perera area 
-12-9 -6 2^ “26:9: 12 
3 Pd & 
Asymptotes: y — с, 22 mi ^. 
-129 
2 
х 
2p --7— 22 
” 72 
2 
yo X 
ши ыы 
» 4 
a=1,b = 2, 
с2 = а2+Ь? = 5 = с = +/5 1 


Center: (0, 0) 


Vertices: (0, +1) 


Foci: (0, 45) 


Asymptotes: y = +x 
(2468 (3-2 
1/9 1/4 
a= t b= 1 
3 2 

13 
с = — 

6 
Center: (2, -6) 


Vertices: (2 -5) 2 EJ 
3 3 


Foci: d -6 + x 


Asymptotes: y = —6 + EC - 2) 
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27. 9x? – y? – 36x – 6у +18 = 0 29. 4x? – y? + 8х + 2у -1 = 0 
Q(x? – 4x + 4) – (у? + 6y + 9) = -18 + 36 - 9 A(x? + 2x + 1) – (y? - 2y +1) =1+4-1 
(х - 2p - (y «3f = 9 Ax +1) -(y- 1) =4 
G-a +3) , (+I o-i] 
Ї 9 1 4 
а-1,5-3,-14Л0 1 а-1,5-2,с-14/5 


Center: (2,-3) 
Vertices: (1, -3), (3, -3) 
Foci: (2 ВЕ J10, -3| 


Asymptotes: 
у= 3 + 3(x - 2) 


31. 2х2 -3y? =6 
2 2 
LP T 
3 2 


Center: (—1, 1) 


a = \/3,b = /2,c = V/5 
Center: (0, 0) 


Vertices: (+V3, 0) 


Foci: (V5, 0) 


+ 


Asymptotes: y 


33. 25y? — 9x? = 225 
y? x? 
ГЭМ. 

a=3,b=5, 


с2 = а? +b = 9 + 25 = 34 = с = 4/34 


Center: (0, 0) 
Vertices: (0, +3) 


Foci: (0, +./34) 


Asymptotes: y = tox 


8 Vertices: (-2, 1), (0, 1) 
Foci: (-1 an 4/5, ) 


Asymptotes: y = 1 + 2(x +1) 


To use a graphing utility, solve for y first. 


FA 2x? - 6 
3 
2x? – 6 
Ji = 3 
Hyperbola 
20 2x? - 6 8 
X» 3 
6 -12 12 
Vy =A 
? Asymptotes 
v6 V6 -8 
зал цн л 


To use a graphing utility, solve for у first. 


, 225 + 9x? 
= 


25 
9x? + 225 
VSA =p 
25 
Hyperbola 
267 9x? + 225 
y2 = EN X в 
Уз = 5% -12 12 
Asymptotes 
= ->x 
Ул 5 = 
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35. 9y? — x? + 2x + 54у + 62 = 0 
9(у + бу + 9) - (2 -2x + 1) = -2-1« 81 
9(y +3) - (x - 1) 


(337 (8-0, 
2 18 


a = V2, b = 3V2, c = 2/5 


Center: (1, —3) 


? 218 


Vertices: (1 —3 + 42) 


Foci: (1, -3 + 24/5) 


- 


Asymptotes: y = -3 + 3" - 1) 


37. Vertices: (+1,0) > а = 1 


Asymptotes: y F5x 5,Ь = 5 


Center: (0, 0) = (h, k) 


Ga (у- 0) | 
а? b? 


39. Foci: (0, +8) > с = 8 


Asymptotes: y tax 


Center: (0, 0) = (h, k) 


c = а? +b? => 64 = 160? + Б? 


64 pug — 1024 
17 17 
Gat =i) on 
a? p? 
y? x? 
-1 
1024/7 64/17 
17y? 17x? 
1024 6 


Section 10.4 Hyperbolas 


To use a graphing utility, solve for y first. 


9(y +3) 218 + (x - 1 


18 + (x - 1. 
--3t 
4 9 
1 2 
ул -3 18 4 (x 1 
3 Hyperbola 
Vy = 3-1 18 + (x - 1) 
1 
y3 = 3+ (х - 1) 
: Asymptotes 
yy =-3-(х-1) 
2 
-8 2 10 
9 


41. Vertices: (1, 2), (3, 2) >ae=l 
Asymptotes: y = x, у= 4-х 
El 1 Be 1 5-1 
а 1 


Center: (2,2) = (h, k) 


(2-0) (7-4) 
a? b? 
(х-2) 0-2) 
1 1 


=1 


=1 


43. Vertices: (3, 0), (3,4) > a = 2 


2 2 
Asymptotes: y = ги у=4- 35 


шин 
b 3 


Center: (3, 2) = (h, k) 


ll 
чө 


(2-4) 


455 
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45. 


47. 


57. 


59. 


Chapter 10 Topics in Analytic Geometry 


Foci: (-1, –1), (9, -1) > с =5 


3 3 
Asymptotes: y = >x — 4, y = x42 
ymp y 1 у 3 
Ed b=3,a=4 
a 4 


Center: (4, –1) = (A, k) 


(х – 0) (7-4) 


= 1 
а? b? 
0-4 (Y, 
16 9 


9x? + 4y? – 18x + 16y – 119 = 0 
A=9,C =4 
AC = (9)(4) = 36 > 0 — Ellipse 


2c = 4 ті = 21,120 ft 
с = 10,560 ft 
(1100 f/s(18 s) = 19,800 ft 


The lightning occurred 19,800 feet further from B than from A: 


d, — d, = 2a = 19,800 ft 


a = 9900 ft 
b? = с — a? = (10,560)? — (9900)” 
b? = 13,503,600 
x2 у? 21 
(9900)? 13,503,600 
2 2 


х y 21 
98,010,000 — 13,503,600 


(a) Foci: (+150, 0) = с = 150 
Center: (0, 0) = (h, k) 
С 4 
186,000 186,000 
b? = с? — а? = 150? — 932 = 13,851 


0.001 2a = 186, a = 93 


2 2 
х у _ 
93? 13,851 
2 
х2 = 93°|1+—2—|= 12,161 
13,851 


x = 110.3 miles 


(c) Using the asymptote with positive slope, 
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49. 


51. 


53. 


y? = 4x? + 4x —-2y -4 = 0 
А= 4, С =1 
АС = (-4)(1) = —4 < 0 = Hyperbola 


Ax? + 25y? + 16x + 250y + 541 = 0 
A=4,C = 25 
AC = (4)(25) = 100 > 0 = Ellipse 


25x? — 10x — 200y - 119 = 0 
A=25,C=0 
AC = 25(0) = 0 — Parabola 


55. 100x? + 1005? — 100x + 400y + 409 = 0 
A = 100, С = 100 
А = C > Circle 
j 
A 
5,000 -- 
(-10,560, 0) | Sane 
reer 
+ e + + + » X 
—15,000 —10,000 -5,000 5,000 15,000 
(10,560, 0) 
(b) с-а = 150 — 93 = 57 miles 
а 
1 
150 4 
(x, 75) 
B dy 22 ах” 
gH син ха, 
(-150,0) 22-777 \ (150, 0) 
e i + .——- х 
-150 -75 75 150 


Section 10.4  Hyperbolas 457 


61. True. For a hyperbola, c? = a? + b? or 63. False. The graph is two intersecting lines. 
c p x? — у + 4x – 4у = 0 
ё? = = 1+, 
а? а? (x? + 4х + 4) - (у +4y + 4) = 4-4 
The larger the ratio of b to a, the larger the eccentricity (x - ay - (y+ 2} 20 


e = c/a of the hyperbola. 
(x - 2} = (y +2) 
х-2 = +(у - 2) 
y = хапу = -x +4 


65. ! 
А 
34 
+ »- xX 
-3 3 
-34 
Value of C Possible number of points of intersection 
С»2 P 
-6 6 
-8 
С=2 ae 
-6 6 
-3 
2<C<2 s 
-6 6 
-4 
С--2 : 
-6 6 
-4 
C<-2 ы ог а or : 
ne | | | | 
-4 -4 -4 


For C < —2, analyze the two curves to determine the number of points of intersection. 
С--2 ж? +y =4and у= х? -2 


х? = у+2 
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Substitute: (y + 2) + y? = 4 
y? +y-2=0 
(у + 2)(y-1) =0 
y =-2,1 
х? = у+2 х? = у+2 
x? = -2+2 х? =1+2 
x20 x =3 
x=0 x= +./3 
3 л) 
There are three points of intersection when С = -2. 


C«-2: xX +y =4and у= х +C 
x =y-C 
Substitute: (у – С) +у2 =4 

у +у-4-С= 0 


24 2 
-L+./1+ 4(C + 4) 
уз 


2 


If 1 + 4(C + 4) < 0, there are no real solutions (no points of intersection): 


1-4С-16 < 0 
4С < -17 


-17 А 1 . 
С < E no points of intersection 


If 1 + 4(C + 4) = 0, there is one real solution (two points of intersection): 


1+4C+16=0 
4C = -17 


-17 3 : . 
C= E two points of intersection 


If 1+ 4(C + 4) > 0, there are two real solutions (four points of intersection): 


1+4C+16>0 
4C > -17 


-1 
С> 20 (but C « —2), four points of intersection 


Summary: 


a. no points of intersection: C > 2 or С < — 


b. one point of intersection: C = 2 


c. two points of intersection: -22« C <2 or C = — 
d. three points of intersection: C = —2 


: : --17 
e. four points of intersection: x «C«-2 
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Section 10.4 Hyperbolas 459 
2 2 
+5 x-3 
67. Because the transverse axis is vertical, (v 9 | 7 ) = 1, where а = 3b = 2, h = 3,and k = —5the equations of 
the asymptotes should be y = k + no - h) 
3 
--—5t-(x-3 
y 30754 
19 1 
= >y andy = ——x 3 
à S ME 2 
69. x? — 2x = 15 77. -x? - 20x - 3 = 10 
x!-2x*121541 x? + 20х 41320 
(x - 1j = 16 -20 + ,/400 – 4(13) 
YS 
х-1= +4 2 
х= 1+4 22220 € V348 
x = 5,-3 2 
x = —10 + 87 
71. x? = 4(4х — 13) 
5 79. 8x? + 6x +8 = 14 
x^ = 16х — 52 
: 8x? + 6x — 6 = 0 
x^ — 16x = —52 
4x? + 3x -320 
x? — 16x + 64 = —52 + 64 
-3 + [9 - 4(4)(-3 
(x – 8) = 12 х = : (3 
x-8 = 4/12 = 3243 NETT 
х= 8 + 24/3 8 
73. 9x? – 42x + 38 = 0 81. cot 20 = = 
9x? — 42x + 49 = —38 + 49 n 
1 - tan? ө 
2 25 
(3x - 7) = 11 2 аа 8 
3x —7 = +/11 E 1 _ tan? @ 
3x =7+VI11 2| tan 0 tan Ө 
7 * X11 1 
x = — —^—. = —(cot Ө — tan 6) 
3 2 
75. x? + 9x +2 = —5 83. 2tan @ = 1 — tan? 0 
х2 +9x+7=0 2sinO _ sin? 0 
2 
-9 +. [81 — 4(7 cos 0 cos Ө 
X -— (7) : 2 ә 
2 2 sin Ө cos Ө = со$° Ө — sin“ 0 
—9 + 4/53 sin 20 = cos 20 
сэн 2 tan 20 = 1 
20 a CU 
4 
0 a Te 
8 2 
g = Z 5л 9л 137 
88 8’ 8 
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85. cot 40 = —cos 20 
2 cos? 20 — 1 = —cos 20 

2 cos? 20 + cos 20 - 1 = 

(2 cos 20 — 1)(соѕ 20 + 1) 


cos 20 = — > 20 = T 2nz and 20 = z, 2пл 


D 
л 
ас aa ино 
л 7л 5m llr 
= Ө = » » * 
6 6 6 6 
cos20 = -1 > 28-24 > 0 = 5+ "1 
Зоригт 
2 2 
Solutions: Ө = E 25 24 ia T ME 
6 6 6 6 2 2 


Section 10.5 Rotation of Conics 
1. rotation; axes 
3. A(x’) + C(y’) + DX + Ey + Е = 0 


5. 9 = 90°; Point: (2, 0) 


x = x cos Ө — ysin y = x sin + у cos 8 

2 = x cos 90° — y/sin 90° 0 = x’sin 90? + у cos 90° 
22-y 02x 

y -2-2 


So, (x', y) = (0, -2). 


7. 0 = 30°; Point: (1,3) 
x = x cos Ó – y sind | = x’ соз 30? — у sin 30° 
> 


y = x sin Ө + у cos 3 = x'sin 30° + у cos 30° 


2 2 


СЕ a5] 


Solving the system yields (x’, y’) = | 


9. 0 = 45°; Point: (2, 1) 


x’ cos 45? — у sin 45? 


x = x cos 0 — у sin Ө | 
z: 1 


x’ sin 45° + у cos 45? 


3/2 42 


Solving the system yields (x’, y’) = 52 EJ 


y = x sin Ө + у соѕ 0 


2 2 
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11. 


13. 


15. 


Section 10.5 Rotation of Conics 461 


Ф 
1 


60°; Point: (-1, 2) 


x x’ cos 60° — у sin 60° 


2 


x’ cos Ө — y'sin Ө -1 
> , . Ё 
х sin 60° + у cos 60? 


Сеа 2228) 


2 2 


y = x sin Ө + у соѕ Ө 


Solving the system yields (х, у) = | 


ху +3=0,4= 0,8 = 1С =0 


pte E E — (з ape cr guo 
B 2 4 
ГА ПИЛ ПИА rj 
X — X cos PT JEN y cos xy+3=0 
(42 ERA Ld N2 ERE Pee ee) „_ 
2 2 2 2 4/2 42 
j , , , ^2 ^2 
_ ХУ _xty (x’) О_о 
J2 J2 2 2 
(Y CY _, 
6 6 


ху +2х-у+4=0 
А=0,В=1,С=0 


сб“ чу-е Ж qm 
В 2 4 


x = x cos T. y sin = y = x sin + у cos 2 
4 4 4 
| x-y ху 
НЭГ V2 


Ө» 
ч 
SI 
ыг 
Хаад” 
ET TT 
ч. 
e 
< 
Жанна” 
N 
fo S 
aL 
ST 
= 
p em 
»Ü . cx 
e 
E 
SN 
LoT | 
+ 
| 
© 
A 
А, 
А, 
I 1 I 
оо an > 
1 
UN 


СУ QY,zx i х у 


2 2 5 J/2 42 2 
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17. 


19. 


Chapter 10 Topics in Analytic Geometry 


5х? — бху + Sy? – 12 = 0 
A=5,B =-6,C = 5 


ees“ ayo 2 ы уш # 
2 4 
x= x cos = у Wn шш e yep 
аад P g 49. 
(N2) {м2 _ AN2), (2 
2 2 2 2 
x - у ox ty 
J2 4/2 


5x? – бху + Sy? – 12 = 0 
С mw С Ж , Р С nv 
x-y x-y\x+y x+y 
5 6 +5 12=0 
27) XE m 


5 A2 A2 5 A2 A2 
ЗӨ аху ЗО зүү cay + sey LOT. 2 = 0 


12 


кә 
X 
ay 
RS 
MET 
T 
оо 
m 
bod 
> 
Il 


13x? + 6\/3xy + 7у2 -16 = 0 
A = 13,B = 6/3,С =7 


epg P= uo элий эы 
B NE 3 6 
, 1. T 1. T "n 

X = x cos dies y = x sin — + y cos — 


Il 
у=. 
(95) 
“илээж” 
| 
X 
N|= 
b ea 
ll 
a 
= CN 
t3|— 
b 
+ ON 
V 
Гата" 
чө 
à 


x + A3y 


2 2 


ll 
о 


13x? + 6-/Зху + 7y* – 16 


apr) " en ЯН as d | [Р =) 16=0 


2 
390) i343» BO 18x ‚ 18V3x¥ _ 6/3ху 
4 REDE 4 4 4 4 
BO", TOY 7узху UOT 0 
4 4 2 4 
16(x’) + 4у) = 16 
A2 A2 
(y Loy _, 
1 4 
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21. х2 + 2ху + y? + 2x - V2y =0,4=1,B=2,C=1 


wipes e al-lagasgguTu grt 

B 2 2 4 
x = x cos 7. — y sin 2 y = x sin + y cos T. | 

4 4 4 4 x 
_ x-y _ x y "d 
EE © 205 


х2 + 2ху + у? + 2x – A/2y = 0 


шэг npe sur 


23. 9x?  24xy + 16y? + 19x – 130у = 0 
A=9,B = 24,C = 16 
4-С 7 


cot 20 = -— > Ө = 53.13° 
B 24 
cos 20 = NS 
25 
mes 
sing = 19920 2, 25) 4 
2 2 5 у 
7 
[ele 
11 + cos 20 25 3 
cos Ө = = \ = 
2 2 5 
x = x cos Ө — ysin Ө y = x sin Ө + у cos Ө 
к заа Е 
5 P 5 5 sd 5 


9x? + 24xy + 16y? + 90x — 130y 


F ‚х2 » Р » » , ‚х2 , ГА , , 
{> d Е а Xa S L5 m Е iw) o 


Il 
© 


Sx) — 216xy' 144(у)? И 288(X) _168ху  288(У)  256(х) 384ху 144( у)? 
25 25 25 25 25 25 22% 25 25 


+ 54x’ — 72у - 104x – 78y' 


ll 
о 


25(Х) — 50x — 150 


ll 
© 
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25. x) - 4xy + 2y? = 6 
A=1,B =-4,C = 2 


cot 20 = 4-С 1-2 I 
-4 4 
1 1 
гап 20 Б 4 
tan 20 = 4 
20 = 75.96 
Ө = 37.98? 


To graph conic with a graphing calculator, solve for y in terms of x. 


x? — 4ху + 2y? = 6 


x? 6 
у? — 2ху + x? =з з" 
2 
2 x 
= х) = 3 + — -9 9 
(y - x) 5 
2 
х 
-x = Ł,]3 + — =9 
P 2 
2: 
| х 
= х+,/3 + — 
d 2 
x? x? 
Enter y, = x + ard and y; = x — EA 
27. 14x? + 16ху + 95? = 44 
A=14,B =16,C =9 
ey ae A-C _!4-—9 8 
16 16 
tan 20 = 2) 
5 
20 = 72.65? 
Ө = 36.32? 
Solve for y in terms of x using the Quadratic Formula. 
(9)y? + (16х)у + (14x? — 44) = 0 
-b + A b? — Дас 
y= 
2a 
-(16x) + (164) — 4(9)(14x? — 44) 
4 20) 
_ -l6x + А/-248х2 + 1548 
x 18 
-16x 4-4/-248х2 + 1548 T 
Use у = 
18 
-6 6 
—16х — ./—248x? + 1548 
and y, = 18 
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29. 


31. 


32. 


33. 


34. 


2x? + 4ху + 2y? + 26x + Зу = -15 
А= 2,В = 4С = 2 


ае Би 220 


cot 20 = 


Solve for y in terms of x using the Quadratic Formula. 


2y? + (4х + 3)y + (2x7 26x + 15) = 0 


Z or 45° 
4 


Section 10.5 Rotation of Conics 465 


-(4x + 3) + Je + 3)’ - 4(2)(2x? + /26x + 15) 


у= 


2(2) 


xxu (ax +3) - Sa? + 26x + 15) 


-(4x + 3) + (Ax + 3)? — (2x7 + 26x + 15) 


Enter y, = i 


“(4x + 3) = (4x 3) = 82x? + 26x + 15) 


VF 


4 
xy+2=0 
B? – ААС = 1 = The graph is a hyperbola. 
cot 20 = —— = 0 = @ = 45° 


Matches graph (е). 

х2 — ху + 3y? – 5 = 0 
A=1,B=-1,C = 3 

В? - ДАС = (1)? - 4(1)(3) = -11 
The graph is an ellipse. 


A-C _1-3_ 
-1 


cot 20 = 2 0 = 13.28° 


Matches graph (a). 
3x? + 2xy + y? -10 = 0 
B? — 44C = (2) - 4(3)(1) = -8 > 


The graph is an ellipse or circle. 
ASC 


cot 20 = 1 0 = 22.5° 


Matches graph (d). 

x? — 4ху + 4y? + 10x - 30 = 0 
A=1,B =—4,C=4 

B? — ДАС = (-4y - 4(1)(4) = 0 
The graph is a parabola. 


A-C _1-4_3 
-4 


cot 20 = 


Matches graph (c). 


Ө = 26.57? 


апа 


35. 


36. 


37. 


4 


x? + 2ху + у? = 0 


(x+y) = 0 
х+у = 0 
у = -х 


The graph is a line. Matches graph (f). 


2x? + 3xy + 2y7 +3 = 0 
B? — 4AC = (3) - 4(-2)(2) = 25 = 
The graph is a hyperbola. 


A-C 4 


cot 20 = = ха => Ө = –18.43° 


Matches graph (b). 

(a) 16x? — 8xy + y? — 10х + 5у = 0 
В? — 44C = (—8) - 4(16)(1) = 0 
The graph is a parabola. 

(b) y? + (-8x + 5)y + (16x? - 10x) = 0 


-(-8х + 5) + NES + 5) - 401) (16x? – 10x) 


y= 


20) 
(8x — 5) + JG - 5)? - 4(16x? - 10x) 
2 


(c) п 
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39. (a) 12x? – бху + Ty? – 45 = 0 45. y? - 16x? = 0 
В2-4АС-(-6) - 4(12)(7) = -300 < 0 у? = 16x’ 
y = +4х 


The graph is an ellipse. 


(b) 7y? + (-6х)у + (12x? _ 45) -0 Two intersecting lines 


-(-65) + /(-6х)* - 4(7)(12x? – 45) 
4 20) 
бу NECS - 28(12x? — 45) шинж 
14 
(c) : 


АТ. 15x? - 2xy - y? = 0 
(5x - y)(3x + y) =0 


41. (a) х2 – бху – 5y? + 4х – 22 = 0 5х - у= 0 3xty=0 


у = 5х у = -3x 
В? - ДАС = (6)? - 4(1)(-5) = 56 > 0 


Two intersecting lines 
The graph is a hyperbola. y 


(6) -5y? + (-6x)y + (x? + 4x – 22) = 0 


C69) + 6 - CS + ах m) 


у = 


2(-5) D 
6x + [36x + 20(x? + 4x — 22) 
-10 

-6x + NES + 20(x? + 4x — 22) 

10 49. x? – 2ху + y? = 0 
(c) 6 у? = 2ху + х? = х? – х? 
(7-3) = 0 
Е i y-x=0 
у= х 
-6 
Line 
43. (a) x? + 4ху + 4y? - 5x - y - 320 " 


B? — A4C = (4) - 4(1)(4) = 0 
The graph is a parabola. 
(6) 4y? + (Ax – 1)у + (x? - 5x - 3) = 0 


-áx - 1) + (4x - D? - Ao — Sx - 3) 


“a 2(4) 
-(4x - 1) + „(ах 1j - 16(x? - 5x - 3) 
a 8 
(c) T 
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51. x+y? +2x-4y+5=0 53 x? + y? — 4 = 0 Equation 1 
х2 + 2х +1+ у -4у44--54144 | xy — 2 = 0 Equation 2 
(x + їр + (у = 2)” = 0 Solve Equation 2 for у: 
Point (-1, 2) pe 2 
X 
А | Do ad | 
5+ Substitute у = — for y in Equation 1 and solve for x: 
4+ x 
: 4 
LOST х + = 4 
———— + +> х x 
aro. 12 3 4.5 xt +4 = 4х2 
SI xt — 4x7 +4=0 
“vir (x? - 2) -0 
x = +/2 


55. (a) Because A = 1, B = —2 апіс = lyou have cot 20 = 


which implies that x = x'cos 2 y'sin 2 


and y = x'sin шин y'cos Л 
4 4 


s] "s 
ae 


The equation in the x’y’-system is obtained by x? — 2xy — 27-/2х + у? + 9./2у + 378 = 0. 


Ex] AIGA GE (eg oe m 


^2 nn A2 ^2 nn A2 
0) 2ху #00 ӨЛ? + (y= 27x + 2ту' + 0) шоо +0) + 9x’ +9у + 378 = 0 


2 J2 2 2 J2 


2(y’) + 36y – 18x’ + 378 


0 


(Y + 18у + 81 = 9x – 189 + 81 


(у + 9)” = 9(x’ — 12) 
(Y +9)’ 


(b) Since p = 9/4 = 2.25, the distance from the vertex to the receiver is 2.25 feet. 


4(9/4)(x – 12) 
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57. x? + ху th’? + 6х +10 = 0 
В? – 44C = Т – A(I)(k) =1-4k > 0 > 4k > -1> k< 4 


True. For the graph to be a hyperbola, the discriminant must be greater than zero. 
59. r? = x? + y? = (x cos 0 – у sin өр + (у cos Ө + x sin ey 
= (х) cos? Ө — 2x'y' cos Ó sin Ө + (у) sin? Ө + (у) cos? Ө + 2x'y' cos O sin Ө + (х) sin? 8 


= (x^) (cos? Ө + sin? 6) + (У) (sin? 0 + cos? 8) = (х) + (у) 


61. у= x? + 4х 


2 
(-x) + 4(-x) = y = x! - 4x = No y-axis symmetry 


х 
ll 


(-y) = x! + 4x > -y = x! + 4x => y = -x? - 4x => No x-axis symmetry 


2 


(-y) = ( x) + 4(-x) > -y = х - 4x > у = -x° + 4x => No origin symmetry 


Intercepts: (0, 0), (-4, 0) 


63. у = |ң -3 


у = ЇЕ! -3 у = |x| -3 y-axis symmetry 
-y = |x| -3 > у = -x +3 — No x-axis symmetry 


-y = |Ы|-3 = у = -|д| +3 > No origin symmetry 


——A- Hx 
3456 


Intercepts: (0, —3), (3, 0), (-3, 0) 


1 — sin? x cos? x cos x 69. | x — 32 = 0 Equation 1 
65. : = - == = cot x 
cos x sinx cos xsin x sin x 2x + y — 7z =-3 Equation 2 
x -3z = 0 
67. sin x tan(Z - «see = sin x cot x sec x y-z =-3 – 2 Ба. 1 + Eq.2 
СЕ 1 Letz = a. Theny = a — 3and x = 3a. 
sin x A cos x Solution: (3a, a — 3, a), where a is any real number 


=1 
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Section 10.6 Parametric Equations 


1. plane curve 9. х-02,у-3 


3. Given a set of parametric equations, the process of 11-21-11011 
finding a corresponding rectangular equation is called 
eliminating the parameter. 


5. (a) raat, ¢=3=4 


101112 3 4 
х|0111-21-4512 
у|31211 0 -1 8 0 > 
(b) ) 
A 


The curve is traced clockwise. 


11. x = 3cos 0, у -2sin? 8,0 0 < л 


s $5.74 alol ~ |7? Зл Л 
4 121 4 
25 M б xd 3 
- 2922 
© х= >r =1 yoli 2 1 (0 
y=3-t -эту-3-х 
The graph of the parametric equations only shows 4 
the right half of the parabola, whereas the 4 


rectangular equation yields the entire parabola. 


The curve is traced from right to left. 


13. (а) x =t,y = 4t 


:|-21-11011 
х|-21:-110(1 
»|-8|-4|0|4 


с 
шу 
з 
Il 


t >t=x 


4t > у = 4х 


х 
ll 


The curve is traced from left to right. 
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15. (а) х = 1, у = 


t | 2 -1 011 
1 1 1 

X 2 41014 

у|4 1 011 


Fm e 1 
х|411 tud 
У|412 -2|-4 


(b) х= 2 == £x 


y = -2t = +24/х 
19. (а) х-АЛ,у-1-1 
i94 3 23 3 
x|o|1T]|«2 | Зз 
›|1|0{[-1 =2 


( x= Vt > x? => 0 
y=l-t=1-x%,x20 


21. (а) x = Vt -3,y = Ë 


(1011 2 3 4 
x | 3) =o) 4/2) —3|4/3:23 1-1 
y|0|1 8 27 |64 


r 4 
-6 -5 -4 -3 -2 -I 


(b) x =t -3 >t = (х + 3)? 
у=? э у= (+3) = 
t 
23. (a х= +1, у = —— 
1-1 
11-31-21011 2 
х|-21-11112 3 
рга 
dE 213 
\ 
it 
d й 
-14 
(D x=t+lot=x-l 
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25. (a) x = 4cos 0, y = 2sin Ө 29. (a) x = 25008, y = tan 8,7 < 0 s ĉZ 
g lal Z] a EA E 
2 z Kee e| ap 32/4 | л | 52/4 | 37/2 
x 1410 -4 10 4 x | undefined | -24/2 |-21-24/2 | undefined 
y |012 0 -2 0 y | undefined -1 0 1 undefined 


-34 


-44 


хү (5) x = 2вес@ > sec 0 = Č 
(b) х= 40050 = (Z) = cos? 0 2 
5 y = tan Ө 
г 2 2 
у= 2510 > | = sin? 0 1 + tan“ 0 = sec” Ө 
2 D 
2 2 t+» = (2) 
OOE 
4 2 2 
2 2 bey tec 
D ET Я 
ца а-у -irs-2 


л 3л 
2 


х|2|1 |0 11 12 


(b) x = 1+ cos 0 = (x - 1) = cos? 0 


2 
y=142sing > |21) = sin? 0 


(-Y (0-0), 
1 4 


© 2022 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


472 Chapter 10 Topics in Analytic Geometry 


(b) x 23cos 0 => cos @ = 


31. (а) x = 3с050, у = 3810 
010| 2/4 (л/2| 32/4 |m | 52/4 |3m|[2| 7л/4 | 2a гез 
х |3 |34/2/2 | 0 |-342/2]-3|-342/2| 0 | 3V2/2 | 3 
у |0 |33/2/2 | 3 (3-7 | o |-3/2/2| -3 |-3V2/2| 0 
| G) + 
К 3 
| x2 + y? = 
+ +> x 
-4 
Л 
33. (a) x = e', y = e” 37. х= у = У 
5 
t 3 2 1 011 
х 0.0498 | 0.1353 | 0.3679 | 1 | 2.7183 
y | 0.0001 | 0.0024 | 0.0498 | 1 | 20.0855 7 1 
-1 
[ 39. x = 2t,y =|¢ + 1| 
10 + к 
84 
64 
41 
-8 4 
21 29 
+ + > x 
| dE. 4l. x = 4 + 3cos 0, y = -2 + sin Ө 
(b) x =e : 
3t ( P 3 0 Е 1 
узтесаэа(с-этуэх,х» D y 
35. (а) х= Р, у= 3 шг 
-5 
|} 1 | 2 3 4 
43. x = 2csc 0, y -4сог0 
х|{ 1 [8 27 64 
y | 2.0794 | 0 | 2.0794 | 3.2958 | 4.1589 


(b) 


ч =< 0 ж 
| 


p >x =t 


ЗШ» у= № 


= n(x) 


In x 


1 
N 

1 

о о 
N 


A 
НЫ 
E 
11 
N 
+ 
_ 
= 


‚у= In (t 


Ni 


[ 
N 

[| 

о о 
N 


3 sin Ө > sin Ө = 


sin? Ө + cos? Ө = 1 


w| он 
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47. By eliminating the parameter, each curve becomes 


у = 2х +1. 
(a) x =t | 
y=2t+1 


There are no restrictions 
on x and y. 


Domain: (—ee, с) 


Orientation: 
Left to right 
(b) x = cos 8 
y=2cos9+1 >-lsys3 


>-l<x<l 


The graph oscillates. y 
Domain: [-1, 1] 


Orientation: 


Depends on @ 


(с) x =e" эх»0 
y=2e* +1 >у>1 
Domain: (0, =) 


Orientation: Downward or right to left 


>x 


2-1 1 2 
(d x=e >x>0 
у= 2е +1 —y»l 


Domain: (0, =) 


Orientation: Upward ог left to right 


49. 


51. 


53. 


55. 


57. 


59. 


Section 10.6 Parametric Equations 


х= + t(x = х), у = у + 2 = yı) 


X — X =f 
0 = х 
х= х 
у= у (ER. - y) 
X) — X 
y цагг х) = m(x — x) 
№ — XI 


х= ћ + асоѕ Ө, у = k + Ьѕіп Ө 


pem = sin Ө 


— Pis 
a b 


(x Ay (у= _ 
a? b? 


Line through (0, 0) and (3, 6) 

From Exercise 49: 

х= x +t) y = yi +) y) 
0 + ¢(3 — 0) 0 + (6 — 0) 
= 3t = 6t 


Circle with center (3, 2); radius 4 


From Exercise 50: 
x = 3 + 4со5 0 
у= 2 + 450 0 


Ellipse 

Vertices: (+5, 0) = (h, k) = (0,0) and a = 5 
Foci: (+4,0) > c = 4 

P = а? – с? = 25 - 16 = 9 5 Б = 3 
From Exercise 51: 


x = h + а со = 5 cos 0 
y=k+bsin@ = 3sin 8 


Hyperbola 


473 


Vertices: (1, 0), (9,0) 2 (h, k) = (5,0)and a = 4 


Foci: (0, 0), (10,0) > c = 5 


Са +b > 25=16+Ь% >b=3 
From Exercise 52: 

5 + 4sec Ө 

3 tan 0 


x 


У 
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61. Line segment between (0, 0) and (—5, 2). 73. у= 1 
х 
x =x, + f(x; — x)andy = y, +0 — у) А 
x 2 0 + 4-5 – 0) and y = 0, + (2 – 0) ааа 
x= -5t (0) 1= 2- х= х= ~ + 2 and 
82 = = — 
051541 — +2 1-2 
63. Left branch of the hyperbola with vertices (+3, 0) and 75. y = е" 
foci (+ 5, 0). (а) = х= х= tandy = e 
а= 3,с = 5 (b 1= 2-х x = —t + 2 апау = e'?? 


Center: (0, 0), h = 0, k = 0. 
TI. x = 4(0 — sin Ө) 34 


b = ge — а? =25-9=16 
y = 4(1 - cos 0) 
x = h+ asec = х = 0 + 3 ѕес Ө 
у= К+ рап Ө > у = 0 + 41а ө 
0 51 


x = 3sec Ө 0 


у = 41а ө 
79. 20 — 451 0 14 


T igg E 2-4 Ө 
2 2 у =2-4cos 
0 30 
65. y = àx-2 


(a) t=x x = tand y = 3t-2 


ч 
Il 


(bì) t=2-x => x= ~ + 2and 81. x 


. x = 3 cos? 8 4 
y 23(-£ 42) – 2 = 3t * 4 y = 3sin Ө 
-6 6 
67. x = 2y +1 


(a) (=x > x =tand 


NE d 
t=2y+loy=-t-— 83. x = 2cot 0 4 
2 2 y =2sin’ 6 
(D t=2-x>x=-t+2 and 28 è 
ud cdd usq 
t í 2 2 -4 
69. у= х +1 85. x = 2с050 > 2 < х < 2 
(a) = х= х= ѓай у= 2 +1 y = sin 20 -1 < у &1 
(D = 2-х 5 х = -t+ 2 апі Matches graph (b). 


Domain: [-2, 2] 


Range: [-1, 1] 


(а) t=x>x=t 86. x = 4с05 @>4<x<4 
>y=1-2" у= бѕіп 0 6 <у<6 
(b) = 2- хә х= +2 Matches graph (с). 


Domain: |-4, 4] 


=-2 + 8-7 Range: [-6, 6] 
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87. x = l(cos 0 + O sin Ө) 88. x = 1cotü = — < x < e 
y = (sin 0 — 0 cos 8) y = 4sin ð cos 0 > -2 <y <2 
Matches graph (d). Matches graph (a). 


Domain: (-өө, e») Domain: (—ee, ~) 


Range: (—ee, e») Range: |-2, 2] 


89. x = (vo cos 0), and y = h + (vp sin 0)t — 16? 


(a) Ө = 60°, vo = 88 ft/sec (c) Ө = 45°, vy = 88 ft/sec 
x = (88 cos 60°) and y = (88 sin 60°)¢ — 167° x = (88 cos 45°) and у = (88 sin 45°)t — 1677 
100 100 
0 à 250 0 Гаї 300 
Maximum height: 90.7 feet Maximum height: 60.5 ft 
Range: 209.6 feet Range: 242.0 ft 
(b) Ө = 60°, уу = 132 ft/sec (d) 0 = 45°, у = 132 ft/sec 
x = (132 cos 60°)t and у = (132 sin 609) — 167 x = (132 cos 45°) and y = (132 sin 459) — 16 
220 200 
0 Е 500 0 їл 600 
Maximum height: 204.2 feet Maximum height: 136.1 ft 
Range: 471.6 feet Range: 544.5 ft 


91. (a) 100 miles perhour = 100(2280) ft/sec = 20 ft/sec 


x= (20 cos 9) = (146.67 cos 0)t 


y = 3 + (S sin Ө)г – 160? = 3 + (146.67 sin Ө) — 1627 
(b) For 0 = 15°: 


x= (4 cos 159) = 141.7¢ 


у=3+ (20 sin 15°); -162 = 3 + 38.0t — 16/2 


The ball hits the ground inside the ballpark, so it is not a home run. 
(c) For 0 = 23°: 


x= e cos 23°); = 135.01 


50 
KA]. 
0 

60 
VN 
y = 3 + (48 sin 23° – 16? = 3 + 57.3: — 162 0 


The ball easily clears the 7-foot fence at 408 feet so it is a home run. 
(d) Find Ө so that y = 7 when x = 408 by graphing the parametric equations for Ө values between 15° and 23°. 


This occurs when @ = 19.3°. 
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Chapter 10 Topics in Analytic Geometry 


93. (a) x = (cos 35°)vot 


95. 


97. 


y = 7 + (sin 35°)vot — 16? 
(b) If the ball is caught at time 4, then: 
90 = (cos 35°) vol 


4 = 7 + (sin 35°)vot, — 164? 
Vol, = A. > -3 = (sin 35°) ME 161 
соѕ 35° соѕ 35° 
= 1642 = 90 tan 35° + 3 
=> tj = 2.03 seconds 
Vo = E ай = 54.09 ft/sec 
tı cos 35? 
(c) 24 
0 90 


0 


Maximum height = 22 feet 
(d) From part (b), 4 = 2.03 seconds. 


When the circle has rolled @ radians, the center is at 
(аб, a). 


sin Ө = sin(180° — 0) 


ic 18р) > | BD| b sin Ө 
cos Ө = —cos(180° — 0) 
_|4P| 


=>|AP| = —b cos 0 
-5 


So, x = a0 — b sin Ө and y = a — b cos 0. 


y 


1 


хэ 
yePrrloay=xtl 
x = 3t 


y=% +15 у= х2 +1 


99. False. It is possible for both x and у to be functions of t, 


101. 


103. 


105. 


107. 


109. 


but y cannot be a function of x. For example, consider 
the parametric equations x = 3 cost and y = 3 sin t. 


Both x and y are functions of t. However, after 


eliminating the parameter and finding the rectangular 


2 2 
"EP. y : 
equation y * ГЭ = 1, you can see that y is not a 


function of x. 


Plotting each set of coordinates (x, y) in the order of 


increasing value of t shows the direction, or orientation, 
of the curve. 


The use of parametric equations is useful when graphing 
two functions simultaneously on the same coordinate 
system. For example, this is useful when tracking the 
path of an object so the position and the time associated 
with that position can be determined. 


x-y28129? 
Center: (0, 0) 


Radius: r = 9 


Center: (0, 0) 
Radius: r = 44/2 


(x — 2)? +(у-8) = 24 = (2/6) 
Center: (2, 8) , 


Radius: r = 2/6 


N 


+ 


=“ + >r 
-4 -2 2 4 6 8 1012 
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111. x? -10х + y? +12y+21=0 
(x? - 10x + 25) + (y? + 12y + 36) = -21 + 25 + 36 


(1-5) + (у +6) = 40 = (-/0) 
Center: (5, —6) 
Radius: r = 24/10 


113. Coterminal angles for 0 = 7T 42m = = 
д = 4g = cua 
6 6 


Section 10.7 Polar Coordinates 


1. pole 


3. The rectangular coordinates (x, у) and the polar 


coordinates (r, 9) are related by the following equation: 


x = гсоѕ Ө tan =~ 
um and x 
=rsin 
у г? = д2 + у? 


5. Polar coordinates: e 3) 


Additional representations: 
од) (28) 
6 6 a 
2512-1177 
2,--27|-12,- ^ 
| 6 | | 6 | л Ma г зд” 0 
ва) 27 
2-471-1-2, a 
6 6 4 


| 
SS ШЕР, 


NIA 


Зл 
2 


Section 10.7 Polar Coordinates 477 
115. Coterminal angles for Ө = 22 = + 2л = = 
Зл — m -13л 
8 8 


117. sin 0 = КА 
2 
"EE: 
3 3 


119. tang = 3 


Ч 
sinO _ EN 
сов80 | 2) 
2 
"TER 
3 3 


7. Polar coordinates: (4 zl 


Additional representations: 
(4 ш л) = (4 а 
3 3 
(^ 
Ч 


9. Polar coordinates: (2, 3л) 


Additional representations: 
(2, 3a – 2л) = (2, 7) 
(-2,3z — 2л) = (-2, x) 
(-2,3z – Зл) = (-2,0) 


nig 
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2 
11. Polar coordinates: Е =) 


Additional representations: 


13. Polar coordinates: [o zz) 


Additional representations: x 


or (0,0) for any 0, 


-27 < Ө < 2л 


15. Polar coordinates: (V2, 2.36) 


Additional representations: 


(V2, 2.36 - 22) = (V2, -3.92) 
(-V2, 236 - л) = (-V2, -0.78) 
(7/2. 2.36 + т) = (-V2, 5.50) 


л 
2 


17. Polar coordinates: (-3, -1.57) 


Additional representations: 
(3, 1.57) 
(-3, 4.71) 


(3, –4.71) f 
л 0 


©? 


NIN 


19. Polar coordinates: (0, z) = (r, 6) 


21. 


23. 


25. 


27. 


29. 


x = 0созл = (0) 


(1 
(0) 


Rectangular coordinates: (0, 0) 


y = Osin z = (0) 


Polar coordinates: з z) 


gem t eg 
2 


‚Л 
3sin— = 3 
i 2 


Rectangular coordinates: (0, 3) 
Polar coordinates: (2 x 

3л 
x = 2 соѕ a -V2 


2sin 37 = 2 


20 


Rectangular coordinates: (-/2 5 47 ) 


Polar coordinates: Ё 1) = (r, 6) 


x = r cos = -200s 7 = V3 


y = rsin = -2 sin 7T =1 


Rectangular coordinates: (V3 : ) 


Polar coordinates: Е -£ 


з 
ll 
ч 
© 
o 
un 
D 
Il 
г- 
w 
I 
© 
o 
un 
ч 
||з 
NV 
| 
— 
es) 
2 
PERS 


у = 


Polar coordinates: 2 m) = (r, Ө) 


x =rcos@ = 2 oos 77 = —1.85 


y = rsin = 25 77 = 0.77 


Rectangular coordinates: (—1.85, 0.77) 


2) = 
— 
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31. 


33. 


35. 


37. 


39. 


41. 


43. 


45. 


5 
Polar coordinates: ( x 


X — cos ол = 0.26 
12 
5л 

= sin — = 0.97 
5 12 


Rectangular coordinates: (0.26, 0.97) 


Polar coordinates: (—2.5,1.1) = (r, 0) 


x =rcos@ = —2.5 cos 1.1 = -1.13 
у =rsin@ = –2.5 sin 1.1 = —2.23 


Rectangular coordinates: (—1.13, —2.23) 


Polar coordinates: (2.5, —2.9) = (r, 6) 


x = r cos 0 = 2.5cos(-2.9) = —2.43 


y = rsin Ө = 2.5sin(-2.9) = —0.60 


Rectangular coordinates: (-2.43, -0.60) 


Polar coordinates: (-3.1, 7.92) = (r, 0) 


x = rcos@ = —3.1cos 7.92 = 0.20 
у =rsin@ = —3.1sin 7.92 = –3.09 


Rectangular coordinates: (0.20, —3.09) 


Rectangular coordinates: (1, 1) 

r = +/2,tan@ = 1,0 = 2 
я 7 

Polar coordinates: КЕ 5 z) 


Rectangular coordinates: (—3, —3) 


r= 3V3,tan 6 = 1,0 = == 


5 
Polar coordinates: ЫН , =| 
Rectangular coordinates: (3, 0) 


г = /9+0 = 3, {81 0 = 0,0 = 0 


Polar coordinates: (3, 0) 
Rectangular coordinates: (0, —5) 


r = 5, tan Ө undefined, Ө = 2 


3 
Polar coordinates: E =) 


47. 


49. 


51. 


53. 


55. 


57. 


59. 


61. 


Section 10.7 Polar Coordinates 


Rectangular coordinates: (-V3 $ -43) 
r2 £4343 =+,/6,tan@ 210 = - 


5 
Polar coordinates: ЁС x 


Rectangular coordinates: (V3 : -1) 


r = ^/3 +1 = 2, (ап 0 = – 
Polar coordinates: 5 nz) 


Rectangular coordinates: (3, -2) 


u 


361-r 
5.70 = 0 


R » Pr(3, -2) 
R » PO(3, —2) 


u 


Polar coordinates: (3.61, 5.70) 


Rectangular coordinates: (—5, 2) 


u 


R » Pr(-5, -2) 
R » Рб(-5,-2) 


5.39 =r 
2.76 = Ө 


u 


Polar coordinates: (5.39, 2.76) 


Rectangular coordinates: (- NES -4) 
R » Pr(-/3, -4) 
R» Pé(- 4/5, -4) 


Polar coordinates: (4.36, 4.30) 


u 


436-r 


u 


430-8 


R » Рл 4) = 283 =г 


R » Pe(3 4) = 0.49 = 0 


r+y=9 
r= 
y=x 
r cos Ө = r sin Ө 
1 = tan 0 
"EG 
4 


479 
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63. x = 10 79. r=5 
r cos Ө = 10 г? = 25 
r = 10sec 8 х2 + y? = 25 
й 3x -yt+2= 
$ eed 81. pa 
3r со50 – г5п 0 + 2 = 0 3 
r(3 cos Ө — sin @) = -2 und cda 
3 
КЕ E 
3 cos Ө — sin Ө 5 = -V3 
67. ху = 16 y = —\/3х 
(r cos 0)(^ sin Ө) = 16 Зх+ у= 0 
r? = 16sec Ө csc Ө = 32 csc 20 
83. r = 4 сѕс Ө 
69. х= а rsin = 4 
гсоѕ0 = а у= 4 
r = asec 
85. r = —2cos 0 
71. х? +y = а? r? = -2r cos Ө 
г? = а? х + у? = -2x 
r=a x+y? + 2х = 0 
73. х2 + у? – 2ах = 0 87. г? = cos 0 
r? – 2агсоѕ Ө = 0 г? = гсоѕ Ө 
r(r — 2а cos Ө) = 0 3 
cy si 
г – 2а соѕ Ө = 0 
r = 2a cos 0 t(x? + 8" =x 
2 2 — 2 
75. (х2 + yy =з? - y (x ey) =x 
2d А А х2 + у? = x7 
(r?) y ren 2 2 25 _ 
x+y - х1 =0 
"m 
2 2 
Boro 
r r 


77. у = ж? 
(r sin ey - (r cos ey 


г? sin? Ө = г? cos? Ө 


r sin? 8 ET 
cos? @ 
r sin 0 tan? 0-1 


r = csc 0 cot? 0 
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89. 


91. 


93. 


95. 


Section 10.7 Polar Coordinates 481 


r = 2sin 30 
r = 2sin(0 + 20) 
r = [sin 0 cos 20 + cos 8 sin 26] 
r= 2 sin 21 - 2 sin? Ө) + cos 0(2 sin Ө cos 6) 
r= 2| sin 0 — 2 sin? Ө + 2 sin Ө cos? 2 
r= 2 sin Ө — 25іп? Ө + 2 sin 811 - sin? 6) 
r= 2(3 sin Ө — 4 sin? 6) 
r^ = бг? sin Ө — 8? sin? Ө 
2 
(x? + y?) = 6(x? + y) - 8y? 
(x? + yy = 6x?y - 2p? 
Ш 6 97. The graph of the polar equation is not evident by simple 
аж 2 —3sinó inspection. Convert to rectangular form first. 
(2 —3sin Ө) = 6 г = Зѕес 0 
2r = 6 + 3r sin Ө зде. 
х=3 
Xe + у?) = 6+ 3y 3-0 
X = = 
A(x? + ») = (6 + зуу y 
4x? + 4y? = 36 + 36у + 9y? | 
4x? – 5у? – 36у - 36 = 0 2+ 
if 
The graph of the polar y "mm 1 12 [4° 
equation consists of all 1 -24 
points that are six units -3+ 
from the pole. -4+ 
r=6 + >x 
5 -8 8 99. The graph of the polar equation consists of all points on 
r° =36 the circle with radius 1 and center (0, 1). 
> + y? = 36 
1 4 йн r= 2810 
r? = 2r sin 0 
The graph of the polar equation consists of all points that 2 


2 
. : +y = 2 
make an angle of z/6 with the polar axis. ira 4 


х + у -2yz-20 
1 


D 
! 
e| 
ч 
N 
+ 
= 
N 
| 
N 
X 
+ 
! 


1 


= 
N 
E 
~ 
= 
| 
EN 
Ae 
© 
ll 


Л 
tan Ө = tan — 
6 


M 
ll 


3y = NET: E 
-\/3x + Зу =0 


© 2022 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


482 Chapter 10 Topics in Analytic Geometry 


101. (a) 


NIN 


> 0 


Since the passengers enter a car at the point (r, 0) = E - z) r = 30 is the polar equation for the model. 


(b) Since it takes 45 seconds for the Ferris wheel to complete one revolution clockwise, after 15 seconds a passenger car 


: 27000 
makes one-third of one revolution ог an angle of E radians. 


Because Ө = шаг 22 = EU the passenger car is at | 30, NC = | 30, os . 
2 3 6 6 6 


5 
(c) Polar coordinates: (30, =) 


5 
х =rcos0 = 30 cos >= = 154/3 = 25.98 


y = r sin = 30 sin 2 =15 


Rectangular coordinates: (25.98, 15) 
The car is about 25.98 feet to the left of the center and 15 feet above the center. 


103. True. Because г is a directed distance, then the point (r, 0) can be represented as (r, 0 + 2nz). 


105. Rectangular coordinates: (1, -43) 


r=V/14+3=V4= 2, tan Ө = BE Ө = —F the point lies in Quadrant IV. 


Polar coordinates: (r, 0) (2 zd or (2 =) 


107. х2 + у? = 25 109. x = 2500 +6 
(х- 3) + у = 4 жой 
х-6 . 
Subtract equations: 2 = sin Ө 
2_ -3 = _ 8 
x (x 3) 25-4 (у + ЖИ 
x? — (x? — 6x + 9) = 21 3 
(4-6 vis 
6x —9 = 21 sin? Ө + cos? Ө = =1 
4 9 
6x = 30 : 
x=5> y=0 3T 
Solution: (5, 0) E 3 4 6 8112 ` 


-124 


The curve is traced clockwise. 
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111. 


Section 10.8 Graphs of Polar Equations 


11. 


х= Aln(r - 1) +9 


y = 6r? 
9 
4 
10+ 
8 
6 
4 
2 
-- 3-4-4-4-1 > xX 
-4 -2 2 4 6 8 10 12 
-4+4 
-6 


The curve is traced from left to right. 


. lemniscate 


. The graph of a polar equation is symmetric with respect 


to the line Ө = 5 its because replacing (r, 0) with 


(r, z — 0) or (-r, –0) yields an equivalent equation. 


. r 2 3cos Ө 


Circle 


. r = 3(1 - 2 cos Ө) 


Limagon with inner loop 


. r = 6cos 20 


Rose curve with 4 petals 


r=6+3cos0 


0- Е -r = 6 + 3cos(-0) 


-r = 6 + 3 соѕ 0 
Not ап equivalent equation 
Polar axis: r = 6 + 3со8(-0) 
r=6+3cos0@ 
Equivalent equation 
Pole: -r = 6 + 3 соѕ 0 
Not an equivalent equation 


Answer: 


Symmetric with respect to polar axis. 


Section 10.8 Graphs of Polar Equations 
13, r= 5 
1+ sin 0 
Ө = Л. r= ——_ z 
2 1 + sin(z — Ө) 
Е 2 
1 + sin z cos Ө — cos л sin Ө 
Ш 2 
1+ sin Ө 
Equivalent equation 
Polar axis: r = — 20И 
1 + sin(-6) 
Е 2 
1 — sin Ө 
Not an equivalent equation 
2 
Pole: =r = ——_— 
1+ sin 0 
Answer: Symmetric with respect to 0 = 2/2 


15. r? = 36 cos 20 


Bu 
2 


Polar axis: 


Pole: 


Answer: 


(-r)’ = 36 cos 2(-6) 
г? = 36 cos 20 
Equivalent equation 
r? = 36 cos 2(-6) 
r? = 36 соз 20 
Equivalent equation 
(ry = 36 cos 20 
r? = 36 cos 20 


Equivalent equation 
: : л 
Symmetric with respect to 0 = 27 


the polar axis, and the pole 
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484 Chapter 10 Topics in Analytic Geometry 


17. |r| = |10 – 10 sin 0| = 10|1 — sin 6| < 10(2) = 20 532222 
. 4 
|1 — sin 6| =2 
1-5310-2 or l- sin = -2 Symmetric with respect to 0 = 2 polar axis, pole 
sin Ө = -1 sing = 3 5 
3л Circle with radius — 
0- ER Not possible 4 


NIN 


3 
Maximum: |r| = 20 when Ө = > 


0 = 10(1 — sin 0) 


n t + > 0 
sin Ө = 1 1 
0-2 
2 
эл 
Zero: r = 0 when 9 = 7 | 
25. r = 3510 0 


19. |r| = |4 cos 30| = 4|cos 30| 4 т 
Symmetric with respect to Ө = — 
[сов 30| =1 2 
eV eG =e) Circle with radius 2 
824 DE 
3 3 Z 
: л 20 
Maximum: |r| = 4 when Ө = 0, з = 
0 = 4соѕ30 
соѕ 30 = 0 
9 - 2% Sm | 
6 2 6 эл 
А 2 
Zero: r = 0 when 0 = 2 шарыг 
62 6 27. г = 3(1 — cos 0) 
21. г = 5 Symmetric with respect to the polar axis 
а 3 Эр 
Symmetric with respect to Ө = 2 polar axis, pole Жа 1 = Cardioid 


Circle with radius 5 | = 6 when0 = л 


г = 0 when Ө = 0 


1—4 via 


EL 


R- H> 0 
6 8 


n+ 


э 4—4 


nly 
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Section 10.8 Graphs of Polar Equations 485 


29. r = 41 + sin 6) 35. г = 3— 6cos 0 


ЭР л Symmetric with respect to the polar axis 
Symmetric with respect to Ө = Ч Á 4 P 


22 X < 1 = Шшасоп with inner loop 
a 4 - b 2 
— = — = | > Cardioid 
b 4 |r| = 9 when 8 = 7 
Л 
= 8 when Ө = — 
|r| when 2 r = 0уһеп 8 = 7,27 
3 3 
r = 0 when Ө = Du 5 
2 2 
л 1 
LE c reo 
7-4 t+ 0 эл 
+ 4 : 
эл . 
2 37. r 2 5sin 20 
-— — Symmetric with respect to 0 = 7/2, the polar axis, and 
mE | the pole 
Symmetric with respect to the polar axis Rose curve (n = 2) with 4 petals 
a 5 
— = — > 1 > Dimpled limaçon 
b 2 А |= 5 when Ө = Z, 37, 57, 77 
4 4 4 4 


| = 7 when 8 = 0 m 
г = 0 when Ө = Lud 


ий NIA 


+ әз 


Я-4 +> 0 
8 


wigs 


өд 


33. r 2 1-3sin Ө 
39. r = 6 cos 30 


. . m 
Symmetric with respect to Ө = — 
2 Symmetric with respect to polar axis 


1 : ЫН" : 
4-241-э Limagon with inner loop Rose curve (n = 3) with three petals 


|r| = 4when Ө = ш 
2 


r = Owhen @ = 0.3398, 2.802 


1—4 la 


ы 


3x 
2 
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486 Chapter 10 Topics in Analytic Geometry 


41. r = 2 sec Ө 
2 
r= 
cos Ө 
rcos@ = 2 


x = 2 => Line 


ын 


43. r 


r(sin Ө — 2 cos Ө) 
y-2x 
y 


NIN 


Зл 
2 


45. r? = 9 cos 20 


Symmetric with respect to the polar axis, Ө = 2/2, 


and the pole 


Lemniscate 
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»-0 


= 2x +3 => Line 


sin Ө — 2 cos Ө 


ass 
4 


П 
o 

e | 
o 


0<0 < 2л 
49. gru 
8 
4 
-6 6 
-4 
0<0 < 2л 
51. r = 8cos@ 
6 
-4 14 
-6 
0<0 < 2л 


53. r= 3(2 — sin 0) 


1 
a | 
o 


Өтіп = 0 
Өтах = 27 
Ostep = 2/24 
Xmin = -6 
Xmax = 6 
Xscl = 1 
Ymin = —4 
Ymax = 4 
Yscl = 1 
Өтіп = 0 
Omax = 27 
Ostep = 2/24 
Xmin = -6 
Xmax = 6 
Xscl = 1 
Ymin = —4 
Ymax = 4 
Yscl = 1 
Өтіп = 0 
Өтах = 27 
Ostep = 2/24 
Xmin = -4 
Xmax = 14 
Xscl = 2 
Ymin = -6 
Ymax = 6 
Yscl = 2 
Өтш = 0 
Omax = 27 
Ostep = 2/24 
Xmin = -11 
Xmax = 10 
Xscl = 1 
Ymin --10 
Ymax = 4 
Yscl = 1 


Section 10.8 Graphs of Polar Equations 
55. г = 8sin 8 cos? 0 Өтіп = 0 57. г = 3 – 8cos 0 7 
3 Өтах = 27 0<0<2л 
-16 Б 
Ostep = л/24 
ы Е Xmin = -4 = 
Xmax = 5 
2 
= Хас! = 1 59. r = 220) 
0<0 < 2л Ymin = -3 E -3 3 
< 
Ymax = 3 0< 0< 4r 
Yscl = 1 ES 
61. r? = 9 sin 20 ы 
0<O0<az 
-6 6 
-4 
1 
63. r=2-sec@=2- 
cos 0 
г соз Ө = 2с050 – 1 
r(r cos Ө) = 2rcos0-r 
(s + Ур = 2х - (s + y?) 
(s? + » fx +1) = 2x 
(se + 7?) = = 
Хх +1 
Pag 4x? 
(x +1) 
5 Ax? 5 4x? — x (x + D 4x? — x(x? + 2х + 1) 
у? = - = 
(х +1) (x +1) (х +1) 
—x!— 2x3 + 3x? -x° (x? + 2x = 3) 
(x +1) (x +1) 


65. к=? 
Ө 
g-3.3sn0 _ 356 
r  rsin@ y 
_ Зер Ө 
шин 


As@>0,y > 3 


-6+ 


-8+ 


The graph is a cardioid. 


487 


(b) Since |r| is at a maximum when r = 10 at Ө = 0 


radians, the microphone is most sensitive to sound 


when Ө = 0. 
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488 Chapter 10 Topics in Analytic Geometry 


69. True. The equation is of the form r = a sin nO, where n is odd, so it has five petals. 


71. Let the curve r = f(0) be rotated by ¢ to form the curve r = g(0). 
If (n, &) isa point on r = /(0), then (7,6 9) ison r = g(6). 
That is, 2(0 + Ф) = л = f(8). Letting 0 = 6, à, or 6 = 0 — 0, 


you see that g(0) = g(8, + 9) = f(8) = f(A — 9). 


» nja 


(r,. 8*6) 


(r, 0) 


73. r = G[1 + cos(8 - 9)] 
(a) в (b) 2 (c) м 


The angle à has the effect of rotating the graph by the angle ø. For part (с), r = 1 + 20 - 3 = 6(1 + sin Ө). 


77. 16x? + 25y? = 400 
2 2 
M. + y. 1 
25 16 
Center: (0, 0) 


75. (а) г = 2— we m z) 


2- sin 0 cos ^. — cos 0 sin = 
4 4 


М. 
= 2 – “> in Ө — cos 9) Vertices: (+5, 0) 
(b) n(o z) са -b =25-16=9>c=3 
r= 2 — sin 0 – — 
Foci: (+3, 0) 
= 2 -|sin 6 cos Z — cos asin Z 2. с 3 
9 2 Eccentricity = е = — = Е 
а 
= 2 + cos 0 ; 
A 
(c) r = 2 — sin(0 — л) 61 
= 2 - [sin Ө cos л — cos @ sin л] 
= 2 + sin 8 
: E p »- x 
(d r22- СС - =) 


2- E 9 cos a — cos Ө sin | 
2 2 


2 — cos 0 
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Section 10.9 Polar Equations of Conics 489 


79. 25y? – 9x? + 18x - 234 = 0 81. 36x? + 432x + 25y? — 250y + 1021 = 0 
“9x? + 25у? + 18x - 234 = 0 36x? + 25y? + 432x — 250y + 1021 = 0 
AC = (-9)(25) < 0 = Hyperbola АС = (36)(25) > 0 = Ellipse 


Section 10.9 Polar Equations of Conics 


1. i 
conic 10. r= 3 
2 + cos 0 
3. An equation of the form r — EE e corresponds 1 | 
1 + ecos 0 е = : => Ellipse 
to a conic with a vertical directrix. 
Vertical directrix to the right of the pole 
E xu 2e Matches graph (d). 
1 + ecos 8 
4 
2 П. r = ——— 
е = kr = ———— = parabola 1 + sin Ө 
1 + cos 0 
1 e = 1 => Parabola 
e= 05:7 = i3 AUD — ellipse Horizontal directrix above the pole 
3 Matches graph (a). 
e=15r= — hyperbola 
1 + 1.5cos 8 4 
12. r = ———— 
1-3sin0@ 
e = 3 => Hyperbola 
Horizontal directrix below pole 
Matches graph (b). 
Lr: 2 a 2 
2 l — esin 0 iid | 
е = 1 — Parabola 
e = Lr = ————— > parabola 
l — sin 0 3 п +> 0 
1 Vertex: 3 2 5 
e =0.5:r = - > ellipse 2 
1 — 0.5 sin Ө 
15 3 > hyperbol т 
е = 1.5:7 = erbola 2 
1 — 1.5 sin 8 “ 
е=0.5 4 e=1 
15. r= a 
1 — sin 0 
e = 1, the graph is a parabola. 


Vertex: (5-2) 
2.7 2 


~ 1- cos Ó 


e = 1 = Parabola 


Vertical directrix to the left of the pole 


MAMMA юз 


Matches graph (c). 


elg 
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490 Chapter 10 Topics in Analytic Geometry 


E ln 1 5 з 3/2 
2-cos@ 1- (1/2) cos 8 ` 2-6со80 1-3сов80 


17. r- 


x 
| 


е = 3 > 1, the graph is a hyperbola. 


1 
e= 2) < 1, the graph is an ellipse. 


Vertices: (-2. o} B 2 
2 ) 4 8 


Vertices: (2, 0), E л 


NIA 


NIN 


Л + + |> 0 
1 
3 
1 2 
7 1 
25. r= m) 
6 3 1 — sin ө -3 3 
19. r= 2 - = i Usi 
TRUE +(/ )sin Ө е = 1 = Parabola 
1 
е = 5 < 1, the graph is an ellipse. з 
: л Зл 3 
Vertices: | 2, — |, | 6, — DU a = ЕЕ 2 
2 2 —4 + 2 cos Ө 
2 1 : -4 2 
e = — => Ellipse 
1 2 
n + +» 0) = 
4 6 
29. r=" — T 
3 —cos 0 
" 1 | » ° 
* e= ^ => Ellipse 
-3 
21. к= — = эг 
2-4810 142810 31 14 1 
* r ын . = . 
e = 2 > 1, the graph is a hyperbola. 14+ 17sin@ 15 (17/14)sin 8 
1 
Vertices: Tm [X e= a > 1 => Hyperbola 
rang 14 
» үд 
-8 T 
-3 
Л 0 
1 
pe 2 7 
2 1 — cos(0 — 2/4) 


Rotate the graph in 
Exercise 13 through 
the angle 7/4. m 
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35. 


37. 


39. 


41. 


43. 


45. 


6 3 
Z8 = ————————E 
2+ (0 + z) ad 
6 
Rotate the graph in 
Exercise 19 through -7 


the angle —7/6. 


Parabola: e = 1 
Directrix: x = -1 


Vertical directrix to the left of the pole 


= (1) Е 1 
1-1с050 1-сов80 
ЕШ е l 
ipse: e = — 
Ё 2 
Directrix: x = 3 
pon 
Vertical directrix to the right of the pole 
3 
Q2) Z> . 3 


1+ (1/2) сов0 1+ 5cos@ 2 + cos 


Hyperbola: е = 2 


Directrix: x = 1 


pu 
Vertical directrix to the right of the pole 
2(1) = 2 
1-2с080 1+2cos@ 
Parabola 


Vertex: (2,0) > е= 1р = 4 


Vertical directrix to the right of the pole 
1(4) Е 4 
1+1с050 1+ соѕ 0 


r= 


Parabola 
Vertex: (5,7) > е= 1р =10 
Vertical directrix to the left of the pole 
1(10) х 10 
1 — 1 cos 0 


1 — cos Ө 


Section 10.9 Polar Equations of Conics 


47. Ellipse: Vertices (2, 0), (10, 7) 


2 
Center: (4, л); с = 4,a = 6,e = 5 
Vertical directrix to the right of the pole 
___(2/3)p_ 2р 
1+ (2/3)cos@ 3 + 2с050 
2 = _ 2p оо 
3 + 2 cos 0 
р = 5 
t 2(5) Ш 10 
3+2cos9 3 + 2с050 
49. Ellipse: Vertices (20, 0), (4, л) 
2 
Center: (8, 0); с = 8a = 12,е = 5 
Vertical directrix to the left of the pole 
___(2/3)p_ | 2p 
1 — (2/3)cos6 3 – 2 cos 0 
20 = __2Р__ 
3 — 2 cos 0 
p=10 
2(10) А 20 
3-2с080 3 – 2с050 


3 3 
51. Hyperbola: Vertices 1 2) Ё x 


Center: 5 27 ;c = 5,а = 4,e = 5 
2 4 


Horizontal directrix below the pole 


(5/4p _ _ __5р 
1 — (5/4)sinð  4-—5sin8 


2222-2928 __ 
4 — 5 sin (32/2) 
239 
pc 
t 5(9/5) = 9 
4-5sin0 4 – 5 $п Ө 
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492 Chapter 10 Topics in Analytic Geometry 


53. When 0 = 0,r =c +a = ea +a = a(l + e). 


Therefore, a(l +e) = — 
1- есоѕ 0 
a(l + e)(1 — е) = ep 
a(l = e) = ep 
1 — e)a 
So, r = Ф = | ) 


1-6С080 l-—ecos@ 


55. Earth: 


[1 - (0.0167)°(9.2957 x19)] 9.2931 x 107 
1 — 0.0167 cos Ө ~ 1 — 0.0167 cos 0 


(a) r= 
(b) Perihelion distance: r = 9.2957 x 107(1 — 0.0167) » 9.1405 x 107 miles 


Aphelion distance: г = 9.2957 x 107(1 + 0.0167) = 9.4509 х 107 miles 


57. Venus: 


[1 — (0.0067):(1.0821 х 108)] овог x 10° 
1 — 0.0067 cos Ө ~ 1 0.0067 cos 8 


(а) r= 


(b) Perihelion distance: r = 1.0821 x 10%(1 — 0.0067) = 1.0748 x 10" kilometers 
Aphelion distance: ғ = 1.0821 x 10*(1 + 0.0067) = 1.0894 х 10° kilometers 


59. Mars: 
[1 — (0.0935)"(1.4162 х109| 1.4038 x 108 
1 — 0.0935 cos 0 ^ 1 0.0935 cos 0 
(b) Perihelion distance: ғ = 1.4162 x 10%(1 — 0.0935) = 1.2838 x 10* miles 


(а) r= 


Aphelion distance: ғ = 1.4162 x 10*(1 + 0.0935) = 1.5486 x 10* miles 


2 2 
6l. r = —~— 67. pee] 
2 + sin Ө а b? 
= 3/2 г? cos? 0 à r’ sin? | 1 
1 + 1/2 sin Ө a? p 
Because e — А the equation represents an ellipse. r? cos? 0 (1 — соз? 0) л 
a? p? 
63. True. The graphs represent the same hyperbola, although rj? cos? 0 + rg? — r2a? cos? Ө = a2b? 
the graphs are not traced out in the same order as 0 goes 
from 0 to 27. rp = а? )соѕ? Ө + ra? = а? 
65. False. Since b? – a? = -c?, we have: 
x 6 Е 2 —г?с? cos? Ө + ra? = а?Ь? 
3-2cos@ 1 - (2/3)соѕ 8 2 
c 
2 ~£) cos? 0 + r? = b’, e => 
e= s «1 а а 


—ү2е? cos? Ө + р? = b? 
(1 — е? соз” 0) = Б> 
2 
$c b 
re 2 2 
1 – е? соѕ Ө 


The graph is an ellipse. 
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Section 10.9 Polar Equations of Conics 
2 2 2 2 
69. — +7 =] Nee Si 
169 144 9 16 
5 
a = 13,b = 12, с = 5,е i3 a = 3,b = 4,c = 5,e = 
2L 144 = 24,336 22 -16 E 144 
1— (25/169) cos? @ 169 — 25 cos? 8 1—(25/9)cos? @ 25 cos? 8 – 9 
73. If e remains fixed and p changes, then the lengths of both the major axis and the minor axis change. 
2 
For example, graph 2 with е 2 апа 2 and graph r e with e 
> LS OL u$ — 250 жеу =e = 
ene 1 — (2/3) sin Ө 3 цаа did 1 - (2/3) sin Ө 


p = 10 on the same set of coordinate axes. 


493 


— and 


The first ellipse has a major axis of length 18 and a minor axis of length 6-/5 , and the second ellipse has a major axis of 


length 21.6 and a minor axis of length 72/5. 


75. 9x? + 42x + 32 = 0 


9x? + 42x + 49 = -32 + 49 
(3x + 7) = 17 
3x +7 = 4/17 
ТЕАИ 
3 


79. -x? – y? - 8x + 20у – 7 = 


х? + 9у2 + 8х + 4у +7 = 


8у2 + 24у 
8у(у + 3) 
у = богу = 


0 


-3 
When у = 0: x? + 9(0)* + 8x + 4(0) +7 

x +8х+7 

(x + 7)(x + 1) 

x = —-7orx 

When у = —3: x? + 9(—3) + 8x + 4(-3) +7 
x? + 8x + 76 


No real solutions 


The points of intersection are (—7, 0) and (-1, 0). 


0 = (x + 4) +9(у+ 


77. 9y? = 299 – 30у 
9y? + 30у + 25 = 299 + 25 
(3y + 5)? = 324 
3y +5 = +18 
у = 1(-5 + 18) 
y = -2, R 
2 (x + 4) (> + zu 
24^. - «85 9 zs : 
2) $03 Е 1: ЕШрѕе 
9 81 


© 2022 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, іп whole or in part. 


494 Chapter 10 Topics in Analytic Geometry 


81. y = 7 + x — 0.02x° 
(a) h=7 


Л + (уу sin @)t — 16? = 7 + (v, cos Ө) — 0.02 (vo cos ө 


. А 2 
Vo Sin Ө = vy cos Ө cos Ө = sin Ө daxc acm 


-16 = —0.02 vê cos? Ө > và = 1600 > w = 40 


(b) 25 


0 60 
0 


(c) Maximum height: 19.5 feet 
Range: 56.2 feet 


Review Exercises for Chapter 10 


1. Points: (—1, 2) and (2, 5) 


dung e. Ld el 
2-(-1) 3 


tnd=1> Ө = “radian = 45° 


3. 5x + 2у +4 = 0 
2y = -5x -– 4 
5 
-——x-2 
х 2 
5 
т = -> 
2; 
шиг 
2 


0- "а (-5) = л — 1.1902 = 1.9513 radians or 111.8? 


5 4x+ y=2 у=-4х+2 > т = -4 9. (43) > -4,у-3 
5х + y = –1 у = 5х -– 1 = т = 5 


5 — (-4) 
1 + (-4)(5) 


6 = arctan Z = 0.4424 radian » 25.35° 


2x-y-1=0 A=2,B=-1,C = -1 
22 (014) + DG) -(-0| 4 — 4/5 


19 d= 


tan Ө = 


11. Hyperbola 


2 8 2 
7. 2x - Ty =8 у= 2% T Rae 
04х+у= 0 > y = -0.4х = т = -04 
anga —0.4 — (2/7) E 24 
1+ (2/7)(—0.4) 31 


Ө = arctan (2) = 0.6588 radian = 37.7? 
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13. 


Vertex: (0,0) = (h, k) 


Focus: (0,3) > p = 3 


Review Exercises for Chapter 10 495 


19. Parabola 
Opens downward 
Vertex: (0, 10) 


(x - A) = 4p(y - k) 
x? = 4p(y — 10) 


x? = 12y zz 
MI Solution points: (+3, 8) 
9 = 4p(8 — 10 
15. Vertex: (0,2) = (7,8) у Pl ) 
9 --8р 
Focus: x = -3 > p =3 
P -2 =p 
2 
(y = к) = 4p(x - h) qe 4(-3)» - 10) 
2 
y-2) -12х 
( ) uv" x? = –3(у - 10) 
45 
To find the x-intercepts, let y = 0. 
x? = 45 
17. у=2х% эх? = ys pas x = +4/45 = £3 /5 
At the base, the archway is 2(3V/5) = 6-/5 = 13.4 
1 
Focus: (n 1) meters wide. 
d + 21. Vertices: (2, 0), (2,16) > a = 8 
2 Center: (2, 8) = (h, k) 
2 
ae Je 2 + (2 Е 1) Minor axis of length 6 — b = 3 
NE n 225 17 Ends of minor axis: (2, 3), (2, 13) 
64 8 (x = hy, | (у Ш кр 
4, -4, p? | в? =1 
2 2 
TEN: (-2* 0-85, 
8 8 9 64 
b=2 
E 9 23. Vertices: (0,1), (4,1) > a = 2, (h, k) = (2,1) 
slope m = = -4, 
Ors Endpoints of minor axis: (2, 0), (2,2) > b = 1 
Point-slope: y – 2 = —4(x + 1) Р | 
| 8-3 00-48, 
Tangent line: y = —4x — 2 2 + р? = 
\ (r-2y 2 
+ -l) 21 
1 (v - 1) 
25. 24 = 10 >a=5 
X b=4 


с? = а? – Б? =25-16=9>c =3 


The foci occur 3 feet from the center of the arch on a line 
connecting the tops of the pillars. 
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(x + 2)? : (у-5| Ё 33. Foci: (+5,0) > с = 5, (h, k) = (0, 0) 


27. 1 


64 36 Asymptotes: 
a= 8b =6 у= +55 pcd rm b-iacá 
a 
c-aq4-b2641-36-228—c-2247 : 1 
(2-4) (0-0) 
Center: (-2, 5) 2 y -1 
Vertices: (-10, 5), (6, 5) ху 5 ху 2 
2 2 
Foci: (-2 + 24/7, 5) 4 3 16 
2 2 
-4 +2 
Eccentricity: e = 27 = vi 35. Gs 0 =i 
8 4 49 25 
у a=7,b=5 


с = а +b = 49 + 25 = 74 = с = A 
Center: (4, -2) 
Vertices: (11, —2), (-3, –2) 


i Foci: (4 + 4/74, -2) 


Asymptotes: y = —2 + ql - 4) 
29. 16x? + 9y? – 32x + 72у +16 = 0 j 
16(x? — 2x +1) + 9(5? +8у +16) = —16 + 16 + 144 
16(х -1) + 9(y + 4) = 144 


(r= жа, 


Center: (1, –4) 4 


37. 9x? – 16у> – 18x - 32y - 151 = 0 


Vertices: (1, 0), and (1, —8) 
9 (x? – 2x + 1) – 16(y? + 2y + 1) = 1514 9 -16 


Foci: (1 -4 + V7) 


9(x = 1? —16(у + 1}? = 144 


к= (51) 


48 


Eccentricity: e = 


3 


- 


. Vertices: (0, £6) = a = 6, (h, k) = (0, 0) 
Foci: (0, £8) > с = 8 Center (b) 

Vertices: (5, -1) and (—3, -1 

Б? = с – а? = 64 – 36 = 28 а ) 


(»-£ (х) 
а? p Asymptotes: y = -1 + 10 - 1) 


Foci: (6,-1) and (—4, —1) 


1 
чә 
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39. Since the microphones were two miles apart, 2 miles · 5280 = с = 5280. Since sound travels at 1100 feet per second, 
|d; - d,| = 2a = 6600 = а = 3300. 


pa Lg 


= 5280? — 3300? 1 
= 27,878,400 — 10,890,000 | 
= 16,988,400 


Since the explosion took place 6600 feet farther from B than from A. 
The locus of all points that are 6600 feet closer to A than to B is one 


2 2 
branch of the hyperbola of the form ын - x = ], so it follows that 
a 
2 2 
x y 21 
10,890,000 16,988,400 
41. 52 - 2y? + 10х - 4у +17 = 0 43. Зх? + 2y? – 12x + 12у + 29 = 0 
AC = 5(-2) = -10 < 0 A=3,C=2 
Hyperbola AC = 3(2) =6>0 
Ellipse 
45. xy +5 = 0 


А=С=0,В=1 
В? — ААС = Р - 4(0)(0) = 1 > 0 = Hyperbola 


gs Sot ие ве 
1 2 4 
xx оос ‘in = am 
4 75247717 
= а св =*^ БУ у 
P qr NS A 
х-у ху 
+5 = 0 
E 
A2 ^2 x 
88-08 
2 
гү2 гү2 
OY (Cy. 
10 10 
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47. 552 – 2xy + 5y? -12 = 0 
A=C =5,B=-2 


2. 


B? — 44C = (—2) - 4(5)(5) = -96 < 0 


The graph is an ellipse. у 
cot 20 =0 > ове 7-927 ; 
2 4 
0 Л ‚. T x-y 
X = X COS y sin = С 
4 4 2 
ER cog Z =^ 
й 4 EA 
x -yYy x-y x y х yYy 
5 2 +5 12=0 
ez) AA) SER, 
5 Р 7 7 lá СА СА 2 F Р р СА 
Де? -209)-071-187-07 18:07 + 2699 + | 2 12 


49. (a) 16x? — 24ху + 9y? — 30x - 40у = 0 
B? — 4AC = (24)? - 4(16)(9) = 0 
The graph is a parabola. 
(b) To use a graphing utility, we need to solve for y in terms of x. 


9y? + (-24x — 40)y + (16x? — 30x) = 0 


—(-24x - 40) + \/(—24х = 40)? - 4(9)(16x? — 30x) 
2(9) 


уз 


(24x + 40) + NUS + 40). - 36(16x? – 30x) 
18 


51. (а) x? - 10ху + y? +1=0 
Since B^ — 44C = (-10)” - 4(1)(1) > 0 = Hyperbola 
(b) Use the Quadratic Formula to solve for y in terms of x: y? — 10ху + x? +1=0 


10x + ./100x? — 4p? + 1) 
2 


у = 


(c) 2 
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53. х= 3t - 2, y = 7 — 4 59. (a) 1 
d 
eii5liíloe lila 
х|-8|-51-21114 
=, lt x 
ylis| |а 
(b) 4 -44 


(b x = 3 cos 0, у = 3 sin 0 


2 


2 2 
B = cos? 0, BH = sin? 0 
3 3 


r+y=9 


61. y = 2x +3 


(а) t=x>x=t 
55. (a) у=2х+3=2 +3 
(D t=xt+1>x=1t-1 


у=2х+3 = 2%t-1)+3 = 22 +1 


(с) #=3- х5 х= 3-1 
у= 2х +3 = 23-1) +3 = 9-21 


63. у= х2 +3 
(а) t=x>x=t 


(5) 


у= х2 +3 = г? +3 


(D = х+15 х= #-1 


у= х2 +3 = (0-1) +3 = 02-21 +4 
57. (а) » (с) #=3- х5 х= 3-1 
Ын у= 2+3 = (3-1) +3 = 2 – 6 + 12 


65. y =1- 4х? 


(а) t=x>x=t 


үг Mu рай 


1 2 3 4 (D t=x+1l>x=t-1 


=1- 4х2 =1-4(¢-1) = -4? + 84-3 
b x=t?,x 20 У (t-1) 
(b) 
(с) t=3-x>x=3-t 


y =1- 4x =1-4(3- t = -4 + 24t – 35 
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75. Rectangular coordinates: (3, 3) 
Жр 2 ҮҮЛ 
Additional polar representations: й (9) 6) Мо 
4, m > 4, z) 4, ыг tan ð = 1, Ө = z 
6 6 6 4 


Polar coordinates: G2 : z) 


67. Polar coordinates: (4 =) 


x 
2 


77. Rectangular coordinates: (Vs 2 45) 


r= (V5) + (V5) = V10 


3 
2 tng = -16 = == 


69. Polar coordinates: (-7, 4.19) 


Ш | Polar coordinates: | \/10, x) 
Additional polar representations: (7, 1.05), (-7, –2.09) 4 


7, -5.23 
( 79. х2 + у? = 81 


r = 
эл cos 0 
2 
r = 5 ѕес Ө 
: Л 
71. Polar coordinates: Ü 4 = (r, 0) 83 yas 
(r cos 8)(r sin Ө) = 5 
x =rcos@ = 0 cos Z = 0 
2 $2 = 5 
y=rsing = 0sinZ = 0 sin Ө cos @ 
2 10 
= — = 10 сѕс 20 
Rectangular coordinates: (0, 0) sin 2 
т 85. г = 4 
73. Polar coordinates: | –1, — 2 
3 r^ = 16 
л xX +y = 16 
x = —1сов— = -— 
3 2 3 2 
87. = 3cos 
= isin = V3 
Цин ит r? = 3r cos Ө 


2 + 2 = 3 
| 1 ff x+y x 
Rectangular coordinates: NS 


89. r? = sin Ө 
т? = гіп Ө 
3 
Za + y?) = y 
3 
(x2 +’) = уз 
х + у? = y 
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91. r - 6 93. г = -2(1 + cos 0) 


Circle of radius 6 centered at the pole Symmetric with respect to the polar axis 


Symmetric with respect to Ө = 2/2, the polar axis Maximum valueof Е — when 8 =0 
and the pole 

Zeros: r = h = 
Maximum value of |r| = 6, for all values of 0 HOST O when EUR 


a 2 2- 
Zeros: None b - 2 =] = Cardioid 
л 
2 л 
2 
n+ +> 0 
8 n +> 0 
2 
3 Т 
2 эл 
Hu Э 


95. r = 4sin 20 


Rose curve (n = 2) with 4 petals 


л 
2 


Symmetric with respect to 0 = z/2, 


the polar axis, and the pole 


Maximum value of В = 4 = "Raid 
when Ө = а гр. on - 
4 4 4 4 4 
Зл 
Zeros: r = 0 when Ө = 0, Z T, эл 1 
2 2 
97. г-2-46810 5 
Limagon with inner loop Т 
r = f(sin 0) > 0 = 2 symmetry 
А л 
Maximum value: |r| = 8 when Ө = - т -0 
6 
А : 1 3л 
Zeros: 2+ 6sin 8 = 0 > sin@ = ES => 0 = 3.4814, 5.9433 2 
99, r? = 9 sin Ө 
r = +3,/sin Ө 
Symmetric with respect to polar axis, 0 = 2, and the pole. = E 
з 4 


Maximum value of |r| = 3 when Ө = 2 


Zeros: r = Owhen Ө = Oand л 
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101. r = 3(2 — cos 0) 8 
= 6 – 3с05 0 
a 6. T 
b 3 
Convex limaçon E 
103. r = 8cos 30 8 
Rose curve (n = 3) with 
-12 
three petals 
-8 
1 
105. r = — e = 2 
1+ 2sin0 
Hyperbola symmetric with respect to 0 = Е апа 
1 3, 
having vertices at | —, 2 and |-1, zd 
32 2 
л 
3л 
107. r = E _ 
5 — 3 cos 0 
4/5 3 
r= ‚е = 
1 — (3/5) cos 0 5 
Ellipse symmetric with respect to the polar axis and 
having vertices at (2, 0) and (1/2, z). 
х 
л——+ G++ 0 
3 4 
эл 
109. Parabola: r = = -g =1 
1 — e cos 0 
Vertex: (2, л) 


Focus: (0,0) > p=4 


4 
r= — 
1 — cos 0 


111. 


113. 


115. 


117. 


ep 


Ellipse: r = —————— 
1— e cos 0 


Vertices: (5, 0), (1, л) > a = 3 


One focus: (0,0) > с = 2 


"NR 
оаа 
.. Q2 _ 5/3 Е 5 
1 (2/3) соѕ50 1 (2/3) соз 3 – 20080 
a+c = 122,800 + 4000 > а + с = 126,800 
a —c = 119 + 4000 > а -c = 4,119 
2a = 130,919 
a = 65,459.5 
c = 61,340.5 
Pe с _ 61,340.5 ~ 0.937 
a 65,459.5 
мэ ер 9 0.937р 
1-600809 1-05937сов80 
г = 126,800 when Ө = 0 
126800 = —“P _ 
1 – e cos 0 
ер = 126,800} 1 — ee = 7978.81 
65,459.5 
7978.81 
So, r = ————— ——. 
1 — 0.937cos 0 
When 
ө= 2, = 1918.831 = 15,011.87 miles. 
3 1 — 0.937 cos(z/3) 


The distance from the surface of Earth and the satellite is 
15,011.87 — 4000 = 11,011.87 miles. 


False. 


х? 


d у“ = 1 is a fourth-degree equation. 
The equation of a hyperbola is a second degree equation. 


False. 
(r, 0), (r, Ө + 2л), (-r, O+ л), etc. 


All represent the same point. 
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119. (a) x? + y? = 25 
r=5 
The graphs are the same. They are both circles centered at (0, 0) with a radius of 5. 


(D х- у= 0 = у= х 
m 


4 
The graphs are the same. They are both lines with slope 1 and intercept (0, 0). 


Ө 


Problem Solving for Chapter 10 


1. (а) 0 = m — 1.10 – 0.84 = 1.2016 radians 


=> x = 3250 sin 0.84 = 2420 feet 


(b) sin 0.84 = —— 
3250 y 


sin 1.10 = — — y = 6700 sin 1.10 = 5971 feet 


~ 6700 


1.10 radians 0.84 radians 


3. Let (x, x) be the corner of the square in Quadrant I. 


A = 4x? 1 
x x 21 2_ ab | 
2 p id 2 2 ZÆ N” e 
4a*b? 
So, A = 3 5 mx 
a+b 
NLL” 
5. (a) boat (b) A 
4, 4, 
Island 1 12m Island 2 x 


Because 4, + 4, < 20, by definition, the 


outer bound that the boat can travel is an 
ellipse. The islands are the foci. 


Island 1 is located at (—6, 0) and Island 2 is located at (6, 0). 


(с) di +d, = 2а = 20 > а = 10 (d) c = 6,a = 10 > b? = а? – с? = 64 
The boat traveled 20 miles. x? y? 
The vertex is (10, 0). 100 ü A 
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7. Ax? + Су? + рх + Ep c Е = 0 
Assume that the сопіс is not degenerate. 
(a) А = C, A = 0. Complete the square with respect to х and y, to write the standard equation of a circle. 
Ax? + Ay? + Dx + Ep + F = 0 


D E 
Pe y+ See ty +S =0 


A A 
2 D D? 2 E E? F D Е? 
х +—х+—|+|у +—у+ = + + 
А 44° 
EY 


A 44? A 44 44 


DY D? + E? — AAF 
х+—|+|у+ = 
2А 2А 44 


(ci + (0-00 er 


Ур? + E? – AAF 


214| 


This is a circle with center ee E and radius 
2A 2A 


(b) A = Oor С = 0 (but not both). 
Case 1: Let C = 0.Complete the square with respect to x to write the standard equation of a parabola with horizontal axis. 


Ax? + Dx + Ey + Е = 0 


, D E Е 
x + —х = y 
A A A 
,.D D? E F p 
X^ + —x4 = y H 
A 44 A A 4A? 
DY E F D 
x x y 
2A A E 4AE 
рү E 4AF D 
x = y 
2A A E 4AE 
2 
(x — hy = 4p(y - k) 
D D?-AAF 
This is a parabola with vertex | -—_, ————— |. 
24° 4AE 


Case 2: А = Oyields a similar result when you complete the square with respect to y to have a parabola with vertical axis. 
(c) AC > 0 = Ааш C are either both positive or are both negative, if that is the case, move the terms to the other side of 
the equation so that they are both positive. 
Complete the square with respect to x and to y to write the standard equation of an ellipse. 
Ax! + Cy? + Dx + Еу + Е = 0 


2 2 2 2 
A x + ene 2. +Cly? + уа, ipd Q4 
4A 4C 4A АС 
Pao Е ү _ CD! + AE! - 4ACF 
d 2C 4AC 
2 
D E 
(x + zz) (856) 02 1 
СЕИ иг 
4А2С алс? 
2 2 
(x-h (2-4) _ 
T 1 
a? b? 


Because А and C are both positive, 44°C and 44C? are both positive. CD? + AE? — 4ACF must be positive or the 


е ; А D Е CD? + AE? — 4ACF 
conic is degenerate. So, we have an ellipse with center (- ——, —— |. The values of 5 and 
24 2С 44°C 


CD? + AE? — 4ACF 
4AC? 


will determine if the major axis is vertical or horizontal. 
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(d) АС < 0 = Ааш C have opposite signs. Let's assume that А is positive and C is negative. 


If A is negative and C is positive, move the terms to the other side of the equation. From part (c) above completing the 
square with respect to x and to y yields the standard equation of the hyperbola. 


2 2 
ТЭГ 
Шин Сеа 
442C алс? 
zd - kÝ 
e- p- 


a p? 
Because A > бапа C < 0, the first denominator is positive if CD? + AE? — 4ACF < O and is negative if 
CD? + AE? — 4ACF > 0, since 4А2С is negative. Recall in the first sentence we assumed А is positive and C is 


negative. The second denominator would have the opposite sign because 44C? > 0. So, we have a hyperbola with center 


9. At the point (a, 0), the difference of the distances to the foci (£c, 0) is(c + a) — (c — a) = 2a. Let(x, y) be a point on 


the hyperbola. 


2а = (+) + у? - (x с) + у? 
2а + A (x с) + у? = Jo o +)? 


4a? + 4a (х= с) + y? + (x с) + у =(x+ + у? 


4а (x — су + y? = 4e — 4а? 


a (х-с) +)? = x-a? 
а(х? = 2х + с? + y?) = cx? — 2а?сх + а“ 
ae _ a’) 2 б P а)? - а?у? 
posco e 
di x e 


Thus, с2 = а? + Ё?. 


11. To change the orientation, replace t with —t. 


x 


y 


cos(-t) = cos t 


2 sin(-t) = -2sint 
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2—2? (2 = 2?) 
13. (а) r = 2 cos 20 sec Ө (b) x = ———,-and y = z 
: 1-1 1-1 
2|со8:0 — sinf Ө 
үлэ | ) (c) 2 
cos Ө 
2 2 s : 
2 * 2 
um у? Ix у? 
х? 4 у? = -2 
х 
x + у? 
Г 2 2 
x 2 2 x у 
xc = 2 
х2 + у? У | x? ху? xe а 
Га 
х -:2 5 а 
[x +y 
x(x? n ›?) Ч 2(x? = y?) 
xX + xy? = 2x? — 2у? 
2y? + xy? = 2x? — з? 
y’ (2 + x) = x'(2 – x) 
2-х 
20 
» 22415 
= Б 
15. x = (а – b)cost + bcos а ? ) 
y 7 (a - b)sint Е 5 a r) 
(а) а = 2,Ь = 1 (D а = 3,6 = 1 
x = cost + cost = 2 cost x = 2cost + cos 2t 
у =sint—sint =0 y = 2sin f — sin 2t 
6 6 
-6 6 -6 6 
-6 -6 
The graph oscillates between —2 and 2 on the x-axis. The graph is a three-sided figure with 
counterclockwise orientation. 
(с) а-4,5-1 (d a 2105-1 
x = 3cos t + cos 3t x = 9cos f + cos 97 
y = 3sin¢ — sin 3t y = Osin f — sin 9f 
6 10 
-6 6 -10 10 
-6 -10 
The graph is a four-sided figure with The graph is a ten-sided figure with 
counterclockwise orientation. counterclockwise orientation. 
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(e) a=3,b=2 (f) a=4,b =3 
t t 
x = cost + 2cos — x = cost + 3cos — 
2 3 
eee are Bete 
Ё 2 4 3 
6 6 
-6 6 -6 6 
-6 -6 
The graph looks the same as the graph in part (b), The graph is the same as the graph in part (c), but is 
but is oriented clockwise instead of oriented clockwise instead of counterclockwise. 
counterclockwise. 


17. Sample answer: 


r=2 cos 2 9 r=3 EJ r= -cos(V/26), -27 < Ө < 2л 
2 3 2 

=$ 3 -4 4 -3 3 
-2 -3 m 


If n is a rational number, then the curve has a finite number of petals. If is an irrational number, then the curve has an infinite 
number of petals. 
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Practice Test for Chapter 10 


1. Find the angle, 0, between the lines 3x + 4y = 12 and 4x — 3y = 12. 


2. Find the distance between the point (5,-9) and the line 3x — 7y = 21. 


3. Find the vertex, focus and directrix of the parabola x? — бх — 4y + 1 = 0. 


4. Find an equation of the parabola with its vertex at (2,-5) and focus at (2, —6). 


5. Find the center, foci, vertices, and eccentricity of the ellipse x? + 4y? — 2x + 32y + 61 = 0. 


6. Find an equation of the ellipse with vertices (0, +6) and eccentricity e = 4. 


7. Find the center, vertices, foci, and asymptotes of the hyperbola 16y? — x? — бх — 128у + 231 = 0. 
8. Find an equation of the hyperbola with vertices at (+3, 2) and foci at (+5, 2). 


9. Rotate the axes to eliminate the xy-term. Sketch the graph of the resulting equation, showing both sets of axes. 


5x? + 2ху + 5у2 -10 = 0 


10. Use the discriminant to determine whether the graph of the equation is a parabola, ellipse, or hyperbola. 
(а) 6x? – 2ху + у? = 0 
(b x? + 4ху + 4р - х- у +17 = 0 


: 3л : 
11. Convert the polar point (v2 2 x) to rectangular coordinates. 


12. Convert the rectangular point (V3, -1) to polar coordinates. 


13. Convert the rectangular equation 4x — 3y = 12 to polar form. 


14. Convert the polar equation r = 5 cos Ө to rectangular form. 


15. Sketch the graph of r = 1 — cos 0. 


16. Sketch the graph of r = 5 sin 20. 


3 


17. Sketch the graph of r = ————_. 
6 — cos 0 


18. Find a polar equation of the parabola with its vertex at (s z) and focus at (0, 0). 


For Exercises 19 and 20, eliminate the parameter and write the corresponding rectangular equation. 
19. x = 3 — 2 sin 0, y = 1 + 5 cos 8 


4t 


20. x 


e” y =e 
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CHAPTER 11 
Analytic Geometry in Three Dimensions 


Section 11.1 The Three-Dimensional Coordinate System 


1. three-dimensional 15. x = -2,у = 42 = 3 > (-2, 4, 3) 


3. surface; space 


5. The coordinate planes are the xy-plane, the xz-plane, and 


the yz-plane. 19. Octant IV 
7. The distance between the points (xı, у, 21) and 21. Octants II, IV, VI, and VIII 
(Хэ, Y2, Z2) is given by the Distance Formula in Space: 3. d= Ja E 0) «(- o Е(6- 2) 
d = Jæ х) + (22 n) F(z a). = 4/16 *-1-4 16 
9. : = 4/33 units 
4T 2 
"2 25. d = J(1 - 3) + (4 - 2 + (8 5) 
21-37 
GLI, = V4 +2? + 3? 
-4 -3 -2 siAl| A 2 3 4 
CL =V16+4+9 
л s = 4/29 units 
(2,-1,-3)@ _4} 
ii : 27. а = 40 0)? +[0-(-3)] + (-10 - oy 
| c312 
© = VIF 9 +100 
1-77.) = 4/110 units 
W^ 
mr. EEE ua 2 2 2 
1557: 29. а = J(72 - 6 +[-1-(-9)f + (5-1) 
y -2 
=) = 4/64 + 64 +16 
= X144 
13. E. = 12 units 
@(2,-4,5) 4T 
| va 2 2 2 
| 16: 31. d = J[6 (-1)] «p - 4 +[-9 - (2)] 
MER 1 AA 2-7 = 4/72 + 42 + 7? 
3-21 l 
ЛУЫ i = 4/49 +16 + 49 
x -4f 1 
-st (1,4-5 = V114 units 


эз. d, = (0 - 0} + (0 - 4) + (2 - 0f = V20 = 245 
а = J(o- C2) «(0-5/ (2-2) = V29 


d, = [(-2 - 0f + (5 - 4) + (2-0) = 3 


d? + d? = 20 +9 = 29 = d? 
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35. 4 -415-1/ + (C1 +3) + (2 +2) = 416 + 4 +16 = 36 = 6 


a 


з= G1 -(4-1/ + (2-2) = /36 + 4 -4/40 = 24/10 


d, = J(-1 lY + (1 +3) + (2+2) = 4/4 +16 +16 = 4/36 = 6 


Isosceles triangle 


37. 4, = 48 -4 +[1-(-1)} +[2-(2)] = Vie +4416 = V36 = 6 


4, = Je 8) + (3-1) +(2-2) = 364+ 4 = V40 = 24/10 


а, = (2-4) + [3 - (CNP +[2-(—2)] = Ver 16 +16 = J36 = 6 
d, = d; 
Isosceles triangle 


Є 3+2 0+(-6) 1+3 5 о. (-2+7 8-4 10 + 2 5 
39. Midpoint: : 1 2|25,-3,2 45. Midpoint: А ; =|-—, 2,6 
SiS 2 2 2 | | | р | 2 2 2 2 


47. (х-3) +(у— 2) +(:— 4)” = 16 
41. Midpoint: [777.7 —— | = (0.-1 7) (1-3) +(y-2) +(z- 4) 


3-3 6+4 wet) 


43. Midpoint: ue QNS 1 - rE 1 
2 2 2 2-2 


49. Center: EU, UG = 3 0,3 
2 2 2 2 


rats: (3-2 оо оз) = eo e S 


2 
Sphere: (s - 3 ty + (2 – зү - 2 


51. (x? -6x+ 9) + y! +22 = 9 
(x-3y + у2 + 22 = 9 
Center: (3, 0, 0) 
Radius: 3 
53. (x? - 4x + 4) + (y? + 2y +1) + (22-6249) = -10 +4+1+9 
(x = 2) +(y +1) + (2 - 3) =4 
Center: (2, –1, 3) 


Radius: 2 
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| 
un 


55. 9x? — 6x + Oy? + 18y + 922 = – 


ааа жоу" 


(x -i + (0 +1) + 22 1 
Center: (4. -1, 0) 
Radius: 1 


57. : 


(х= 1)? +27 =36 


59. : 


1(у-3)2-:2-5 


61. 4x? + 4y? + 422 - 8x – 16у + 8x - 25 = 0 


25 
x? + y? жа = 2x — 4y +22 = 
25 

x = 2х + у? — 4y + (22 + 22 +1) = 
у? — 4у + ( ий 
x? —2x + у? ay + (6+1) = 2 


63. 


65. 


67. 


69. 


71. 


73. 


75. 


77. 


4 = 205 э ғ = 20 
2 

payar = 422025 
4 


False. z is the directed distance from the xy-plane to P. 


In the xy-plane, the z-coordinate 18 0. 
In the xz-plane, the y-coordinate is 0. 


In the yz-plane, the x-coordinate is 0. 


X, tX 


m 2 = ху = 2Xm =% 


X, 


Similarly for y, and 5, 


(x2, Уг» 22) ын (2х„ х, 2уһ У» 22m z). 


у = —6i + 8j; v lies in Quadrant II. 


Magnitude: ,/(-6)” + 8 = /36 + 64 = /100 = 10 
Direction angle: tan@ = 3 = К => Ө = 126.87° 
C69 3 


у = 2i + V/12j; v lies in Quadrant I. 


2 
Magnitude: 4/2? + (12) = 4/4 +12 = V16 = 4 


Hp 


Direction angle: tan@ = 0 = 60° 


= (Q2. -9) - (5, -). 2) 
(60 + 9)(1, 2) 

= 69(1, 2) 

(69, 138) 


This is a vector. 


(u + v) - w = ((4,-3) + (5,-1)) - (1, 2) 
= (9, —4) 02) 
=9-8=1 


This is a scalar. 
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1. 


3. 


5. 


11. 


13. 


15. 


17. 


19. 


21. 


zero 
component form 


The magnitude (or length) of v = (vi, Y», vi) is 


|у| 2489-444 
= /4+ 25 +16 
MC 
= 34/5 


[v= NP 3-0) 


= Jit 
[= A C3 +7 


= V16 +9 + 49 


= 4/74 


v = (1-10 - (-3),-1- 4) = (0,3, -5) 


[у= y0 +3? + (5) 


= 4/34 


(а) |У|= У/4 +0 + 25 = 4/29 
v _ (2,0,5) 


MEESE 


429 


= N50. 0,5 
29 03) 


429 
(b) -V = -g > 0, 5) 


у _ (8,3,-1) 


(a) М 1/74 


23. 


25. 


27. 


29. 


31. 


33. 


35. 


37. 


39. 


41. 


43. 
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u- v = (4,4,-1)- (2,-5,-8) 


4(2) + 4(-5) + (-1)(-8) 


-8-20-8--4 


u-v = (2,-5,3) - (9, 3, —1) 
= 2(9) + (-5)(3) + 3(-1) 
-18-15-3-0 
u-v -8 
cos Ө = = Ө = 124.45° 
lalli 8-25 
u-v —120 
0- - Ө = 109.92? 
ee Tally] 700-773 


2(8, —4, -10) = (-12, 6,15) = parallel 
u-v =—2+3-1=0 => orthogonal 
у-(7-53-4,-1-1-0,-1-2) 
u = (4 -7,5 - 3,3 -(-1)) = (3,2,4) 


Because u and v are not parallel, the points are not 
collinear. 


у-(1-1,2-3,5-2)-1-2,-1,3) 
и-0-(14),4-2,-1-5)-042,-6) 
Because u = —2v, the points are collinear. 


у = (2,-4,7) = (qı - L q — 5,4; — 0) 


2=q-1 Фф =3 
-4 = фф - 56 > ф = 
7 = 4 з =7 


Terminal point is (3, 1, 7). 


cu = ci + 2cj + 3ck 


[|= Vc? + 4c? + 9с? = |с|-Ла =: 3 


пете: ut 43-14 
V14 АЛ 
v = (d 9%) 


Because v lies in the yz-plane, g, = 0. Because v makes 


ап angle of 45°, q) = 9з. Finally, 


v| — 4 implies that 
q? + qj = 16. So, q; = ф = 24/2 and 


У = (0, 28/9; 24/2), ог q = 2/2 and 43 = -2/2 
and v = (0, 24/2, -2-/2) 
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45. АВ = (0, 70,115). Fy = C,(0, 70, 115) 
AC = (-60, 0,115). Fe = C;(-60, 0, 115) 
AD = (45, -65,115). Fy = C,(45, —65, 115) 
F; + Fo + Fp = (0,0, 500). So 
-60С, + 45C, = 0 
70С, - 656, = 0 
115C, + 115C; + 1156, = -500 


Solving this system yields C, = a = = es — 
So, 

|F; || = 202.92 N 

| Fc | = 157.91 N 

| Fp | = 226.52 N. 


47. True. cos 0 = 0 2 Ө = 90? 


49. Because —3u = 3(2, 2, 4) = ( 6, 6, 12) = у, и, and v are parallel. So, the points are collinear. 
51. If u - v < 0, then cos Ө < 0 and the angle between u and v is obtuse, 180° > Ө > 90°. 


53. Expand along Row 1. 


10 0 
3 2 6 
-2 6 -3| =1 = 0 +0 =-6+15=9 
1 7 -1 7 
-7 5 -1 
55. Expand along Row 2. 
3 4 5 
4 5 3 5 3 +4 
-1 0 6 = -(-1) +0 2 
-9 10 4 10 4 -9 
4 -9 10 
= (-40 + 45) — 6(-27 + 16) 
57. Vertices: (—1, 0), (3, –2), (-3, —4) 
-1 01 
1 1 -2 1 3 -2 
Area = £2 3 -2 1| = +—-/-1 +1 
2 2 —4 1 3 44 
3 +4 1 
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5 2 1 
1 1 2041 -5 1 -5 2 
Area = +—|—5 2 Ц= +45 – 2 +1 
2 2\ |-3 1 -5 1 5 -3 
-5 -3 1 


61. The area ofthe parallelogram with vertices: (0, 0), (5, 0), (1, 2), (6, 2) а= 5,Ь =0,с=1,4 = 2. 


= 


Агеа = det( А) = [5(2) - 0 = |10| = 10 square units 


63. The area of the parallelogram with vertices: (0, 0), ( 1, 1), ( 2, 0), ( 3, 1) a = —l,b = -l,c = —2,d = 0. 
-] -1 
A= 
E 
Area — |det( A) - |o - (-2)(-1)| = |-2| = 2 square units 


Section 11.3 The Cross Product of Two Vectors 


1. cross product 


3. If u X v = o, then u and v are scalar multiples of each other. 


i 
] -1 2 3. 2 3 -1 
5 иху-13-1 - i- 1 k = -i+ 7j + 5k 
1-1 2-1 2 1 
2 1- 
ij k 
1-1 2 -1 2 1 
7. уху z|2 1 -ll= = 1+ k = 01 + Oj + 0k = 0 
1-1 2-1 2 1 
1-1 
9. 2u = 6i — 2j + 4k 
i j k 
-2 4 6 4 6 -2 
(2u)xv=|6 -2 4|= - jt k = -2i + 14j + 10k 
1 -1 2-1 2 1 
2 1 -l 
i j 
-1 2 3-2 3 -l 
11. ux(-v) 2| 3 -1 2- - j+ k =i- 7j- 5k 
are -1 1 -2 1 -2 -1 
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- 2| (3 2| |3 -1 
uxv-|3 –1 - i- j+ k = -i+ 7j + 5k 
1-1 (12-41 (21 
2 1-1 
ноу pon CDD er 9) 8-0 
i j k 
uxv-|l-1 Oļ=i+j+k = (1,1,1) 
0 1-1 
(u x v): u = (1,1,1): (1-1,0) = 0 
(u x v): у = (1,1,1): (0,1,-1) = 0 
і j k 
-2 4L (3 4| |3 -2 
.uxv=|3 -2 4|- j k = -2i + 3j + 3k 
1-4 10-41 (01 


(u x v) -u = (-2, 3, 3) - (3, -2, 4) = (—2)(3) + (3(-2) + (3)(4) = 0 


(ux v): v = C2,3.3)- (01,1) = (-2)(0) + (3)(1) + (3)(-1) = 0 


j k i j k 
.uxv=|2 4 23|--17 + j+ 10k 21. аху = |6 2 1| = (-7,13,16) = –71 + 13j + 16k 
-1 3 -2 1 3 -2 
(u x v): u = (-17,1,10) - (2, 4,3) = 0 7 
1 jJ 
(ux v): v = (-17,1,10) - (-1,3,-2) = 0 араат оге 
01-2 
i jk 
.uxv22 -3 4|= i- 2j - 2k 
0 -1 1 
jux [= JQ* + C2* «C2 = V9 = з 
: uxv 1 1 2 2 
= = -(i- 2j - 2k) = -i j k 
Unit vector [кх] atl j ) 2195 
ij k ij k 
uxv=(|3 1 0|= 1-3) + 3k 29. аху=ї 1 -I|- 2i - 2j 
0 1 1 11 1 
Ju x v= v5 Ju x v= 2/3 
: иху 1 : иху 1 
= = i — 3j + 3k = 5 2i - 2j 
Unit vector ET “лэг ) ) Unit vector lax CA i - 2j) 
= Ma -3j + 3k) = 20-9 
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iii 
31. uxv=/-8 4 б = 4 + 5] 2k 

аер: 

2 2 4 


Ju x v|= v16 + 25 + 4 = 4/45 = 3/5 


. uxv 1 4/5 
Unit vector = = 4i + 5j + 2k) = 2—(4i + 5j + 2k 
nit vector jux vi xus 1 ] ) TE 1 1 ) 
ij k 
33. ux v 214 4 —6|= 48i – 24) + 16k 
04 6 


Area = |а x v| Jas t (-24у + 16? = 4/3136 = 56 square units 


i jk i jk 
35. uxv=|0 0 1-1 37. uxv=/4 3 7|z 46i —10j – 22k 
101 2 4 6 
Area = [и x v||= |j| = 1 square unit Area = Ju x v|- ЯГ m (-10)° x22) 


= 2700 = 30/3 square units 


39. (a) АВ = (3 – 2,1 - (1,2 – 4) = (1, 2, —2) is parallel to 


С = (0 - (-1),5 - 3,6 — 8) = (12, -2). 
AD = (-3, 4, 4) is parallel to BC = (3, 4, 4). 
ij k 
(b) ABx AC =| 1 2 -2|- (16, 2,10) 
34 4 


Area = | АВ x AD| = A16 + 22 + 10? = V360 = 6/10 square units 


41. (а) AB = (-5, 0, 2) is parallel to CD = (—5, 0, —2). 
AC = (0,3, —1) is parallel to BD = (0, 3, -1). 


ij k 
(b) AB x AC =|-5 0 2|= —6i – 5j – 15k 
03-1 


Area — [АВ х AC| = 41-67 + (-5) + (15) = 4/286 square units 
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43. u = (1- 0,2 - 0,3 – 0) 


(1, 2, 3) 


у = (3 — 0,0 — 0,0 — 0) = (3,0, 0) 


1 34/13 А 
= рТ = 2 square units 


45. u = (-2 2,-2- 3,0 (-5)) = C4. 5,5) 


і jk 
uxv-|-4 -5 5|- (-40,49,17) 
1-3 11 


Area = Ца х v[ 7 LJ (240). + 49? + 17? 


= 3v 4290 square units 


1 ) 
57.У- 207608 40° j — sin 40° k) 
Е = -pk 
i j k 
1 1. 8 
(a) УХЕ =|0 -——cos 40° ——sin 40 
2 2 
0 0 -р 


1 
= —p cos 40° і 
2? 


Т-|УхЕ|- Z cos 40° 


(b) 


47. 


49. 
51. 
53. 
55. 
р Т 
15 | 5.75 
20 | 7.66 
25 | 9.58 
30 | 11.49 
35 | 13.41 
40 | 15.32 
45 | 17.24 


59. True. The cross product is not defined for two-dimensional vectors. 


344 
u-(vxw)22 3 0|= 3(18) – 412) + 40 = 6 
00 6 


2- 53. d 
u-(vxw) ={1 -1 0 
4 3 1 


0 2 2 
u-(vxw)=|0 0 -2 
3 0 2 


= [0 - 2(0 + 6) + 2(0)| = 12 cubic units 


u = (4,0,0), v = (0, –2, 3), w = (0,5, 3) 


4 0 0 

u-(vxw) =/0 -2 3| = 4(-21)-0+0 = -84 
0 II 

Volume = |-84| = 84 cubic units 
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61. u = (соѕ а, sin а, 0) and v = (cos В, sin B, 0) 
i j k 
uxv=|cosg sina 0 
cos B sing 0 
sna 0|, |cosæ 0 TN cosa sinc 
— 1- 
sing 0 со8 8 0! cos B sin д 
= 0i — 0j + (cos «sin B — sin a cos B)k 
= (0, 0, cos æ sin B — sin a cos f) 
[u x v] 7 ]ullv[sin Ө 
= |u]||v| sin (8 — о), where æ > 8 
- (cos о) + (sin ay . J (cos By * (sin By - sin(B — а) 
= V1- УЛ: sin(B – о) 
= -sin(a – £) 
Because и х v = (0, 0, cos asin J — sin « cos 8) and |u x у| = —sin(@ — f), this implies that 
-яш(0, B) = cos «sin B — sin a cos 8 
=> sin(a — B) = sin a cos B — cos a sin f. 
63. (х,у) = (1, 2) 
y-3x-623x-y-6-0 
311) -1-11-2) + (^6 
о 0) + (ео) +6) 146 үус 
NE (y Мо 10 
65. x = -t +l, y = 3t 67. x=4-7,y=8t+5 
(--х-1 4-х-7 
= -3(-x + 1) t = —(х +7) 
= 3х -3 j 
-8-|х-7)-5 
» эл 
у = 2х + 19 
Section 11.4 Lines and Planes іп Space 
DA 7. x — xy * at = 2 +4 
1. direction; РО : 
y = yı tbt = -5 + 3t 
3. For two distinct planes is three-space with normal fcq perc em 
vectors n, and n,, n; : n, = 0. The planes аге (a) Parametric equations: 
perpendicular. x=24+4t,y = -5 +3t,2 = -t 
5. = t=4+5t 2 
ЭЭН, Ы (b) Symmetric equations: 2 = ша -=z 
= y +bt=1+3t 3 
Z=2,+ct=2+ 6 


(a) Parametric equations: 
хэ-445,у-143,:2-246 


(b) Symmetric equations: 2 
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9 x=xt+at=2+2t,y=yt+bt=-3-3t,2=274+ct=54+t 


(a) Parametric equations: x = 2 + 2t, y = 3-3t,z2 =5+t 


2. pede _ 


b) Symmetric equations: ~—~* 2-5 
(b) Sy q 3 


11. (a) v = (1 - 2,4 -0,-3 - 2) = (1,4, -5) 


Point: (2, 0, 2) 
XE 2-4. = 44.2 = 2.— St 


х-2 y z-2 


0) =i 4 = 


13. (а) у = (1 - (-3),-2 – 8,16 – 15) = (4, -10, 1) 


Point: (—3, 8, 15) 
хэ-344,у-8-10,2-15-1 


x+3 y-8 
4 -10 


(b) z —15 


15. (3,1, 2), (—1,1, 5) 


(а) уе ( 1-3,1-1,5 2) = ( 4, 0, 3) 
Parametric: x 23— 4t, y = 1,2 = 2 + 3t 
(b) Because b = 0, there are no symmetric equations. 
17. x =3t,y =1l+t,z=242t 


A 


(0, 1, 2) 


19. 2(x — 5) + Қу - 6) - 2(z - 3) 
-2Х + y- 22 +10 = 0 


0 


21. -22(x – 2) + (у - 1) + 2(z - 3) = 0 
-2х + у + 22-3 = 0 


23. u = (2-3,3 -14- 2) = (+1, 2, 2) 


Plane: —6(x – 3) - 12(y - 1) + 9(z - 2) = 0 
=6х -12y + 92 +12 = 0 
-2х -Ay +32 +4 = 0 
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25. 


27. 


29. 


31. 


33. 


35. 


и-0-2,4-3,2-2)-1,1,4) 
v =(1-2,-1- 3,0 +2) = (—1,—4,2) 
i jk 


п-нху-|1 1 4/= (18,-6,-3) 


-1 = 2 
Plane: 18(x — 2) - 6(y — 3) - 3(z + 2) 
18x – 6y — 32 — 24 


ll 


0 


6x—2y-z-8-20 


п = j: 0(х — 2) + 1(у — 5) + 0(z - 3) = 0 
y-5=0 


(-1 - 0,-2 - 2,0 - 4) = (-1, -4, -4) and (1, 0, 0) 


are parallel to plane. 


i j k 
n =|-1 -4 -4/= (0,-4, 4) 
1 0 0 
O(x – 0) – 4(y – 2) + 4(z - 4) = 0 
-4у-4:-8-0 
y-z+2=0 


n, = (5, -3, 1), n; = 0, 4, 7) 
n:n =5-12+7=0 
So, the planes are perpendicular. 
n = (1, —5, —1) 

n, = (5, —25, –5) = 5n, 


So, the planes are parallel. 


n, = (3,0, 2), n, = (6, –2, -3) 


n, - n, = (3)(6) + (0)(-2) + (2)(—3) = 12 


So, the planes are neither parallel nor perpendicular. 


|n, |= [v9 +0 +4 = v13 
[n;] = V36+44+9 =7 


aga i. M = 
шил 
Ө = 61.6? 


Section 11.4 Lines and Planes in Space 521 
37. v = (0,0, 1) and P = (2,3, 4) 


2 
y=3 
4-1 


39. (a) n, = 0, 1, -2), n, — (2, -1, 3); normal vectors to planes 


n; : nj| _ |-5| 5 


а | Veva ^ Ves 


(D х-у-2:1-0 Equation 1 


Ө = 56.9° 


cos Ө = 


2x – у + 32 = 0 Equation 2 


Add the equations. 
3x +2 = 0 
1 
x = -zZ 


Substituting back into Equation 1 yields the following. 


1 
—-z+y-2z=0 
3 y 


41. Зх + 2у - 2 = 


22 


(2, 0, 0) 


45. P = (0,0,3) on plane, О = (1,3, 4), n = (4, –5, 2) 
PO = (1,3,1) 


[Po a| [63)-(&-52] |-9|] | 9 . 3 35 
Y J16+25+4 4/45 3/5 Xs 5 


D 


47. P = (2,0,0) on plane, О = (-2, 4,3), n = (2; 3, 2) 


РО = (-4, 4,3) 
—|PO-nl |C443).0.332] 10 10417 
|a| V44+944 v17 17 
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49. The normal vector to the plane STP: (0, 0, 0), (—1, —1, 8), and (6, 0, 0) is given by ST =v, = (41, -1, 8) and 
SP = v, = (6, 0,0). 


i j k 
vı X v, =|-1 -1 8|= (0, –48, 6) 
6 0 0 
n; = (0, -8,1) 


The normal vector to the plane POR: (6, 0, 0), (6, 6, 0), and (7, 7, 8) is given by PO =u, = (0, -6, 0) and 


OR = u, = (1,1,8), 


E 
x 
= 

5 
| 
о 

| 
nN 
о 
Ї 
e» 
+ 
оо 
© 
nN 
~~ 


n, = (-8, 0,1) 
The angle Ө between two adjacent sides is given by 


[memo] _ ft] 


[ana] 4/65/65 65 
Ө = 891°. 


соѕ Ө = 


51. False. Lines that do not intersect and are not іп the same plane тау not be parallel. 


53. The parametric equations should be x = —2 — 3t, y = 5 — At, and z = 3 + 2t. 


x-5 
x+3 


55. f(x) = х? 57. f(x) = 


(2) 45 — 
(а) f (3) = 3° = 243 Domain: All real numbers х such that х # —3 


6) f(- 2C) = -1 f(x) > e asx > -3- 


f(x) > —°°азх  -3*. 


3041 — 3*4 3 


x*-16 (x-4(2-4 (х+ 2) - 2) 


59. f(x) 


Domain: АП real numbers х such that х # +2 
f(x) > we asx ә 2. 


> —e as x > -2'*. 
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Review Exercises for Chapter 11 


1 


j 


13. 


19. 


21. 


23. 


Review Exercises for Chapter 11 


Center: (5, -3, 2) 
Radius: 2 


| 5. d = (5-4? +(2-0)*+(1-7) 
2 
ЫЫ = Л +4+36 
271-3 Z 
124 = Мат 
Е; на - Ax i 14 »- y 
1 as o 1 4-J[2-Cnf «(5 - C3] + C4 - 9! 
x -aT 
z=0,y=4,x =-5 = (-5,4,0) = V61 
4, = JG 0j +(-2-3) «(0-2) =J9+ 25 +4 = 4/38 
d, = J(0 - 0 + (5 - 3} + (3-2) = V44 25 = 4/29 
4, = (o 3y (5 (-2) + (-з ) = 4/9 +49 +9 = ./67 
ад +d? = (38) + (/29) = (Vez) 
2 2 A2 
. Midpoint: = LT 232) (544) 15. (x = h) (v - E e (e jp =? 
(x -1y +(y-5) +(z-4) =4 
Midpoint: (28 ** 25:31 242) (222) | | т 
2 17. Diameter: 14 — radius = m = 
(х= в) + (5 – 0) + (2-3) = 
(x 1) + (у - (-4)) + (z - 2} = 49 
(х= 1) + (у + 4) + (2 - 2)? = 49 
Сыл (= + 2 -2 + 2 -2 + J = (0,0, 0) 
3 2 2 
Radius: 450) + (2-0) (2-4 = /4А+4+4 =-/Л12 
Sphere: (x — oy + (у = oy + (2 – 0)” = 12 
х + у? +z? = 12 
x? + у? + (2? – 82 + 16) = 16 
x + у? + (2 – 4) = 16 
Center: (0, 0, 4) 
Radius: 4 
(x? - 10x + 25) + (y? + 6y + 9) + (22 – 4z + 4) = -34 +25 +9 + 4 
(x —5) + (у +3) +(z-2) =4 


523 
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25 


27 


29 


Chapter 11 


. (a) xz-trace (y = 0): x? + z? = 7, circle 


. Initial point: (3, —2, 1) 
Terminal point: (4, 4, 0) 


(а) у = (4-3,4 – (-2),0-1} = (L6-1) 


(b) |у|= JP +6 +(-1) = V38 


Analytic Geometry in Three Dimensions 


(c) u= 


Iv) \V38° V38° v38 38° 19 


. Initial point: (7, -4, 3) 
Terminal point: (3, 2, 10) 
(a) v = (-3- 7,2 – (-4),10 - 3) = (-10, 6, 7) 


6) |v] = A/C10* + (6)? + (7? = 4185 


e 6 x) RS 


| 


(b) yz-trace (x = 0): (у— зү + 22 = 16, circle 


wsd -(- 10 6 7 js 24/185 64/185 75/185 
lvi 4/85 4/185 /185 37 ' 185 
31. u- v = –1(0) + 4—6) + X5) = -9 


33. 


u - v = 21) - 0) + 0-0) = 1 


lu- v| (12-440| 


35. cos 0 = 
х | 5-8 
2 
= ———— > 0 = 77.83° 
Л” 
37. Because —2(39, —12, 21) = (—26, 8, —14), the vectors 


39 


are parallel. 


. Because п. v = 30 + 15 — 45 = 0, the vectors are 
orthogonal. 


41. First two points: CL 5, 4) 
Last two points: (2, -10, -8) 
Because, (2, -10, -8) = —2(-1, 5, 4), the 3 points are 
collinear. 
43. First two points: u = (3, -1, -2) 
Last two points: v = (3, 11, -2) 


Because, и # cv, the points are not collinear. 
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45. Let a, b, and c be the three force vectors determined by A(0, 10, 10), B(—4, —6, 10) and С(4, —6, 10). 


ji m 10,10) _ 


Jr. c Pe am) 


— py (45-6, 10) _ DM 25 
кар 152 Mae Se 


e fel - lel Ze ee | 
4152 4/387-4/387-4/38 


Must have a + b + с = 300k. So, 


ЖАШДЫ. 
lel- zzl- Tele - o 
lelt lel allel = 300 
From the first equation || = |<]. From the second equation, Ы ИЛАШ 
From the third equation, 5 |a| = 300 А! So, 
lb = 300 hl 51015 300 and |b| =|e| = m = 1156. 


= 159.1. 


Finally, |a 


6 \ү 75/38 225-/2 
I- Al 4 |- 2 


So, the tensions are 159.1 pounds, 115.6 pounds, and 115.6 pounds. 


i k 
1 8 2 -2 2 -2 8 
47. uxv =|-2 8 21- i- 1+ k = (—10,0,—10) 
ee -1 1 -l 1 1 


ij k 
3 2 2.2 2 3 
49. пху =|2 3 2|= і j k = 4i + 2j - 7k 
1 2 3 2 3 1 
3.11512 
u (а x v) = (2)(4) + (3)(2) + (2)(-7) = 0 
ус (u x v) = (3)(4) + (02) + (2)(-7) = 0 
i j k 
51. uxv=|2 -1 1-1-3)-К 
-1 1-2 


Juxvj=VP? +32 «P = Vii 
8з йз а STIS уп. 


1 
Unit vector 14 ] 14 } 
М1 Ji! М1 11 п? п 
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i j k 
S3. uxv=|-3 2 —5|= (-71,-44, 25) 
10 -15 2 
|u x v| = 4/7602 
1 71/7602 22/7602 254/7602 
Unit vector: ———=(—7!, -44, 25) =о— 1— v j+ v k 
A 7602 7602 3801 7602 


55. (a) A: (0,1, 1), B: (2, —1, 1), C: (5,1,4), D: (3, 3, 4) 
AD = (3,2,3), BC = (3, 2,3), AB = (2, -2,0, CD = (2, -2,0) 


Opposite sides parallel and equal length. 
Adjacent sides: AD = (3, 2,3), AB = (2, -2, 0) 


i j k 
AD x AB =|3 2 3|-(6,6,-10) 
2 -2 0 


(b) Area = |AD x AB| = \/36 + 36 + 100 = \/172 = 24/43 square units 


57. u = (3,0, 0), у = (2,0, 5), w = (0,5, 1) 


3 0 0 
u-(vxw)22 0 5|--75 
0 5 1 
Volume = |-75| = 75 cubic units 


59. Passes through the point (0, 0, 0) and is parallel to v = (-2, 5, 1). 


(a) Parametric equations: x = 0 – 2t,y = 0 + 5,2 = 0 +1: 


x = -21, y = 51,2 = t 
(b) Symmetric equations: = = 2 Е Т 


61. Passes through the points: (—1, 3, 5) and (3, 6, —1). 
v= (3+1,6- 3,-1- 5) = (4,3,-6), 
(a) Parametric equations: x = -1+ 4, y = 3 + 31,2 = 5 — 6t 


41-2у-3 245 
3 -6 


(0) Symmetric equations: + 
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63. 


69. 


71. 


73. 


75. 


Review Exercises for Chapter 11 527 


Passes through (0, 0, 0), (5, 0, 2), and (2, 3, 8). 65. Passes through (5, 3, 2) and is parallel to the xy-plane. 
и = (5, 0, 2), у = (2, 3, 8) n = k, normal vector 

ijk Plane: 0(x — 5) + 0(у – 3) + (z - 2) = 0 
uxv-|5 0 21-(-6,-36,15) z-2=0 

2 3 8 


67. Зх – 2у + 32 = 6 

= (2,12, -5) 
а(х — xo) + b(y — yo) + e(z – zo) = 0 
2(x — 0) + 12(y – 0) – 5(z - 0) = 0 
2х + 12у - 52 = 0 


О = (1,2,3), P = (2,0,0) on plane. РО 


О = (1,2,3), а = (2,-1,1) 
_ М6 
EE 


1 
р = = 
V6 V6 

[PO - n 

D= 
н| 
= (—1,3,—5), Р = (0,0,4) on plane. PO = (—1,3,—9),п = (3, 2, 2) 
-ЇН,-9)-0,-2,2| |-27| 2717 
a 417 17 

False. 


c(u x v) # cu x cv 

c(u x v) = (cu) x v = u x (cv) 

Let u = (uy, и», из), V = (и, у, vi) and w = (w, w, из), 
u: (v + w) Uj, U2, us) (Ол, У, 2) + (w, Ул, ws) 


Uy, U2, id (vi + УЛ, V + Wy V3 + м) 


UjVp + UW, ШУ) + UW, U3V3 + изу») 


si 
= (ш 
= (и (у ), (Уу + w), из(уз + 23) 
= ( 
= (ши, uv», изз) F (uw, UWz, изу») 


= un, U2, u3)(V1, Ул, 2) + (u, Uy, us), Ул, из) 


=u-v+u-w 
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Problem Solving for Chapter 11 


1. (a) i (c) w= (1, 2,1) = a(1,1, 0}  5(0,1, 1) 
l=a 
2=а+Ь 
=b 


2 2.” So,a=b=1. 
3 


(d) w = (1, 2,3) = a(l, 1,0) + (0,1,1) 


(b) w = au + by = а(1,1, 0)  5(0, 1,1) l=a 
0 = (,а+ 5,6} = а= Б = 0 2 = а+һЬ 
Bc 


Impossible 


3. The largest angle in a triangle is always opposite the longest side of the triangle. First, determine the lengths of the three sides. 


u-v 
Then, once the largest angle has been identified, use the fact that cos Ө = Julivi 


ju | | УГ where u and v are defined to be the 


vectors that form Ө. If u - v = 0, the angle is a right angle. If п. v > 0, the angle is acute. If п. v < 0, the angle is 
obtuse. 


(a) A: (1, 2, 0) 
B: (0, 0, 0) 
C: (22,1, 0) 
d(AB) = \/5,d(AC) = 4/10, d(BC) = J/5 
Angle B is largest. 
ВА = (I, 2,0), BC = (-2,1, 0) 
ВА · BC = 0 = The triangle is a right triangle. 


(b) A: (-3, 0, 0) 
B: (0, 0, 0) 
C: (1, 2, 3) 
d(AB) = 3,d(AC) = 4/29, d(BC) = V/14 
Angle B is largest. 


BA = (-3,0, 0), ВС = (1, 2, 3) 

ВА. BC = -3 < 0 = The triangle is an obtuse triangle. 
(c) A: (2, -3, 4) 

В: (0, 1, 2) 

C: (-1, 2, 0) 

d(AB) = 4/24, (АС) = \/50, d(BC) = V6 

Angle B is largest. 

BA = (2, —4, 2), BC = (-1,1, -2} 


BA. ВС = -10 < 0 = The triangle is an obtuse triangle. 
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d(AB) = 4178, d(AC) = -Л89, d(BC) = 4107 
Angle B is largest. 
ВА = (3,-12,-5), BC = (5, 1, -9) 
ВА. BC = 48 = The triangle is an acute triangle. 
5. Let A lie on the y-axis and the wall on the x-axis. Then, 4 = (0, 10, 0), В = (8, 0, 6), С = (-10, 0, 6) and 
AB = (8, -10, 6), AC = (-10,-10, 6). 


| 48 | = 4/82 + (-10)° + € = 10V2 


|4c| = C10) + (10)? + 62 = 24/59 


» AB _ 420 84,4 
Е Mr 257 ти, 5,3) 
F, = 650 AC 202058 (-10, -10, 6) = ЕЕЕ 3) 
[ac] 24/59 4/59 


голыг em ‚ (-5)650) (-5484) | (-5)650) (3)(84) , шон 
ажин. 42 459 7-7 459 ° V2 /59 
= (-185.526,-720.099, 432.059) 
|Е = 860.0 Ib 


7. (a) u + v = (4,75,-2) 
(b) |u + v|| = 8.7321 
(с) |u| = V26 = 5.0990 
(d) | v|| = 9.0139 


9.u- (a, bi, а), VS (а,Ь, сэ), W = (аз, bs, су) 


уху =|а, b Cy] = (bc - bc )i — (ас — азс›)] + (а; — asb;)k 
a, b с, 
i j k 
u x (v xw) = a b с 


(bc = 5,с5) (asc; = ac) (аЬ; = аЬ) 


u x (v x w) = [b (аЬ, а») — с\(азс› а›су) i | a (abs - ab) - ca (bc; — b;c;) i 
+ [a (asc; - ас) — b (bc; — bc) |k 
= [a (aa + bb, + c6) — аз(аа + bib, 4 ас) 
+ [b (aa; bb, + cc) — b(aa; + bb, + ac) lj 


+ [c2(ma; bb, + cc) — cfaa, + bb, + cc) |k 


= (u - w)v - (u- у) 
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11. 


1 


Un 


| ртој, „и || 


| ух w| = area of base and||projyxwu | = height of parallelepiped 
So, the volume is 


V = (height)(area of base) = ||projyxwu || |v x w || = u - (v x w) 


2X Vv wie Ju - (уха). 
Iv x wl 


(a) O = (0,0,0) 
A = (18 cos 30°, 18 sin 30°, 0) = (94/3, 9, 0) 
OA = (9/3, 9, 0) 


|М|-|04хк|-|04| Е| sino 
| (°з) +92 + © Jo sin ps 


= 1080 sin 8 


(b) |м |= 1080 sin(45°) = Ld = 5404/2 = 763.68in-b °% 180 


(c) | | = 1080 sin Ө has its maximum value at 0 = 90°. In order to generate the maximum torque, the force should be 


applied in a direction perpendicular to the wrench handle. 


. The area of the triangle is one-half of the area of any of the 3 parallelograms having the following adjacent sides: 


b and c, -b and a, -С and -a 
So, 


лга = ЇЗ xel 10а) х Col _ [a x C9)] 
2 2 2 


[b x el] = (73) x (-е)| = [a x C9] 


Ib] le] sin 4 = |а| e] sin В -|а| sin С 


Divide by |а 16111: 


884 18 sinC 


lal (Ы 19 
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17. (а) u = (0, 1, 1) direction vector of line determined by A and Р, 


Foxu] |Q.o-)x(.1.1] 


|u| 42 
10-22] з зу 
V2 V2 2 


(b) The shortest distance to the line segment is |ВО| = | (2, 0, -1) | = 4/5. 


19. First insect: x = 6 +, у= 8-2 = 3+1 
Second insect: x = 1 +t, у = 2 f,z = 2t 
(а) When ¢ = 0 the first insect is located at (6, 8, 3) and the second insect 
is located at (1, 2, 0). 


d = J(L- 6) + (2- 8j + (0-3) = V70 inches 


@ 4 - J[t«9-(6*93] «[Q«9-(G6-2] +[2-@+0} 
- ЯГ 5) -(22-6) + (t – 3) 


Problem Solving for Chapter 11 


20 


= \/5t* — 30t + 70 
t | 0 1 2 з | 4 5 6 7 8 9 10 
d | \/70 | -/45 | 4/30 | 5 | V30 | M45 | 70 | A105 | viso | 47205 | /270 


(c) The distance between the two insects appears to lessen in the first 3 seconds, but then begins to increase with time. 


(d) When ¢ = 3, the insects get within 5 inches of each other. 


531 


© 2022 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part. 


532 Chapter 11 Analytic Geometry in Three Dimensions 


Practice Test for Chapter 11 


1. Find the lengths of the sides of the triangle with vertices (0, 0, 0), (1, 2, —4), and (0, —2, –1). Show that the triangle is a right 


triangle. 


2. Find the standard form of the equation of a sphere having center (0, 4, 1) and radius 5. 

3. Find the center and radius of the sphere x? + y? + z? + 2x - 4z - 11 = 0. 

4. Find the vector u — 3v given u = 0, 0, -1) and v = (4, 3; -6) 

5. Find the length of iv if v = (2, 4, -6) 

6. Find the dot product of u = (2,1, 3) and у = (L1, -2). 

7. Determine whether u — 30 1, -) and v = (-3, -3, 3) are orthogonal, parallel, or neither. 
8. Find the cross product of u = (4, 0, 2) and v = (, -1, 3). What is v х и? 


9. Use the triple scalar product to find ће volume of the parallelepiped having adjacent edges и = 0, 1, 1), У = (0, -1, 1), 
and w = 0, 0, 4). 


10. Find a set of parametric equations for the line through the points (0, —3, 3) and (2, —3, 4). 

11. Find an equation of the plane passing through (1, 2, 3) and perpendicular to the vector n = (L, -1, 0). 

12. Find an equation of the plane passing through the three points А = (0, 0, 0), B = (1,1,1), and C = (1, 2, 3). 
13. Determine whether the planes x + y — z = 12 and 3x — 4y — z = 9 are parallel, orthogonal or neither. 


14. Find the distance between the point (1, 1, 1) and the plane x + 2y + z = 6. 
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